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Correlation measurements
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Statistics

Exercise set no 1

Boring but necessary



Vocabulary of statistics

p
* A random process X(t) is defined through a random experiment e that

associates a function x¢(t) with each outcome e.

* The set of all the possible x¢(t) is called ensemble

* The function x.(t) is called realization or sample function.

» The ensemble average is called mathematical expectation [E{ }

A random process is said stationary if its statistical properties are
independent of time.
+ Often we restrict the attention to some statistical properties.
* In physics, this is the concept of repeatability.

* A random process Xx(t) said ergodic if a realization observed in time
has the statistical properties of the ensemble.
* Ergodicity makes sense only for stationary processes.
* Often we restrict the attention to some statistical properties.
* In physics, this is the concept of reproducibility.

-
Example: thermal noise of a resistor of value R

- The experiment e is the random choice of a resistor e

- The realization x¢(t) is the noise waveform measured across the resistor e

- We always measure <x?>=4kTRB, so the process is stationary

- After measuring many resistors, we conclude that <x>>=4kTRB always
holds. The process is ergodic.




Gaussian (normal) distribution :

4 ) 4 9 )
x is normal distributed with f(z) = 1 exp [_ (x — p) ]
zero mean p and variance o2 V2T o 202

C g B{f(z)} = p

E{f*(z)} = p° + 0
E{|f(z) — E{f(z)}|°} = o*
\_ J

r " N

1 eXp[_( 205) }
Py = P{x < 0} = —erf o i o) P
N =P{x < }—§erc( | | | Pp:P{x>0}:1—§erfc(\/§0>}
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One-sided Gaussian distribution

X is normal distributed with 1 1
zero mean and variance o2 flz) =2 oo P\ T 952
2
E{f(z)} =4/—-0
y =z 4
. J 5 5
E{f<(z)} =0
E{/(x) ~E(/@)P) = (1-2) 03
Uf(@) —EUf @)t =(1-—)o
\_ J
one-sided Gaussian distribution with 0% = 1/2
quantity value
TAE 0 e ik 0.564
i'j—f One-sided gaussian distribution { average — = (—2.49]
11 deviation = B D129
(1)8 sigma = (.71 2 ™ [_3'70]
0.81 dev i 0.756
0.71 ave Vot 1=
o7 Sish [E1-22]
0.57 avg + dev 14 1 1 1.756
03] avg V2 7 [+2.44]
0.2+ sigma =1.41 avg — dev ; i 0.244
ool Rt NS~ A ABEBEEEL A me [—6.12]
00 05 10 15 20 25 30 35 40 45 50 ave -+ Hot L 14 \/1/2 T 1/7_‘_ 718
. J avg —dev  1—+/1/2—1/x [3.56]




Chi-square (x?) distribution

=
£ Definition
o
B X are normal distributed variables
2 zero mean, and variance o2
5 r
g 2 2
0 —
S X = E L
©
[ 1—=1
LL
- is x2 distributed with r DF
\
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Sum

The sum of m x?-distributed variables

m
=YX =)
j=1

j=1
has x? distribution with r = m DF
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Averaging m x° complex variabl

averaging m variables [X|?, complex X=X’+1X”, yields a 2 distribution with r = 2m

dev 1
avg  /m

relevant case: 02 = 1/2

avg = 1

~

~
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E. Rubiola, Apr 2008

file chi-square—avg—m-by4 |




Rayleigh distribution

X1 and xz2 are normal distributed with
zero mean and equal variance o2

X2
A
T = \/x%+x% x T

(1):;)_"_ Rayieigh (Iiistril;utionl
0.8 1
0.7 1
0.6 1
0.5 1
0.4 1
0.3 1
0.2 1
0.1 1

sigma = (.71

sigma =1

sigma = 1.41
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Bessel Ko distribution
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A relevant property of random noise1

A theorem states that

there is no a-priori relation
between PDF' and spectral measure

For example, white noise can originate from

e Poisson process (emission of a particle at random time)
e Random telegraph (random switch between two level)
e Thermal noise (Gaussian)

(1) PDF = Probability Density Function



Why Gaussian White Noise?

* Whenever randomness occurs at microscopic level,
noise tends to be Gaussian (central-limit theorem)

* Most environmental effects are not “noise” In strict
sense (often, they are more disturbing than noise)

» Colored noise types (1/f, 1/f2, etc) can be
whitened, analyzed, and un-whitened

* Of course, GW noise is easy to understand

12
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Properties of Gaussian White

noise with zero mean
x(t) <=> X(f) = X(f)+ 1 X’(if)

4 ) )
1. x(t) <=> X(if) are Gaussian
2. X(ify) and X(itz) , 11 # 12 caionly deparpo
1. are statistically independent, ﬁ P
2. var{X(if1)} = var{X(if2)} S T
3. real and imaginary part: y : 0 4 Statistically fu 12
1. X’ and X” are statistically independent
independent X" A A 8
2. var{X’} = var{X”} = var{X}/2 Statis%f)mde HH
4.Y=X1+Xe || 4 < 77 Er T
1. Y is Gaussian
2. var{Y} = var{Xi} + var{Xz} 2N degrees of freedom
5. Y=X1% X2
1. is Gaussian
2. var{Y} = var{X1} var{X2}




Properties of parametric noise
x(t) <=> X(f) = X(f)+ 1 X*(if)

r N\ p
1. Pair x(t) <=> X(if)

1. there is no a-priori relation between the

distribution of x(t) and X(if) (theorem) 4 4 “““““““““ <
2. Central limit theorem: x(t) and X(if) end

up to be Gaussian

X! v v I
2. X(|f1) and X(Ifz) f5 fi f canbe  fy_4/2
1. generally, statistically independent oh e a
2. var{X(if1)} # var{X(if2)} in general U
3. Real and imaginary part, same frequency 4 4 R T P 4
1. X’and X" can be correlated @~ | | | ! TTTTTTTTTTTT oo oo

2. var{X’} # var{X”’} # var{X}/2

4. Y = X1 + X2, zero-mean independent The process has N ... 2N degrees

Gaussian r.v. of freedom, depending on

var{Y} = var{X1} + var{X} correlation between X’ and X”
5. If X1 and X2 are zero-mean independent

Gaussianr.v.

