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The Leeson effect in a nutshell

David B. Leeson, A simple model for feed back
oscillator noise, Proc. IEEE 54(2):329 (Feb 1966)
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Notation

Vv =--> carrier frequency
f --> Fourier analysis
w either 2ntv or 2mf

T elither
measurement time
relaxation time



-- optional --
Phase noise & friends

Notation
VvV --> carrier frequency
f --> Fourier analysis
w either 2ntv or 2mf
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Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

Clock signal affected by noise

Time Domain Phasor Representation
: o(t) anas l %/Enahtudevgﬁgfuatlon
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under low noise approximation It holds that
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Physical quantities

v(t) = Vo [1 + a(t)] cos [2mvot + o(t)]

Allow ¢@(t) to exceed *1 and count the number of turns,
so that ¢(t) describes the clock fluctuation in full

-
radian
: frequency
phase nmse[ gO(t) J < . fistiation
A
P . ) = —(Av)(t
= 5 u(t) = - (Av) (1)
 /
BN RR R RART SR R ‘. y(t) = — fractional-
(fluctuation) :U(t) < ai y(t) frequen_cy
So Sy, ' fluctuation
second dimensionless




Phase noise & friends

u(t) = Vp [+ a(t)] cos [2mvot + 9(1)] ¢

random phase fluctuation
Se(f) = PSD of ¢(1)

power spectral density

1t 1s measured as

Sgp(f) — %E {®(f)P"(f)} (expectation)

i
(average) i

So(f) ~ & (@(N®* (),
£(f) = 55,(f) dBc 5,
random fractional-frequency fluctuation
=22 o s-Lem
V
Allan variance o} ()

(two-sample wavelet-like variance)

i) = {37 - 7] |

Yy
approaches a half-octave bandpass filter (for white noise),
hence it converges even with processes steeper than 1/f
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Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press
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definition

wavelet-like
variance

energy

WA = {

Allan variance

=00
Blua)= [ wi()dt=~

_E O<t<’7’
ﬁ T < 2T
L0 elsewhere

the Allan variance differs from a wavelet variance
in the normalization on power, instead of on
energy



Relationships between spectra and variances

10

noise

type Se(f) Sy(f) S < Sy 05(7') mod 05(7‘)
hit b LS 3foh
white 0 2 HITo2 L
b ho f2 = (2m) 3
PM 0 2f 2 Vg (27‘[‘)2 T
2T fr>1
flicker |y f1 | has | b= P2l | [L038+3@nfyr)] mk 2| 0084MTT
M 1 | T 2y n>1
[ white | 5 b_s HHH -
R IEG T ho ho = V—g iho'r i ZhOT
[ flicker | + . b_3 27
. FM b_sf heiiif = V—g 2In(2) h_1 50 In(2) h_q
random 4 o5 bt 2ms (27)2
jwalk FM b_yf h_of i == V—g ; h_oT 0.824 ; h_oT
1 1
linear frequency drift y 5 ()% 72 - ()2 72

fm is the high cutoff frequency, needed for the noise power to be finite.




Heuristic explanation of
the Leeson effect
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General oscillator model
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TURING AN OSCILLATOR
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Heuristic derivation of the Leeson formula

fast fluctuation: no feedback slow fluctuations: P = Av conversion

Ay = E Y static
Y, 2
Sau(f) = (55) Ss(f)
So(f) = f12 (522) »(f) integral

T =

1 /g \2 § 1/§° L_ZQ
Se(f) =1+ 73(3g) | Se) S| N\

fr f

Though obtained with simplifications, this result turns out to be is exact




Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press
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Oscillator noise
-- real sustaining amplifier --

 SeD Typel f, >f. f <f,
b 3
flicker
freq
b {2
x £=2 _.2
S~ b , bo
‘?Ibp;.x. e e bO - flicker )
Uggp~ XL 2 : . ~ phase . white phase
. white phase : )
: f = : f —
f f
fc fL fL fc

The sustaining-amplifier noise is So(f) = bo + b-1/f (white and flicker)



The effect of the output buffer

Cascading two amplifiers,
flicker noise adds as

Self) = [Se(f)]1 + [Se(f)]2

Sy

1/£3

Type 1A

fL>fc

memss total noise

the output buffer
noise 1s not visible

output
buffer

Type 2A f] <f,

messs total noise

intersection f<f L

S Type1B f| >f,

lower messs total noise

3 . . .
1/f low—flicker sustaining
amplifier (noise corrected)

output and normal output buffer

buffer

1/f2
1/f noise appears

C L
S() Type 2B f, <f,

messs total noise

low—flicker sustaining
am(})hfler (noise corrected)
and normal output buffer
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£, f f

Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press
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The resonator natural frequency fluctuates

e The oscillator tracks the
resonator natural
frequency, hence its
fluctuations

* The fluctuations of the
resonator natural
frequency contain
1/f and 1/f2
(frequency flicker and
random walk), thus
1/f2 and 1/f
of the oscillator phase

* The resonator bandwidth
does not apply to the
natural-frequency
fluctuation.

(Tip: an oscillator can be
frequency modulated ar
a rate >> fi)

Type 1A

1/£4 == = electronics
— reSONAtOr

fL>fc

Type 2A f; <f,

== = electronics
— reSONAator

Type 1B

== = electronics
— reSONALOTr

fL>fc

Type 2B f; <f,

== = electronics
m— resOnNator

3 < arrnnnneNgnnnn>
Ul

Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press
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Phase noise —> frequency stability

phase noise

frequency noise

Allan variance
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AM-PM noise in amplifiers
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Amplifier white and flicker noise

A
Q9
§ b_, = const. vs. P,
O)
_Z’ b\7 F~7 bo — FkTO / PO
7
o “Che, by » higher P
“:’9_ I by, lower Py
/p) | ,
| |
. | >
fc f . f

f. = (b_;/FkTy) Py depends on P,

Noise figure F

Thermal noise kTo = 4x102' W/Hz (<174 dBm/H2) |+ pre P ocn ';‘;g‘;hﬁgféhgg}“msjebipOlar
microwave microwave HF/UHF
fair —100 —120
good —110 —120 —130
photodetector b_1 =~ -120 dBrad?/Hz Rubiola & al. best —120 —130 —150
|IEEE Trans. MTT (& JLT) 54 (2) p.816-820 (2006) unit dBrad?/Hz




The difference between additive
and parametric noise

PSD
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Correlation between AM and PM noise

R. Boudot, E. Rubiola, arXiv:1001.2047v1, Jan 2010. Also IEEE T MTT (submitted)

u(t) — i) The need for this model comes from
e LAM PM amplifier I_‘ the physics of popular amplifiers
input L1 [ bl g output

* Bipolar transistor. The fluctuation of the
correlated carriers in the base region acts on the base
X(t) v(t) z(t) noise thickness, thus on the gain, and on the

capacitance of the reverse-biased base-
collector junction.

* Field-effect transistor. The fluctuation of
the carriers in the channel acts on the

[-})
(2]
S drain-source current, and also on the gate-
s channel capacitance because the distance
Q. \ .
= between the electrodes' is affected by the
'"':-'-'Ew- - channel thickness.
Re (AM) noise 3  Laser amplifier. The fluctuation of the
1 2 3 -3 pump power acts on the density of the
3+ e T excited atoms, and in turn on gain, on
018 C G | D30T ,iw maximum power, and on refraction index.
g 5.1 d=0.000 2
s 5 s
0+ o 0+ AM and PM fluctuations are
- "?; 3. ¥ .'-‘.._.,‘.1 At - 1= a_. — 1
.| b=0.92% e , —-d=0.7 correlated because originate from
:3 c=d=0 :He (AM) noise :3 . Re (AM) noise the same near-dc random process
3 2 4 0 1 2 3 3 -2 414 0 1 2 3

a+b?+c?2+d?=1
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Amplitude-phase coupling in amplifiers

Dipolar resistance (Q2) Dipolar inductance (uH)

—50 6.8 Ly +
_6.9 Yo
1000 — R, 89
iy A
-150] AL
-200| I e
7.3
=250 Real part 7.4 Imaginary part
-300' I ~7.5]
—7.6[
-350] _ |
Y _ 7.7 y _
400 . | 0|  Current amplitude (LA) i , | 0] . Current amplitude (nA)
0 200 400 600 800 1000 1200 0 200 400 600 800 1000 1200

Oscillation amplitude is hidden in the current

* In the gain-compression region, RF amplitude affects the phase

* The consequence is that AM noise turns into PM noise

e Well established fact in quartz oscillators (Colpitts and other schemes)
e Similar phenomenon occurs in other types of (sustaining) amplifier

R. Brendel & E. Rubiola, Proc. 2007 IFCS p.1099-1105, Geneva CH, 28 may - 1 Jun 2007



Oscillator Hacking
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Analysis of commercial oscillators

The purpose of this section is to help to understand the oscillator inside from the phase
noise spectra, plus some technical information. | have chosen some commercial
oscillators as an example.

The conclusions about each oscillator represent only my understanding
based on experience and on the data sheets published on the manufacturer web site.

You should be aware that this process of interpretation is not free from errors. My
conclusions were not submitted to manufacturers before writing, for their comments
could not be included.

Se(f) _FdBrad%Hz

-80 . . . . . \
J  b_g coefficient . Agilent prototype
' i i 10 MHz OCXO

10 10° 106
Fourier frequency, Hz

| — —

The spectrum is © Agilent. The figure is from E. Rubiola, Phase noise
and frequency stability in oscillators, © Cambridge University Press




The spectrum is © Miteq. The figure is from E. Rubiola, Phase noise

and frequency stability in oscillators, © Cambridge University Press
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Miteq D210B, 10 GHz DRO

Phase noise of the 10 GHz DRO Miteq D210B

7 |8y(f) dBradHz -l ~_ Digitized spectrum

107

103 104 1 10 106
: Fourier frequency, Hz
f =70kHz f, =4.3MHz

KTo = 4x1072' W/Hz (174 dBm/Hz)

From the table

02, = ho/2T+2In(2)h-
ho = b-2/V?o

h-1 = b-3/V%

floor =146 dBrad?/Hz, guess F = 1.25 (1 dB) => Po = 2 yW (-27 dBm)

fL=4.3 MHz, fL =vo/2Q => Q=1160

fo =70 kHz, b-1/f =bo => b_-1 =1.8x107° (-98 dBrad?/Hz) [sust.ampili]
ho = 7.9x1022 and h.1 = 5x107'7 => gy = 2x10-11//T + 8.3x109



Poseidon Scientific Instruments — ShoeboX’
10 GHz sapphire whispering-gallery (1)

-90

) ) e e e e ) ) A Poseidon Shoebox
~1004------- e e e e e e e 1()Gstapph1reWGresonator
. . e e e e e . . © - - noise correctlon 7 7

110 -
—120 1
_130_.......1...; g
—140 1

~1504- - -

phase noise, dBc/Hz

—160 -

—170 7

—180 .
100 1000

f; =2.6kHz 10000 100000

The spectrum is © Poseidon. The figure is from E. Rubiola, Phase noise
and frequency stability in oscillators, © Cambridge University Press

Fourier frequency, Hz

=10/2Q =26 kHz == Q=1.8x106¢

This incompatible with the resonator technology.
Typical Q of a sapphire whispering gallery resonator:
2x10° @ 295K (room temp), 3x107 @ 77K (liquid N), 4x10° @ 4K (liquid He).
In addition, d ~ 6 dB does not fit the power-law.