1. Y = X4 x X2 is zero-mean Gaussian
2. var{Y} = var{X1} var{Xz}




Children
of the Gaussian distribution

Chi-square Bessel Ko
X% = )i Xi? X = X1 X2
Rayleigh

X = J(x12+x27)




Spectral measure’
and estimation

Exercise set no 2 — Useful stuff

(1) Engineers call it Power Spectral Density (PSD)

16



The Spectral Measure

for stationary random process x(t)

i Autocovariance il
C(T) = E{ [X(t == 7') = ,U] [X* (t) = ,LL]} Improperly referred to as the correlation
and denoted with Rxx(T)
= E{X}
o0
S(w) = F{C(1)} = C(t)e ™Tdr Spectral measure (two-sided)
g — 00 y,
i . T/2 . For ergodic process, interchang;
C(r) = lim lx(t+7) — u||lx™(t) — u] dt  ensemble and time average
T — o0 —T/2 process x(t) —> realization x(t)

- y,
4 1 )
S(w) = lim — Xr(w) X5 (w)= lim — ]XT( )|° Wiener Khinchin theorem
N T'—o0 r—ecs I for stationary ergodic processes )

[9%fy:25”@w@w% f>0

In experiments we use the single-sided PSD]

autocorrelation function

S [x(t) — plfx(t — 1) — ]}

g2

Ry (7) =

Fourier transform

Fley= [ eweta

17



Sum of random variables

|. The sum of Gaussian distributed random variables has Gaussian
PDF

2. The central limit theorem states that
For large m, the PDF of the the sum of m statistically
independent processes tends to a Gaussian distribution
Let X = X1+Xo+...+Xm be the sum of m processes of mean p1, g2, ...
Mm and variance 012, 022, ... om?. The process X has Gaussian PDF
expectation E{X} = p1+u2+...+um, and variance 02 = g12+02%+...+0m?

3. Similarly, the average <X>m = (X1+X2+...+Xm)/m has
Gaussian PDF, E{X} = (p1+p2+...+um)/m, and o2 = (012+02%+...+0m?)/m

4. Since white noise and flicker noise arise from the sum of a large
number of small-scale phenomena, they are Gaussian distributed

PDF = Probability Density Function

18



Product of independent zero-mean
Gaussian-distributed random variables

4 N\
x1 and x2 are normal distributed with
zero mean and variance 612, 022

L — X1 L9

X has Bessel Ko distribution
with variance o = 612 052

Thanks to the central limit
theorem, the average

<X>m = (Xq4+Xo+...+Xm)/m
of m products has
e Gaussian PDF,
e average E{X} =0
e variance V{X} = o?

19
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Spectral Measure Sxx(f)

X is white Gaussian noise
Take one frequency, S(f) —> S. Same applies to all frequencies

( Spectrum

1
= 7 (X' +1X") x (X' —1X")),
1 /2 I\ 2
= LX)+ (X)), ]
l’ lﬂ
white, Gaussian, |= = = = = = = JENENENE} ’
avg =0, var = 1/2
white, x2, with 2m degrees of freedom
avg =1, var=1/m
-
dev. /1 the Sxx track on the
ave ' m FFT-SA shrinks as 1/m1/2

Normalization: in 1 Hz bandwidth
var{X}= 1, and var{X’}= var{X”}=1/2

20



Estimation of [Sxx(f)|
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m=1024
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Running the measurement, m increases and
Sxx shrinks => better confidence level
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Actual spectra can be smooth like this
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Statistics & finite-duration measurements

i x(t) l X(f)

product convolution
A M(Y/T) o T sinc(ttTT)

—T/2 +1/2

1/4T

result

X1(f)
X(f) * T sinc(rtTf)

The convolution with sinc() scrambles the spectrum, spreading the
power of a single point all around. This introduces correlation

In the presence of large peaks or sharp roll-off, this is disturbing

In the measurement of smooth noise, often negligible

Further conseauences in cross-correlation measurements




Cross Spectrum Theory

Exercise set no 3

Getting close to the real game

intrumentA o | r=atc
|

| (t) ||||||||||| Y : TCD E)
I C(t) R — _‘C% %
DUT | G =
inpUt | @ = = e e e — - ©
ignal | instrument B @ : y=0b-+ > 3 I

' b \

| (t) ||||||||||| o

| o - —
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Syx with correlated term (1)

A, B = instrument background
C = DUT noise

channel1 X=A+C
channel2 Y=B+C

A, B, C are independent Gaussian noises
Re{ } and Im{ } are independent Gaussian noises

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
var{A’} = var{A”} = var{B’} = var{B”} = 1/2, and var{C’} = var{C”} = k?/2

Cross-spectrum
(Syz),, = =Y X*) = (Y +Y") x (X' —1X")),

Expand using
X =(A"+1A") + (C" +:07) and Y = (B +:1B")+ (C"+:C")

Split Syx into three sets
<Sy$>m — <Sy33>m ‘instr + <Sy90>m ‘mixed T <Sy$>m |DUT

background background DUT noise
only and DUT noise only

... and work it out !!!