The interpretation shown is wrong, and the Leeson frequency is somewhere else



The spectrum is © Poseidon. The figure is from E. Rubiola, Phase noise

Poseidon Scientific Instruments — ShoeboX’
10 GHz sapphire whispering-gallery (2)

0

g ~90 ——— I

ol - * Poseidon Shoebox

7 d....... PP T SRR S A - 10 GHz sapphire WG resonator
5 -100 S SrrttItrtTttConoise correction

% < ~1104- - - - .. - £ lto f3conversion .

S 6_120_.....‘?

8 _O . .

© qvé\ _130_ ............. . . fOtO f_zconversion P

b o . . . IR . . . . . . aom -
g g _140 = 2 = = = = = = "a =2 = =2"a2 = 2" & 2"a "% " = = = = = = :- = = om :- af = :- N -: N :- -: . :- i (b_l)buffer :_120dBrad2/HZ -: -: N
3 % N ) YRR : -
; a_lso_ _______ : ....... .
2 L instr pyap. o S /0 (by)ampi=—169
% -1604----- ¢/ Ckgrollnd, ....... L T (N R dBrad¥/Hz
® : L . S e e . N
§ _170_ ....... e e e e T ....... S——

qg’_ i e i S :::

2 100 1000 10000 f; =25kHz 100000

Fourier frequency, Hz

The 1/f noise of the output buffer is higher than that of the sustaining amplifier
(a complex amplifier with interferometric noise reduction / or a Pound control)

In this case both 1/f and 1/f2 are present

white noise -169 dBrad?/Hz, guess F = 5 dB (interferometer) => Po =0 dBm
buffer flicker —120 dBrad?/Hz @ 1 Hz => good microwave amplifier

fL=v/2Q =25 kHz => Q=2x10% (quite reasonable)
fc = 850 Hz => flicker of the interferometric amplifier —139 dBrad?/Hz @ 1 Hz



The spectrum is © Poseidon. The figure is from E. Rubiola, Phase noise

and frequency stability in oscillators, © Cambridge University Press

Poseidon Scientific Instruments
10 GHz dielectric resonator oscillator (DRO)

~ L
B W
o O

Phase noise of two PSI DRO-10.4-FR

~50 .
_30dB/dec"
L) NG - - T e e e e
N 70 4o UL - T e i
» .
g 80 L QR
O\ : : :
© =90 - oy 7 slope close f6 =25dB/dec T
G100 4 A O e SURURIURIRR
S 110 4--ree-- 1/ ----- SN E T
0 _120 1 .| .. Slope ,
<
=
Q.
m
N
N

LI
~l N W
o O O

—180

; b= T65dB@AZ/Hz < > "‘ """ |
5 z : |
102 103 : 104 105 106 : 107
f.=9.3kHz Fourier frequency, Hz f, =3.2MHz

* floor —165 dBrad?/Hz, guess F = 1.25 (1 dB) => Py = 160 pyW (-8 dBm)
e f =3.2 MHz, fL =Vvo/2Q => Q=625
¢ fc=9.3kHz, b_1/f=bo => b1 =2.9x107'3 (=125 dBrad?/Hz) [sust.ampli, too low]

Slopes are not in agreement with the theory
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The spectrum is © Oscolloquartz. The figure is from E. Rubiola, Phase
noise and frequency stability in oscillators, © Cambridge University Press

Example OSCI"O

E Rubiola — Phdse noise and freq ency stab lity in osci llator '

BT I N A T
b =—124dBrad2/H '

5 MHz OCXO

Courtesy of Oscilloquartz SA, comments of E. Rubiola

Cambridge University Press 2008 ~ ISBN 978-0-521-88677-2 | } ; | OSClHOquar’[Z OCXO 8600
| [

1 I

1

I

I

1

1 | :
' File: 603-0sa-8600-mod-1st ' | . I
— 187 = . I NERER .
I

I I
1

fff 5o f(;: »S0Hz Fourier frequency, Hz

ANALYSIS
1 —floor Spo =—155 dBrad2/Hz, guess F=1dB - Po=-18 dBm
2 —ampli flicker S, = —132 dBrad2/Hz @ 1 Hz > good RF amplifier
3 — merit factor Q = vo/2fL = 5-106/5 = 106 (seems too low)
4 — take away some flicker for the output buffer:
* flicker in the oscillator core is lower than —132 dBrad2/Hz @ 1 Hz
* fL is higher than 2.5 Hz
* the resonator Q is lower than 106
This is inconsistent with the resonator technology (expect Q > 106).
The true Leeson frequency is lower than the frequency labeled as fi_

The 1/f3 noise is attributed to the fluctuation of the quartz resonant frequency

31



The spectrum is © Oscilloquartz. The figure is from E. Rubiola, Phase
noise and frequency stability in oscillators, © Cambridge University Press

Example - Oscilloquartz 8600 (right) ™

So(f) dBrad?/Hz

_97 lggub:ola Phase.n01se-aﬁd frequency stablhty in oscillators ' ' - B T 11

Cambridge IUnlversny Press 2008 — ISBN 978-0-521-88677— T OSCllquuartZ OCXO 8600
—107 -~ resonator instability—
| > ‘ 5 MHz OCXO