Syx with correlated term k0 (2) :

All the DUT signal goes in Re{Syx}, Im{Syx} contains only noise

Real var=1/2 var=1/2 vgr: K2/2 var=1/2 vgr: K2/2 var= K%/2
L l ! A/ Il Al / / /! /! / / /! !/ N\ 2 I\ 2
R{(Syz), } =+ {@A +B 14 o) T @. le B g >,,,,J+@O + {1%0 )om) T ({Eck) + ((3 )2) )
! A I Tog S L R S )
Bessel Ko, : : Bessel Ko, : i white, x2, 2 DF
ava=0. var=1/4 ava=0. var=k2/4 ' | ava = k2. var = k*
v v v
Gaussian, Gaussian, Gaussian, white, x2
ava =0, var = 1/2m| |ava =0, var = k?/2m| |ava = 0. var = K2/2m| | 2m deg. of freedom
: Set . Gaussian, avg =0, var = (1+2k2)/2m ] avg = k?, var = k*/m
Set €
£ &
= N o
Imaginary =
o
A {<Sy:1;>m} _ % {KB//A/ n B/A//>mj_|_ KB//O/ . B/C//>mj_|_ @/0// B A//C/>mj} 5 O
4 A ¥ % y s ©° o
'l II I - ~. . \\ L R I pa 5
Bessel Ko, : : Bessel Ko, :
ava = 0. var = 1/4 ava = 0. var = k?/4
v v v
Gaussian, Gaussian, Gaussian,
ava =0, var =1/2m| |ava =0. var = k3/2m| |ava = 0. var = K?3/2m
(Set A Gaussian, avg =0, var = (1+2k2)/2m )
Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k? A, B, C are independent Gaussian noises

var{A’} = var{A”} = var{B’} = var{B”} = 1/2, and var{C’} = var{C”} = k?/2 Re{ } and Im{ } are independent Gaussian noises



Expand Syx

Syw = 7 E{A + 1B + €}

e,Q% T B/A/ —I_ B//A// _I_ B/C/ _I_ BNC” _|_ C/A/ _|_ C//A//

Bessel Ko, _____._ = <«---. BesselK,
avg=0, var=1/4 % T B//A/ _|_ B/A// _I_ B//C, i B/C// + C//A/ T C/A// avg=0, VaI‘=K2/4
/2 /2
¢ =07"+C""<«--__ white, x3 2DF

avg = K2, var = k*

After averaging, the Bessel Ky distribution
turns into a Gaussian distribution (central limit theorem)

term K \Y% PDF comment
1+ 2K2
(o), <0 —|2_ 3 Gauss | average (sum) of zero-mean
m
1R, 2
(#),. | 0 ; d Gauss | Gaussian processes
m
(€). | k2| K*/m X° average (sum) of
v = 2m | chi-square processes
<C65>m k2| Kk*/m Gauss | approximates (¢) = for large m

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
var{A’} = var{A”} = var{B’} = var{B”} = 1/2, and var{C’} = var{C”} = k?/2



Stray correlated effects

Instrument A

correlated @
noise

dual-channel
FFT analyzer

Instrument B

The cross spectrum Syx(f) converges to Sc¢(f) = Sd(f)
« Common pollution (DUT AM noise...) is not rejected
* Overestimation or underestimation of noise is possible

C. Nelson & al., Rev. Sci. Instr. 85(3)

See also E. Rubiola, R. Boudot, IEEE TUFFC 54(5) 2007 / arXiv:physics/0609147
and E. Rubiola, F. Vernotte, arXiv:1003.0113v1, 2010.



Estimator S = |<Syx>n|

Simplest estimator - the instrument default

[(Syeh | = oy IRAVX), )2 4 S LY X))

1 o 2
= Al + (@) +[(B),]

K = 0 Rayleigh distribution

E{(2),} =\ 1 =~
) - 018

V{(2),)=— (1- 2
2

dev{| (Syz)m |} g
MM%mu}_V:_I(M%

1 0 — . ; — ; ; ; ; ; ; ;
1 seurecalmostoalloplots 5O Probability density f(x)

09 E. Rubiola, nov 2009
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Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
var{A’} = var{A”} = var{B’} = var{B”} = 1/2, and var{C’} = var{C”} = k?/2
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Estimator S = Re{<Syx>m}

Best (unbiased) estimator

(Z),n = {(H),, + (€)

Af(X)

m m negative values

E{(Z),,} = ~’
V{<£€>m}: 14+ 2Kk“ + 2K

2m P — Pl (I —erfc(
1+262+2k% 1+ 42 -

dev{<ff>m}:\/ i

dev{(Z), } N V1 + 252 + 2K4 = 1 + &2
E{Z)m} k2 v/2m K2 v/2m

0 dB SNR requires that m=1/2k*.
Example k=0.1 (DUT noise 20 dB lower than single-channel background)
averaging on 5x103 spectra is necessary to get SNR = 0 dB.

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
var{A’} = var{A”} = var{B’} = var{B”} = 1/2, and var{C’} = var{C”} = k?/2



Estimator S = |Re{<Syx>m}]

Good (yet biased) estimator: fold the negative values

R {(Sye)} = 7 690 + ()

f(x)

fold the neg
values up

File: xsp-estimator-abs-ﬁe '

K

1 2
Py =Pix < 0} = §erfc o
o

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
var{A’} = var{A”} = var{B’} = var{B”} = 1/2, and var{C’} = var{C”} = k?/2
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Estimator S = Re{<Syx>m’<m}
averaged on positive values only

Naive (poor) solution: discard the negative values
Af(Xx)

remove the
neg values

File: xsp-estimator-Re-discard-neg )

1 2
Py =P{x <0} = §erfc il

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
var{A’} = var{A”} = var{B’} = var{B”} = 1/2, and var{C’} = var{C”} = k?/2



N

Estimator S = <max(Re{ Syx}, 0:)>m

Replace the negative values with 0+
Smart - suitable to log scale

f(x)

turn the neg
vals to zero

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
var{A’} = var{A”} = var{B’} = var{B”} = 1/2, and var{C’} = var{C”} = k?/2



Noise rejection, |Syx(f)|

Independent X and Y, var{X} = var{Y}= 1/2

|ISyx| => Rayleigh distribution

average

55} =/

34

= 0.886/{m

deviation

\/IE{|S—IE{S}|2} _ \/(

= J(0.215/m)