I N I I
b_3 =-124dBrad?/Hz
-117- I -

Courtesy of Oscilloquartz SA, comments of E. Rubiola

s Leeson effect (hidden) | | ] _ T T171
EA,- / ! HH . sust ampli + bufferl— | | . ——— 1

- b_,= —131dBrad?/Hz | |

0 L] '

A

bl
~—

|1 sustaining amp'liquier
b 1= —137dBrad2/Hz

QL =0 ALLL
\ 102 103 104

Fourier frequency, Hz

|
___.___I'-
I L 3
/

fL=1.4Hz f =4.5Hz

(guessed)

F=1dB bg => P;=—18 dBm (b-3)osc => 0Oy=1.5x10-13, Q=5.6x105 (too low)
Q=1.8x106 => 0y=4.6x10-4 Leeson (too low)



Skip.
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vwvnispering gallery oscillator, liquid-N2 temp

The spectrum is © IEEE. The figure is from E. Rubiola, Phase noise and

frequency stability in oscillators, © Cambridge University Press

Prototype of 9 GHz whispering gallery oscillator (liquid—N, 77 K)

=T

—87 - R
' b 3= —50 dBradz/HZ

o
g
]

T T_'__I'T

‘ Woode & al, IEEE TUFFd 43(5), 1996
= - a: free running

__ b: electronics
c: system floor

P - .-_--.-..---.--—.-.--.-.--i----..-- Trrwa e o —

i b_=-101 dBradz/Hz

b,=—136 - dBrad>/Hz

e s e L P R ) i‘---—n — - s e —

llll I [ i |

S dBrad%/Hz
|
=
]

b,=-77 |
—147 dBrad?/Hz

_157 v e . rrranag b —enasn -ll r.i.., n:..
et e
—177 L Fourier frequency, Hz __;__
I B U I IR A | R DA w1
10

102 | 103

f, = 360Hz



Skip Example - Oscilloquartz 8607

So(f) dBrad?/Hz
~67

E. Rubioia — Phase noion il equency scability in oseilators TTTTI T TTTTT T 111

Cambridge Universi ty Press zolos 1SBN 978-0-521-88677-2 Oscﬂloquartz OCXO 8607
1 5 MHz OCXO

_87 i Courtesy of Oscilloquartz SA, comments of E. Rubiola | ||

i
(b_3) o = —128.5 dBrad?/Hz

£, =1.6H
f, =1.25Hz <= Q=2x106?

fi' =3.2Hz=> Q=7.9x10°

J L]
' (b_) o= —132.5dBrad?/Hz

SR ,, | by=—153dBrad*/Hz
N > i A P I

-
~

I
|(b Doge=—138. 5dBrad2[Hz

107 4+

\\

The spectrum is © Oscilloquartz. The figure is from E. Rubiola, Phase
noise and frequency stability in oscillators, © Cambridge University Press

_1 67 File: 605-0sa— 8607-mod I l
1 10 102 103 104 10° 106
Fourier frequency, Hz
F=1dB by => Po=—20 dBm (b=g)osc => 0y=8.8x10-14, Q=7.8x10° (too low)

Q=2x10¢ = 0,=3.5x10-4 Leeson (too low)

34



Skip

Se(f) dBrad?/Hz

Example -

CMAC Pharao

f:=1.5Hz

~140 |-

—-150

Cambridge University Press 2008 ~ ISBN 9780052 1_85677-2 Rakon Pharao
5 MHz OCXO
-100, |
it ourtesy o akon, comments o . Rub1ola
W (b_3) = ~132 dBrad?/Hz Courey o Rakon,commeats o . Rubil
110

b,=-152.5 dBrad*/Hz

L

_technology
Q=2x106?
—160 -=>f; =1.25Hz

The spectrum is © Poseidon. The figure is from E. Rubiola, Phase noise
and frequency stability in oscillators, © Cambridge University Press

File: 606—candelier—bw | |

—-170

N ’t TSo. Y~o(b_)=-135.5 dBrad?/Hz
\ ~ >
fe=13Hz "~ ~ _(b_),.=—141.5 dBrad?/Hz

~

10-1 1 10

F=1dB bo => P¢=—20.5 dBm

102 103

Fourier frequency, Hz

(b—3)osc
Q=2x106 => 0y,=2.5x10-14 Leeson (too low)

35

=> 0y=5.9x10-14, Q=8.4x105 (too low)
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Example - FEMTO-ST prototype

Sp(D) dBrad?/Hz

Skip
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5.4x10° (too low)

Q=1.15x106 => 0y=8.1x10-14 Leeson (too low)

> 0y=1 7x1 0_13, Q

(b—3)osc

F=1dB bo => Py=—26 dBm

(there is a problem)
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Example - Agilent 10811

Sp(D) dBrad?/Hz

E. Rubiola — Phase noise and frequency stability in oscillators
Cambridge University Press 2008 — ISBN 978-0-521-88677-2

<

~117

The spectrum is © Agilent. The figure is from E. Rubiola, Phase noise
and frequency stability in oscillators, © Cambridge University Press