T
4

)

|<Syx>m| ~ - 5 log1o(m) - 0.53 dB

VE{

S—E{S])

7 S}

dev / avg ratio is independent of m

/

4

- 1 = 0.523
T

The track thickness on the analyzer logarithmic scale is
constant because the dev / avg ratio is independent of m



Noise rejection, |Re{Syx(f)}]

Independent X and Y, var{X} = var{Y}= 1/2

|Re{Syx}] => one-sided Gaussian distribution

average

E{S} = L = 0.564//m

T

feGaaar -

deviation

= J(0.182/m)

)5

|<Re{Syx>m}| ~ =5 log1io(m) - 2.49 dB

Vv

{5 —E(S)P)

7S]

dev / avg ratio is independent of m

/

-
— — 1 = 0.756

2

The track thickness on the analyzer logarithmic scale is
constant because the dev / avg ratio is independent of m




Ergodicity

Let’s collect a sequence of spectra

File: xsp-ergodicity-3d

1<S (f)>3l, dB

Ergodicity allows to interchange time statistics and ensemble statistics,
thus the running index i of the sequence and the frequency f.
The average and the deviation calculated on the frequency axis are the
same as the average and the deviation of the sequence of spectra.
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Example:
Measurement of |Syx]

% | m=32 M = V(rv4m) W+ V[(1-v4)/m] | 1
Y 5 log(m) — 0.52 dB U+ 1.83dB
- Sxx Yy ——/—
1 7 VAV‘\'IA"A WA SR
“l\ A . Al o o,

SRR Al T , TIPS
o.1-p I {IVIVINY WU W I AT
1 | [ ' VV v

| |
01+
> U —V[(1-Tv4)/m]
hH—3.21 dB
0001 L Rbgs o frequency

0 20 40 60 8 100 120 140 160 180 200




10| + + + + : + + + + : + + + + 1 + + + + 1
1 8=0.32
1 o £
il i Nil
O Sea 1™ vl' |
0.01 + __
0.001 Iy SEEQuEnCY |
0 50 100 150 200
10 +—+—+—+—+—+—+——————————————t
m=16 g=0.32 !
b t
0.1 ISkl .
0.01 __
0.001 | ey STequency |
0 50 100 150 200
10 +—+———F—————F—+————F————
m=256 g=0.32

0.01 §

0.001
0
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Measurement (Cz0), |[Syx|

_ frequency |

0.001
0

50 100 150 200

10 4————
m=2

m=4 g=0.32

I 'm=8 g=0.32
118

al

0.1%

0.01+

150

50 100 150 200

0.01 T

frequency |

1 m—128 g—O 32
L ISxx|

A W
WA Y VAN A e A S PARS AW

frequency |

frequency

0.001
0

150

150

50 100 150 200

10

['m=512 g=0.32

[ m=1024 g=0.32

0.01 T

| fite spectra—seq—11-1024-0316—absSyx
E.Rubiola, apr 2008
t 7

aver, ISyxI

0.001
0

Running the measurement, m increases
Sxx shrinks => better confidence level

_ frequency |

150

_ frequency |

150

0 100

Syx decreases => higher single-channel noise rejection
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Measurement (Cz0), |Re{Syx}|

10 +—+—+— Pt 10 +———— Pt 10 +————+—F+—+—+—— 1 10: “““““ 1
1 I 1 S |
1 1 1 1- v
‘w 3 | i L] R, S a

0.15 Seo T | OJ"’FCCIHII“VJU'J’_HLVHf 0.15- 3 T R J.-_[._ —t : ' Ol_gL L L

0.01% i 0.01 1 001+ T 0.01%

0.001 +—+—+—+—+—t—+—+——————+————+—— 0.001 ——+——+—t—+—+—+———————F———— 0.001 ————+—+—+—+——————+———+—+—1 t 0.001 +——+—+—+H——————————F———F—
0 0 0 0

10__:::::::::::::::::::_
f m=128 g=0.32 :

T ISxx| X
LSS ST

14 MM B
., RIS g o1 mliiﬁéﬂéjl!;?!:i75{&!i'-‘1}‘1!i!!@!!!h!!t'ﬂ}l!s!!?ﬂ‘g 0.1- €
i T Ep L

. I | I AN .
0.01 7 1 0.01—:-| l - 001+

0.001 it BB L 0,001 Y ) e e (.
0 0 0 0

10 +—+—+——+——+—+—+————————————t 10 +—+—+—+—+——+—+—+———————f———— 10 +—+—+—+—+—++—+—+—+——F————————— 1+
- m=256 g=0.32 1 I m=512 g=0.32 1 1 m=1024 g=0.32 1
- ISxx| 1 1 1SxxI 1 1_1SxxI 1 |
17 J“S"'"" A AiNn shidain anad iRk ] e = T - 1+ " T $
I I ® .
: — = = THREfSw 0.11 ° ° o o
0.1 P : 0.1 dev. o
i T i Vlation 2o
i I L L L i i |
0.01+ T 0.01~ T 0.01~ T file spectra—seq—11-1024-0316-absReSyx
I 1 1 1 1 1 0.01 E'Rl:lbi()la:’ ap:rZ:O(?S ¢ bt} ¢ m ——
0.001(;"-'=~'-=~'fr'e(-’u-ency'" 0.001 e SEQEONG] | gy L Trequeney | 1 0 . 100

50 100 150 200 0 50 100 150 200 0 50 100 150 200

Running the measurement, m increases
Sxx shrinks => better confidence level
Syx decreases => higher single-channel noise rejection
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Linear vs. logarithmic resolution