—167

~107 &+  System Rolloff

~127 1

—137 >

—147 7

—157 7

Measurement Agilent 10811

10 MHz OCXO

Courtesy of Agilent Technologies
Comments of E. Rubiola

O experimental data

/ b,=-103dB

ON o

\ /}/1/1‘3 sust. ampli + buf

b_,=-131dB

sust. amplifier
b_=-137dB

1/f0 Noise FIooi

| ¢ S

\ \ ~
I___\____I*___d\—\O.__ —— =
File: 608-10811-bw \ | ~ ~

1

~
l 1 L s ~
T 1 - |

| - < o '
10 102, 1073 104

"= HZ pasoHz ¢ _3om;

(guess!) frequency, Hz

37

F=1dB b¢=> Po=—11 dBm (b—3)osc = 0'y=8.3X1 0-13, Q=1x10° (tOO |OW)

Q=7x10° = 0,=1.2x10-13 Leeson (too low)
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The spectrum is © IEEE. The figure is from E. Rubiola, Phase noise and

frequency stability in oscillators, © Cambridge University Press

38

Example - Agilent prototype

S,(f) dBrad/Hz

80 . -
File: 609-karlq-xtal . : : Agilent prototype
b_3= —102 dBradz/Hz § - 10 MHz OCXO
_10 ---------------------------- :”““””-”-:“CourtesyofthCIEEE

Comments of E. Rubiola

\ N 5..sust amp11+buf ............. A
‘ - b_;=-126 dBradz/Hz '

snnple sust. amphfler
b_,=-132 dBrad*/Hz

A, A It
—140 SO R by =158 dBrad/Hz

~ . 1 P lz....: .............. \t ...........
160 <7/ T \\ .............

. E. Rubiola — Phase noise and frequency §tability in oscillators
I Cambridge University Press 2008 — ISBN 978—-0-521-88677-2
1

|

| .

=\ ZSSi'ble !

10 7~ <102 ! W0~ 100 105 108
|

|

|
; _4le .l\ £-320H7 Fourier frequency, Hz
S~ corrected sust. am thfler
_________ b_,=-152 dBrad-</

f; =~ 7Hz (guess D

F=1dB bo => Po=—12 dBm (b-3)osc => 0y=9.3x10-13 Q=1.6x10°
Q=7x10° == 0,=2.1x10-13 (Leeson)



Skip Interpretation of Se(f) [1] e

. real phase-noise spectrum

Only quartz-crystal oscillators: ..

Wi L L L1 Ll.LLL
BT
I ""';‘*‘\:‘J“I'"‘If','-'.:v“ | |
TR g I
T ."\.1:_‘.,“, LT T TR
Y i

A
‘

E. Rubiola — Ph i dfi tability i illat = = = e0-}
Cambridge Universty Prews 2008 - 15BN o75-0-521-ss677-2 - @fte@r parametric estimation

start from o ) b3 flicker
b_ 1 = -3 b_f~!

7o)
buffer + sust.ampli

Leeson effect?

take away the
uffer 1/f nois

\ 4

[estimatef]’j

3 b_ !

. bOfO
evaluate

Vo \\—_\
f;

QS= 2 7 é97 N u
oy £ £} f f

File: 602a—xtal—interpretation

-

Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

2-3 buffer stages => the

4Nty chack: sustaining amplifier

— power Po at amplifier input
— Allan deviation oy (floor)

contributes = 25% of the
total 1/f noise



Skip Interpretation of So(f) [2] 3

Only quartz-crystal oscillators

E. Rubiola — Phase noise and frequency stability in oscillators
Cambridge University Press 2008 — ISBN 978-0-521-88677-2

b_5f

[technology => Q[] )

¥ 5

_Yo
{ fL_th } x T
L 4

[the [eeson effect

is hidden }
_

File: 602b—xtal-interpretation

[resonator I/q
freq. noise

Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

Technology suggests a quality factor Q:. In all xtal oscillators we find Q: » Qs
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Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

Example - Wenzel 501-04623

Data are from the

Sy(f) dBrad?/Hz E i e o s vny o gl manufacturer web site.
~100 . . Infcerpretatlon and
~30dB/dec : Wenzel 501-04623 mistacaxamp.aliie
b_;=—67dBrad’/Hz 100 MHz OCXO authors.
=10 3N / ------------ Comments of E. Rubiola -
N\ . .
Mo : : + specifications
| B N N Y DR
\
\
\ : :
—130 - RECER R e e R
A :
. Leeson effect (h1dden) Estimating (b-1)ampii
—140 4o R 18 about here e 8 I
N . . is difficult because
AN . . there is no visible
-150 --‘-5?1?1911',20-; ------ Y N 1/f region
S S ~ ISe (9 \
~{D :
160 4o TN SR
170 Ao bO——173 ABrad2/Hz SN~ N\ re oo
; . + +
File: 610-mywenzel : %
—180 : : i !
10! 102 ' 103 | 104 105
1

f{ =3.5kHz
guess Q=8x10* => f, =625Hz

Fourier frequency, Hz

F=1dB bo => P¢=0 dBm (b-3)osc => 0y=5.3x10-12 Q=1.4x104
Q=8x104 = 0y=9.3x10-13 (Leeson)



Quartz-oscillator summary

Oscillator g (b_3)tot  (b—1)tot (b—1)amp fIL T Qs Q1 fr (b—3)L R Note

ggggﬂoquam 5  —1240 —131.0 —137.0 224 45 56x10° 1.8x10° 1.4 —1341 101 (1)

ggg;“oquam 5  —1285 —1325 —1385 1.6 32 7.9x10° 2x10° 125 -1365 81 (1)

Rakon 5  —132.0 —1355 —141.1 15 3 84x10° 2x10° 125 —139.6 7.6 (2)

Pharao

TR LUSE 0 1166 | —130.0 —136.0 4.7 §EEE 5.4x10° 1.15x10% [N 1232 QO (3)
prot.