Joining M values => background reduction of M2 because S(fj), S(f,), j#k are independent

fo f1 15 n—1 values fq

> Syx [

M, M. LMy

Logarithmic resolution: M proportional to f yields a background prop. to Mm1/2

5 dBI \I l\
one decade

< > v

Logarithmic resolution

Linear resolution

e ~1605 R R A
14641 | Sep(f)  dBrad?/Hz; |1 p'IQt'}l7'1' 1! py=14.1 dBm|
I SO((f) dB/Hz : :::: 1 : llll:: : : ::: avg9f25}i)ectra:_
[ I
160 s [N dBmH] ) Ty
rssar| el | Goingleanm | g e
\ _ ‘ BEEEERL N REL 0o It SRR
] 1’ *’ without AM cancellation —} AN N Y A T
J | [
170 {1 “‘ .'“‘ li; I -180.5 correl : : : : :: : : : : ::::: : : : ::::: : : : :::::
il 4 N ' LY TR TAIE [-166.4] (Y R R NN BNE Il L Lot Lo
; , : SN R N YR I ) L
| N A * TN [ Wi I L1 kBYb/Poz—1881 dB[rad ]/HZ-‘—L'LL
» Tl T I RN R B i
180 m b ik oLl o o
.......... H--E—1HE i TR ~190.5 | Lyl ||1|_ I
i ¥ L i ii [-176.4] | 1| IK [ Tt |[:| I |:
with AM canceilation ——ii» Ui e i N i |

] Illllll : :::H |I ||:|! | I T

-190 ’ ' - — e 2900.5 Rt v b  |{fi 111 Fourier frequency, Hz

10 100 1000 10000 100000 _1864 | 1 1 111t | | | I i L1rill 1 11111 (1 [ |
sedl 10 102 10° 10* 10°

Fig.5, G. Cibiel, TUFFC 49(6) jun 2002 Fig.7, E. Rubiola, V. Giordano, RSI 73(6) jun 2002



Applications

The real fun starts here
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Applications

Radio-astronomy (Hanbury-Brown, 1952)

Early implementations

Radiometry (Allred, 1962)

Noise calibration (Spietz, 2003)

Frequency noise (Vessot 1964)

Phase noise (Walls 1976)

Dual delay line system (Lance, 1982)

Phase noise (Rubiola 2000 & 2002)

Effect of amplitude noise (Rubiola, 2007)

Frequency stability of a resonator (Rubiola)

Dual-mixer time-domain instrument (Allan 1975, Stein 1983)
Amplitude noise & laser RIN (Rubiola 2006)

Noise of a power detector (Grop & Rubiola, in progress)
Noise in chemical batteries (Walls 195)

Semiconductors (Sampietro RSI 1999)

Electromigration in thin films (Stoll 1989)

Fundamental definition of temperature

Hanbury Brown - Twiss effect (Hanbury-Brown & Twiss 1956, Glattli 2004)
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Gassiopela-A - Cassiopeia A (Harvard)
adio-astronomy

radio source Pt N

Measurement of the
apparent angular size of
\aneS stellar radio sources
A, | A

e

500 m? a few km | * The radio link breaks the
€--=-="========-= === hypothesis of symmetry of the
| , ' two channels, introducing a
il | I R: phase 6
=125 MHz _ .

Squarelam B = 200 kHz o [squarelaw] * The cross spectrum is complex

| , * The the antenna directivity
[?agﬁ;g:ss - | Band-pass results from the phase

Radio Link relationships

| -—@ — Correlatorfem———— - == = e EEE—
- — 0 * The phase of the cross spectrum
X(If) | @ Y(If) e X(If) indicates the direction of the
2
2 .

radio source

R. Hanbury Brown & al., Nature 170(4338) p.1061-1063, 20 Dec 1952
R. Hanbury Brown, R. Q. Twiss, Phyl. Mag. ser.7 no.366 p.663-682



Early immplementations

1940-1950 technology

x(t)

y(t) =
Q—D ~

Y'(fo)cos(2nf,t) — Y" (fo)sin(2mf,t)

Analog correlator

X'(fg)cos(2mfyt) — X" (fg)sin(2nft)

>
~o
>

)

fo, B

fo, B

(X)—i%

<Y'X'+Y"X">/2

.

/

(Y'X' + Y"X")/2

7‘

Rice representation of noise

~
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X2-2XY+Y?

P=

X=-Y
®

2

Analog multiplier
V ~ 4XY

« thermocouple »

AP = 4XY

X+Y
®

i

X24+2XY+Y?2

P=

Spectral analysis at the single frequency fo, in the bandwidth B
Need a filter pair for each Fourier frequency



Thermal noise compensation

h)’bI‘ld hybrid output
coupler N
cimput oz A[ (0 [C Y Uy 1 1
Y- = 1 1
SN\S = ya(t) = /3 za(t) — /3 z1(1)
$ 1 B D ¥ [b vy S
0° v
correlation
Rypyo(T) = glglc}o Efeyl yo(t — 7) di
interferometer 1 1
T kpTy — 9 Raows (T) 9 Rz (7)
1solation
0 H | @_‘
:j $ $ g kT Fourier transform and thermal noise
CP2 $ $ i
1~eSitztrir\gi:nations s 1 1
SylyQ(f) — 5 Sﬂ?z(f) — 5 S$1(f)
Correlation-and-averaging kp(Ty — T))

rejects the thermal noise Sy1 yz( f ) —
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Radiometry & Johnson thermomc—:tr;/6

| | | | | | \
correlation and anti-correlation
A o X=(+9DB
T 0
2 9
e
- Syx =Kk (T, —T;)/2
T % 8 &| v=r-=
1 0° ®
\_ J
4 . N\
noise comparator
AMPLIFIER
A
SURCE | ykcrion ﬁagﬁgiéﬁﬁr oLt MULTIPLIER NTEGRATOR (WL -
AMPLIFIER
)
\ J

C. M. Alired, A precision noise spectral density comparator, J. Res. NBS 66C no.4 p.323-330, Oct-Dec 1962
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Re-definition of the Kelvin?

thermal noise S =kT high accuracy of layg

shot noise S = 2glavgR with a dc instrument

Poisson process

@ M= 0° DC Josephson effect
Itmet =
T volimeter VDC — hv / 2e
Alired noise |
Thermal noise comparator Planck constant
N = kT ‘ Electron charge
@ Second (Cesium)
Boltzmann constant

Property of the Poisson process
p=0°



Noise calibration

thermal noise S =kT

shot noise S = 2qlavgR

high accuracy of layg
with a dc instrument

Compare shot and thermal noise with a noise bridge

4 Sl f

>

&
2el

'
4|'EBT.I"H— iy ,ﬂf_ iih
|7
| I
>
V

Fig. 1. Theoretical plot of current spectral den-
sity of a tunnel junction (Eq. 3) as a function of
dc bias voltage. The diagonal dashed lines indi-
cate the shot noise limit, and the horizontal
dashed line indicates the Johnson noise limit.
The voltage span of the intersection of these
limits is 4k;T/e and is indicated by vertical
dashed lines. The bottom inset depicts the oc-
cupancies of the states in the electrodes in the
equilibrium case, and the top inset depicts the
out-of-equilibrium case where eV >>> kgT.

This idea could turn into a re-
definition of the temperature

In a tunnel junction, theory
predicts the amount of
shot and thermal noise

L. Spietz & al., Primary electronic thermometry
using the shot noise of a tunnel junction,
Science 300(20) p. 1929-1932, jun 2003
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Measurement of the
frequency noise of a H-maser

1420 Mc 30 Mc 600 cps
ELECTRON ‘
WER s sEAM e Mixer (M PREAMP. | IF AMP, [ MIXER [ AV b
PARAMP. | | M
r u
 S— 'r L
-
common . | ,
PUMP L.O.1450 [——— 5 Mc REF. ——L.O.30 Mc 5
synthesizer L
1 v _ v ’E
ELECTRON R
M’;ZER 5  BEAM M MIXER | PREAMP. |9 IF AMP. M MIXER | F’mé |
PARAMP.
T
CALORIMETRIC OPERATIONAL BANDPASS |, -
correlator POWER METER [¥] DiFFerenTIATOR [¢]  AMP- 7 " rirer ¢
7
REC(g:R[))ER | 1 eecarne [ LOF'”&SS A
RECORDER

100 {0 Og

R. F. C. Vessot, Proc. Nasa Symp. on Short Term Frequency Stability p.111-118, Greenbelt, MD, 23-24 Nov 1964




Phase noise measurement

[ IS0 AMP

A

SCILLATOR 4 DOUBLE~BALANCED |
° 51 ‘ MIXER X1
| T
IS0 ANP
{::ISO ANP
\
OSCILLATOR | _# DOUBLE-BALANCED
12 MIXER #2
-L. 150 AMP

T

PHASE-LOCK LOOP

CIRCULTRY

(relatively) large correlation bandwidth

ARPLIFIER N

AMPLIFIER
2

BANDPASS

FILTER N

Y

VOLTAGE
[MULTTPLIER

{iow pass]

FILTER

— QUTPUT

BANDPASS

FILTER #2

i

SPECTRAL DENSITY OF PHAS%
S¢(f). dB RELATIVE TO 1 RAD"/HZ —

-180

-190

-200

=210

-220

-230

MEASUREMENT
UNCERTAINTY

provides low noise floor in a reasonable time

F.L. Walls & al, Proc. 30th FCS pp.269-274, 1976
More popular after W. Walls, Proc. 46th FCS pp.257-261, 1992

10

-170

-180

-190

-200

-210

-1-220
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Phase noise measurement

channel b (optional)

e e——_——__—_—_" "—

_ 1 I V1 readout Wi
rf virtual gnd T 1T
null Re & Im v & B W ! :
@ Q matrix matrix | " 21 ,
L I
___innerinterferometer  \ | T Cpamp| 7T ===
—— | cr crz () R, |
= DUT 2| 7 . channela 0
, | I Vi readout 4TI |
o L : g ¥ A : CP3 G B : 1 :
% S B PO R .1 0 A o R "2 matrix matrix | "2,
|
i~ 10-20dB R 0 \ _______________________ /
1. .
arbitrary phase R G: Gram Schmidt ortho
atten normalization
8 u B: frame rotation
= manual carr. suppr. 1
o i B rtiie P\ P automatic carrier
g ——— atten LH v suppression control I-Q detector/modulator
) M T e ] e v 4 I — oSS S SRS ST RS et
& var. att. & phase ' | atten diagonaliz. ' I
' RF| [ u A Y
. I '
arbitrary phase pump LO'| I-Q dual D |
aifen | modul |Q "2 | integr |2 | matrix | ' LO -90°

background noise

-170.5

-160.2

noise of a by-step attenuator
T T T T TTTT] T T T T T 11T T T T T 1 1 17T T T T T TTrrT T T T
(-156.4] So(f) dBrad®Mz | @ngle arm Py=14.1 dBm 1404l Sep(f) dBrad?/Hz AN R Py= 31531,8 dBrtn:
So(f) dB/Hz I :i/[.l ave 32k spectra. — Sa(f) dB/Hz N EEEY i‘vg . hj’ec "
o M A AR B AR R, | [Ny aBmma 1L L[| Sordchan
—-180.5 TS | I B | } ! ! [ A _]702 1 TR B B O < TNt an le ’ncal. H
[-166.4] [uNrf. |d]?run/|P|IZ:]| o | two rf chann. | [-156.4] \}\\L\' R single arm oo l gl lll cal. 1
I [N t arm la, 1b 1 l | |01 1 [ RN 1 oot
T Kefo/Ry= 1881 dBlrad”) /e angle uneal, 1] RS S >4 HAHIN B IR
[ Bl el B B e N TR = e e : : :/(l:lll : 1[ ; s -: ‘?':||:A:‘|
It A
-190.5 R RS R ~180.2 T B R A
sl GeaeDt P o ] M T
L L [T 1 1 1 11l 1 L 1 ] 1 L 1 11 111 1 AL |
N AR R I ERRE R o kpTy/Fy=—1817.8 dB[rad”]/Hz]
I I I [ I | | S R A | I I [ B A | — | ] ][] —] - -t e T e L
_2005 || Ill./l Ill .l I | I R B O | I I [ R | _1902 | 1 [ A I I [ 1 1 gr
[—186f4] 'v . :’H ‘| ; :;” X : ;:;;'; [-176.4] : 1 ;:;;:: 1 ; ;IIIII ! I
I I 1] [/ f! [ Y N\ I I [ R A I I LA R I B [} [ U
| I ] | | 1 | I | I I ! ! 11 !" : ! : :
[l 1 ||' l'llYll [ "IW [ [ K
[ ' ! t v vtk Fourier frequency, Hz H B !
st W LT o fegueneytr f)  _agga| 4 4] Fouer ey} Y
- ~186.4
[ 196,41102 103 10% 10° [ ] 1 10 102 103