?ogsﬂfft 10 —103.0 | —131.0 —137.0 25  BSOM 1x10° | 7x10° NEEM 1199 B (1)

Aglemt 45 1020 -1260 —1320 16 82 16x10° 7x10° (71 —1149 [129| (5)

prototype

Wenzel T T 5 T 2 4 4 —

Wenze L1100 67.0 132 1387 1800 3500 1.4x10* 8x10* 625 —79.1 151 (6)

unit MHz 17 i i Hz Hz  (none) (none) Hz i dB

rad’/Hz rad®/Hz rad®/Hz rad? /Hz

The Table is from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

Notes

(1) Data are from specifications, full options about low noise and high stability.

(2) Measured by Rakon on a sample. Rakon confirmed that 2x10° < @Q < 2.2x10° in actual conditions.

(3) LD cut, built and measured in our laboratory, yet by a different team. ) is known.

(4) Measured by Hewlett Packard (now Agilent) on a sample.

(5) Implements a bridge scheme for the degeneration of the amplifier noise. Same resonator of the Agilent 10811.
(6)

5
6) Data are from specifications.

R — (O-y)oscill i (b—S)tot 1 % 1 i

(Oy)Leeson a6 (b—S)L T Qs 1 fL




Opto-electronic oscillator

Al2x
’a TIDALwave™
Ultra-Low Phase Noise Microwave Signal Source
OEwaves,
A S e i
* Imaging systems This Iovol ofpoﬁwm wﬂwmbmm
* Digital Radio (QAM) systems as well as architect capabilities to address new markets.
» Optical Data Communications OEwaves is developing miniaturized (MINIwave™) and multi-octave tunable
(TUNEwave™) signal sources based on the performance and specifications of
TIDALwave.
(oID <
= v AP wm— - !'lO
€ -— - Q P & -20
L {o S
v % o i
-40 — -
—~ -50 &7
Free Running § ; @H‘”
Phase Noise Plot i
TIDALwave - 10 GHz g o
Z -100
' .
Model: OE1255 g
J.-eﬁ»— Live 130
-140
Q 'H‘ Vo T -150
o N N R
Te G u.zit'-‘i-‘:-w s [6)...5 100 1000 100000 1000000
TW 2+ mlw(l-h)
ou.,‘ l\ML

Reapthy = CT = S lea Casss. ) ¥‘ Q |
. $.2ka MtI.S)’

Courtesy of OEwaves (handwritten notes are mine). Cut from the oscillator specifications available at the
URL http:/www.oewaves.com/products/pdf/TDALwave Datasheet 012104.pdf



http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf
http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf

Skip

The spectrum is © OEwaves. The figure is from E. Rubiola, Phase noise
and frequency stability in oscillators, © Cambridge University Press

Opto-electronic oscillator

OEwaves Tidalwave photonic oscillator (10 GHz)

|
N
o

|
w
o

A
o

®» ~N/® O
o o O O
] l

'

—b_,=+11 dBrad?/Hz

sz TkHz ?

[ (+8 dBc/Hz)

(wild guess)

|
o]
o

-100

110
120 -
130 -

Phase Noise (dBc/Hz)

b_, = —21 dBrad%/Hz %

] |

b,=—-138 dBrad’/Hz (-141 dBc/Hz) |

— (=24 dBe/Hz) >~

\ L

|
'Ai

7 VO TG

-150

_llhl )

-160

100

Courtesy of OEwaves (handwritten notes are mine). Cut from the oscillator specifications available at the

100000

L= A
I10000
Offset Frequency (Hz)

URL http:/www.oewaves.com/products/pdf/TDALwave Datasheet 012104.pdf

1000000
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http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf
http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf

Skip ] L
Opto-electronic oscillator

b_g = +21 dBrad®/Hz (??)1 OEwaves OEOQO, the lowest phase noise (2007)
-E0 | e ' 1
b_, =50 dBrad/Hz | i—-—- -
' / E: !
o I,/ .
I
- - =1 =
s
o -1 ——— .
= 4 ]
— min = —156 dBrad“/Hz | | | > i
!- [: b_p =-81 dBrad®/Hz |
178 : ‘ ‘ ‘ ‘ m

10 100 1000 1000
Frequency (Hz)

Courtesy of OEwaves, notes are mine
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llator

1IC OSCI

Opto-electron

Skip
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Opto-electronic oscillator (amplifier)

Skip

.........

U~ e i
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i
?

i
i
|y

OEO amplifier, Rémisch & al, IEEE UFFC 27(5) p.1159 (2000)
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Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