E. Rubiola, V. Giordano, Rev. Sci. Instrum. 71(8) p.3085-3091, aug 2000
E. Rubiola, V. Giordano, Rev. Sci. Instrum. 73(6) pp.2445-2457, jun 2002
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Thermal noise compensation

100 MHz prototype,
carrier power P, =38 dBm

DUT
—— -
vaﬁiab. kc
aLlert.
Ro $ Fa' II@ @u

-130

-140

-150 |

-160 |

-170 |

-180 |

-190 |

-200

measured noise, dBrad?/Hz

injected noise, dBrad?/

-200

190 -180 -170 -160 Hzo -140

-13(
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(ef) o
phase LO
arm a ’ a0
DUT o E E
2—port 2N
device ke | o g
arm b ’ de
/ LO
(ref) phase
phase lock
T
LO
arm a ’ dc
DUT RF — E’
®
s
RF | =
arm b ’ dc
REF LO

DUT

Phase noise

©

REF
S
arm a 5
armb LD
REF

RF

FFT
analyzer

phase and ampl.

AA

bridge a
DUT

2—port

phase lock

device

(=

bridge b (2 2
AN

(ref)

phase and ampl.

meter output
(noise only)
e DY

FFT
analyzer
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Effect of amplitude noise

Should set both channels at the sweet
point, if exists

s
B

(ref)  #
AM phase

The delay de-correlates the two inputs,
so there is no sweet point

FFT
analyzer

Vos
arm a b
DUT
@ 2—port
device

b

AM Vol

(ref) phase

\l’ phase lock
= >
LO
arm a ®7
RF 3
but @ common =5
RF =
—) <
arm b ®7
- i
AM
/T\ phase lock

Should set both channels at the sweet
point of the RF input, if exists, by
offsetting the PLL or by biasing the IF

C REF
() ol
delay b X
DUT arm a Lkgy —> 5
@ AM Vos 5
L <
LO =
arm b S S
delay Yau=dp Y
“REF f > |
O —
[
D
: phase and ampl. Ene(er out l;t .
/ / noise only V
AM |'| bridgea (2 A L X
: DUT |

FFT
analyzer

1 2—port
@ device |

1

1 \

: bridge b @A—ef
: A A

1

(ref)

. phase and ampl.

The effect of the AM noise is strongly
reduced by the RF amplification

pink: noise rejected by correlation and averaging

E. Rubiola, R. Boudot, IEEE Transact. UFFC 54(5) pp.926-932, may 2007




Dual-delay-line method

p  COUPLER
Mo. 1

. |Low PAsS
CFILTER [

¢
A

T A SPECTRUM
GENERATOR E AMALYZER
(FREQ, MODJ »
CAPABILITYY 4
_ DELAY LINE
ORTEC AP - |
9431 .
FE /S AMIXER
l?ﬁr’sa? 1' () ATTEN, 43
| - ‘ g | r( i
PHASE SHIFTER
~PACKARD DUAL :
mg;rm . CHANNEL - |
DIGITAL SIGNAL o | 3-8 CouPLER
ANALYZER pE_|
PHASE !
SHIFTER  ATTEN, p¢ || COUPLER
g V.7, P

ORTEC AMP T ' - ™
9431 L/P v 3
FILTER [T <) HixeR K

[ DELAY LINE

Original idea:
D. Halford’s NBS notebook
F10 p.19-38, apr 1975

First published: A. L. Lance
& al, CPEM Digest, 1978

The delay line converts the
frequency noise into phase noise

The high loss of the coaxial cable
limits the maximum delay

Updated version:

The optical fiber provides long
delay with low attenuation

(0.2 dB/km or 0.04 dB/pus)

A.L. Lance, W.D. Seal, F. Labaar ISA Transact.21 (4) p.37-84, Apr 1982



oscillator to be

Optical version of the
dual-delay-line method

Two completely separate systems measure the same oscillator under test

| electro-optic photodetector
semiconductor  optical  modulator _ microwave  DC
laser \ isolator \ fiber delay am/pllfler amplifier
=0
microwave

isolator

O

_ = =~ \cou or phase mixer
splltter[ - e P shifters
__—

moasurec ) -m=—< > D {>_,§<}[>_ /_

The only common part of the setup is the power splitter.

— T ™

dual-channel
FFT analyzer

E. Salik, N. Yu, L. Maleki, E. Rubiola, Proc. Ultrasonics-FCS Joint Conf., Montreal, Aug 2004 p.303-306
Volyanskiy & al., JOSAB 25(12) 2140-2150, Dec.2008. Also arXiv:0807.3494v1 [physics.optics] July 2008

56



Frequency stability of a resonator

Enrico’s weird brain
- however, with the cryogenic sapphire oscillators we can do way better -

double Wheatstone bridge
BT (3 1720 22 e e e o B A

detector

i :

i e |

i SHEHE taadry
o 2 55 aam R
,\) : ——e—U—9 ! : aRREs: g

5 = > Q@ k

: ! noise -

C () @(t) 9(t)| ! sideband
- : —u ——— — : amplification

l |

il ST DUT

ITTTT T i

Concept, still not engineered

* Bridge in equilibrium
 The amplifier cannot flicker around wo, which it does not know
* The fluctuation of the resonator natural frequency is estimated from phase noise
* Q matching prevents the master-oscillator noise from being taken in
» Correlation removes the noise of the instruments and the reference resonators
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Amplitude noise & laser RIN

AM noise of RF/microwave sources

In PM noise measurements, one can validate the instrument by
feeding the same signal into the phase detector

Pa Va
Kt ER : 4 : ) I
@ <% g * In AM noise this is not possible without a lower-noise reference
P v [SI-]
( b B =i . . d
il il Kt S & * Provided the crosstalk was measured otherwise, correlation
monitor enables to validate the instrument
power Wenzel 501-04623E 100 MHz OCXO
meter  p=-102dBm
-123.1 aeg 2100 spectra
Laser RIN
optical . dc -133.1
<——————————————————————————>:<— ——————————————— = g
| /M
source Py ‘I'\ Va — N 143.1
| o 2 —~ —143.
il U T S y
coupler coupler P : = V?
(r r b Vb =
] N SE ~153.1
L &
monitor : % R
power : Fourier frequency, Hz
meter | -163.1 S RN L1 il ] Lakodl VES 5oy
10 102 103 10* 107
AM noise of photonic RF/microwave sources 80 carsss A |
_________ optical ~ microwave de - Kirill Volyanskiy
: ! -90
SO P, *:r\ ; v, ~ 5
“test. I Sl 2 K,& + > g > 100 o |
coupler  coupler ! 0w : ! % % §
b ; ! Vb El= @ : 60mA
D (K) i ‘Kﬂ' > 3 & S -110t 40mA
monitor : % Ry oo 11 ! R £ | : :
| (. | %)) v e ) /
eter | L | 120 MWM N M i
monitor ! ! ) ".‘ Wy : 30mA
power : A TGN gy A
meter -130} R ‘me e
. . 100mA
E. Rubiola, the measurement of AM noise, dec 2005 ~1a0L - L 5
10 10 10 10 10

arXiv:physics/0512082v1 [physics.ins-det]

Frequency (Hz)



Grop & Rubiola

- E— o e o o o .

adj. gain ’

_’4

Measurement of the detector noise

g(P.-P)

Xa : diff. ampli
_{ St AN AN —
Ra ;

-————/—————'

dual channel
FFT analyzer

Pa
low noise
source
7] %
= Y
W~
AM
input
monitor
power
meter Py
osc. out input
lock—in out
e Re
amplifier ;| -~

adjust the gain for the
Re output to be zero

Basic ideas

g(PC_ b)

In all previous
experiments, the
amplifier noise
was higher than
the detector
noise

Remove the noise of the source by balancing C—-A and C-B
* Use a lock-in amplifier to get a sharp null measurement

Channels A and B are independent —> noise is averaged out

Two separate JFET amplifiers are needed in the C channel
e JFETs have virtually no bias-current noise

Only the noise of the detector C remains
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Noise in chemical batteries

Sys 1

Vg 0
AN
B2

I
e

Cross

2 7K Correlating
FFT

o it }—
i <

va

Sys?2

Do not waste DAC bits for a constant
DC, V = Vg2-VB1 has (almost) zero mean

 Two separate amplifiers measure the
same quantity V

» Correlation rejects the amplifier nose,
and the FFT noise as well

L
=
o

-120
\~
ol T T
\ ~~—_ — \

- -m \ -
i -1& \ -
T
o +
£ -100
§4m“~
Q
©

-180 & = s

-1&): &— & ——F

20 > >

0 e me——e—
-210
1 10 100 1000 10000 100000

Frequency (He)
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Noise in semiconductors
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FIG. 2. Schematics of the building blocks of our correlation spectrum ana-
lyzer performing the suppression of the uncorrelated input noises by a digi-
tal processing of sampled data.
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FIG. 3. Schematics of the active test fixture for current noise measurements.
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FIG. 9. Experimental frequency spectrum of the current noise from DUT
resistances of 100 k() and 500 M) (continuous line) compared with the
limits (dashed line) given by the instrument and set by residual correlated
noise components.

M. Sampietro & al, Rev. Sci. Instrum 70(5) p.2520-2525, may 1999
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Electro-migration in thin films
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Fig. 1 1/f noise of an AlSig;Cug ooz thin film
i measured at room temperature (a) without

and (b) with the phase-sensitive ac
correlation technique. The Johnson noise
level is indicated by the dashed line.

« Random noise: X’ and X” (real and imag part) of a
signal are statistically independent

 The detection on two orthogonal axes eliminates
the amplifier noise.
null fluct o This work with a single amplifier!

* The DUT noise is detected

1

Sualf) = 5 |Salf) = Se(f)

A. Seeger, H. Stoll, 1/f noise and defects in thin metal films, proc. ICNF p.162-167, Hong Kong 23-26 aug 1999
RF/microwave version: E. Rubiola, V. Giordano, H. Stoll, IEEE Transact. IM 52(1) pp.182-188, feb 2003
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Hanbury Brown - Twiss effect 6
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In single-photon regime, anti-correlation shows up
R. Hanbury Brown, R. Q. Twiss, Correlation between photons in two coherent beams of light, Nature 177 (1956) 27-29

Also observed at microwave frequencies
C. Glattli & al. (2004), PRL 93(5) 056801, Jul 2004
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Conclusions

* Rejection of the instrument noise

* AM noise, RIN, etc. —> validation of the instrument
without a reference low-noise source

* Display quantities
<Re{Syx}>m is faster and more accurate
<Im{Syx}>m gives the background noise
max{<Syx>m,0.} provide easier readout

* Applications in many fields of metrology

The cross spectrum method is magic
Correlated noise sometimes makes magic difficult

home page http://rubiola.org
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http://arxiv.org/abs/physics/0602110