ip : : : :
Opto-electronic oscillator simulation

. . L . . .
i i 1 1 | L 1 }
phase noise Sphl(f) file le—calc—romisch

1e—054

src allplots—leeson

1e—063 5 Romisch delay-line oscillator
le-07

parameters:
le—=08 tau =59E-6s

m = 62300
1e—09 nu_m = 10.6 GHz

Q = 8300
le=10 b 0=-131dB

b_—-1=-98 dB

Og - -
SC]I{Q[

Or l ‘“u

le—11
le=12

le—-14
frequency, Hz
le—15- i — i i q= de

1000 10000 1e+05 1e+06

48



Things may not be that simple

-110 File: 959-rin-emdri
40 o ~15 dBidec Ol EMATIN pi
| Merrer & al - (OEO) - Proc IFCS 2009{ Fig.8 / K. Volyanskiy, 2008
—~ -20- _120 E.Rubiola, April 2010 ||
—~ ] =
N Z\K B 401
% 0 This could be due .
m ] 5 N -130
o -20 7 sy % i
o ] ) ]
D -40 7 1001676 101878 10,1880 101882 10,1864 Z 1—10-dB/dec
8 60 - Frequency (GHz) & -140 :
g ) il
-80 - ]
P ! 1150
O 100 - i
-120 _- '160 i T T T 1
-140 d L. L . T AT A . L LA T WL L 10t 10° 10°
1 2 3 4 5 6 7
10 10 10 10 10 10 10 Frequency (Hz)
Frequency (Hz)
_4 y | Savchenkov &|al, Opt. Lett 35(10) 1572-74, 15 mLy 2010, Fig.2 -20 _ e — e
E Maleki & al, Recent ad:/!nces in OE signal generation,
é [ IEEE conf Phased Array}2000 p361 Fig.1
N -607 -40
&
- " E
5 [ e 2Km fiber )
o -80 I = 4Km fiber ]
ES -60 [ e (LA 6Km fiber
2 100 N ) G fragtionary slopes);
e 80 PiT 25 dB/d
I , - ec 1
& 120 | =35 dBidec / =Y \
~ -100 e
@ 140 ' / T ]
= 120 | —30 dB/dec Do T el
-160 ung : ] <
[ +20 dB/dec | " i :
L Illllld L L Ll L L L iiilL L Illllﬂ Ll L1l -140 . . N N + b33 N . :- N i‘_ 2 N E y " Ilﬁ
10> 10° 10* 10° 10° 10" 10° 10 100 1000 104

Frequency from carrier (Hz)
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Resonator theory

50



Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

51

Resonator - time domain

. Wnp . 5 W, . w, hatural frequency
L Q T T WpT = av(t) () quality factor
g relaxation time
=29
Wn,
shorthand: f = w/2mn wp, free-decay pseudofrequency

wp = wp/1 —1/4Q?

inductor
Z; = sL _ . d. .
T it L >\ vi(t) = La 1(t) i(t)

resistor
Z, =R
@ jv(t) E - 7 Va(® =R (V)

capacitor

Lo = Te mmeE 7 Ve(t) = %Jot i(t’) dt’

envelope e /7

[\
N
A S
N
N
AS
|
|

|
| {,elaxation . |
ime n
== 1/f f =— |1
;1:: 29 r P P2V 4Q?
0




Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

Resonator - frequency domain

(Dn S -
B(s) = Q5 O X S=0+jw
S +ES +(1)n
frequency domain complex plane
IBGw)! o jo A
A S=Q
1
........................ [ (Dn
Op+j0, - W7 0y =50 4Q2-1
1\
Y
Loy n 1
! =, [l-—
. ) T\ 4
S ; Lo
lin—lin plot ¢ . i ® 1
Q o _
| )
lin—lin plot . —im ‘~~__*_______
—Tt/2 PR
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RESONATOR

B¢
= Wo D sindbiions
H“’/Q 5‘,%’&8?“’:
d C Mool dedinan !ﬂ Hiea=1
4— & _E_" W W~y
VP w7 S YAy
2 4 4.. as
H = 25 = e
Read, Tusay Msdulan pliage
R (wy= - -
) i dC—=
-2
l(.,,’ .m‘ @(w):-ud\uﬂ‘

53

w Wn
X = 1
Wn, w
1
F=1 + Jj@x
1
X e,
1
’6‘2 i 1 _|_Q2X2

arg(3) = — arctan(Qx)



Figures are from E. Rubiola, Phase noise and frequency

stability in oscillators, © Cambridge University Press

Linear time-invariant (LTI) systems

time
domain

Fourier
transform

Laplace
transform

Noise
spectra

o(t) 1 h(t)
* system *
vi(t) — vi(®) h(0)
* system *
elot HGiw) el ®t
- LTI 0 ),
system
Vi (jw) LTI H(w) Vi (jw)
* system *
est H(s est
- LTI ( ).
system
V.(s) T H(s) V;(s)
* system *
S (w) — IHGo)I? S ()
* system *

Impulse response

response to the generic signal vi(t)

H{(s) = /O TR et dt

H(s), s=0+jw, is the analytic continuation of
H(w) for causal system, where h(t)=0 for t<0

94



Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

Laplace-transform patterns

95

Fundamental theorem of complex algebra: F(s) is completely determined by its roots

complex plane

10 _A_ j * omega
5 —+
i
-4 -2 1 2 4 6 8 10
sigma
-5+
—10k
complex plane | _A_ j ¥ omega
5 =+

complex plane _A_ J ¥ omega

57

1

10 -8 -6 -4 -2 ]
_5—

2 4 6 8 10

sigma

—10

1
s+ 1/t

1.0 — exp(—t/tau)

0.8 — < tangent 1-t/tau

00 05 10 15 20 25 30

A
3'__' — exp(-t/tau)
2__
1
1 time t/tau
()
00 05 1.0 1.5 20 25 30
A
207 — exp(—t/tau)
1 — ~ tangent 1-t/tau
15T
104
51
] time t/tau
O_

00 05 10 15 20 25 30

F(s) =

complex plane

complex plane

complex plane

file le—calc—laplace—2nd
src allplots—leeson

40

j ¥ omega

S

2 + 2

s/T + w?

1.0 1‘\ —— cos(omega*t) * exp(—t/tau)
\ — - envelope exp(—t/tau)
N\ < envelope tangent 1-t/tau
0.5 u\ -
M
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—
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Resonator impulse response

[1+£(t)] cos[w t+W(t)] [resonator | [1+&(t)] cos[w t+@(t)]
\

> Q, w_ ¥ ‘r

2nd order differential equation

Can’t figure out a d(t) of phase or amplitude? Use Heaviside (step) u(t) and differentiate

set a small phase or amplitude 1.0

step k at t=0, and linearize for k=0 time T

cos[w0t+cp(t)]
cos(w t) t= 0 resonator [1 +0((t)]cos(w0t)

Q, w, |—e —/\W\—-o—o
@ CB cos(w t+K) \

mEBRN I K [b(t) dt
—— (1+ K)cos(w,t) 00 05 10 15 20 25 30

file: ele-resonator-delta-respon




y

nd frequenc
ity Press

© Cambridge Univers

llators,

from E. Rubiola, Phase noise a
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Response to a phase step K

A phase step is equivalent to switching a sinusoid off
at t = 0, and switching a shifted sinusoid on at t=0

switched off att =0 switchedonatt=0

vy (©

hase 0 vy () phase K
AP I A

AN \AANAAN .

VAV

-V

VAVAVAVAVAY

U

exponential decay exponential growth
PO cos(wpt) e T VO g VO cos(wyt + k) [T — e

envelope
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Resonator impulse response (wo=wn)

v;(t) = cos(wot)u(—t) + cos(wot + k) u(t)
A S S—— == e e e == phase step k at t=0
switched off at t =0  switched on at t =0

Vo(t) = cos(wpt) e t/™ + cos(wpt + k) 11— e_t/T} t >0 output

Uo(t) = cos(wpt) — K sin(wyt) [1 — e_t/T: k— 0 linearize
Vo(t) = cos(wot) — K sin(wot) :1 — e_t/T: Wp — Wo high Q

1 . -
Vo (t) — —2 {1 + K [1 =€ t/T} } slow-varying phase vector

%{Vo(t)} e —t/T
arctan <§R{V (t)}> ~ /@[1 mar e } phasor angle

®

delete k and differentiate

| iImpulse response 1/
T

b(t) = —e 7" B(s) =

Q 7'e - (5) s+ 1/1




Detuned resonator (wo # Wn)

0 = arg(B(jwo))

ce
_@_

E

Y.

detuning
mudulus

phase

(wot — 0 + k) u(t)

_J/

swrbelhed-eontat-+—10

oy
s
S
oy
5
|~6 |
SIS

phase step K at t=0

‘cos(wot — 0) cos k — sin(wpt — 0) sin k| u(t)

amplitude 1 H Henee Crez
phase Cor SRR D S
() = wy — wp
Bo = |B(jwo)
() = = (te)()+1cos
v;(t) = — cos(wgt — —
B Bo
switched :):Cf attt — 0
i (wot — O) u(—t) + !
= — cos(wpt — —
Go " Bo
AT smeLraar dune,
T AN} T
Sin: > aERaNEN Bo

‘cos(wot — 0) — ksin(wot — )| u(t) &< 1.
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- Detuned resonator (cont.)

—t/T

Vo (t) = cos(wot) — Kk sin(wot) + K sin(w,t) e output, large Q (Wp=wn)

use Q = Wo - Wn

Vo (1) = cos(wpt) [1 — ﬁsin(Qt)e—t/T} — K sin(wot) [1 — cos(Qt)e—t/r}

slow-varying phase vector

1
Vo(t) = — {1 — msin(ﬂt)e_t/T + jli[l — COS(Qt)G_t/T]} k<1

V2
arctan ;igigg{ =K [1 — cos(Qt)e_t/T} angle
‘Vo(t)‘ — |VO(O)‘ — msin(ﬂt)e_t/T amplitude

delete k and differentiate
iImpulse response

I 1
by, (t) = _Q sin(t) + — COS(Qt)} e t/T  phase

T

I 1
bap(t) = _—Q cos(§2t) + . sin(ﬂt)} et/ amplitude
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+ figure: 945-reson—step—response
il ise

-1 G %Olgﬁ%lgls:.’lju_n%agm b :tlme’ t/‘%au —t
0.0 0.5 10 1.5 20 2.5 30 3.5 4.0

| (Q sin Ot + % COS Qt) e /T

p .
Resonator step and impulse response

1.0

057

Impulse response of the detuned resonator
Parameter: detuning frequency F

alpha/alpha, phi/phi

0.0

_(—Q cos Ot + % sin Qt) e t/T

phi/alpha, alpha/phi

ource: oscill-am—nois

S (&) . 1
E. Rubiola, jun 2009 time, t/tau

..............................

figure: 946-reson—impulse—response
e

(—Q cos Ot + % sin Qt) e t/T
(Q sin Ot + % COS Qt) e /T

check on the sign of b2+
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DAEYUNED RESONATOR <4
| /2
ke c ¢ CONTRe *]w
b ‘} <wo& e ) 8y
7:-; otd«..' p
o ] — = - >

T'lm. Lol belavioz (w,)
&““4&“ oJa. (.owu.-

25 ctato = .




Skip
Frequency response

2 0 +—+—+—+—+—"4—+—+—+—+t—+—+—+—+—t—+—+———t—+————
A —resonator tuned at ®, = B — resonator detuned & | F=0Omega/(2pi) flee i e T
resonator B(s) resonator B(s) =4 1
tuned at @, J o detuned by Q<<(q) ] ® % 154+ i
5 1 ® i
= N 1
—0p, 2 P 2L 1
: : = N \¢ 1
; +Q X 510 & .
; o 2 Q2 1
)‘ ?: § & <2‘ NS 1
' (0 =) cccoooce ‘x . (o) p=) x’\ > 0 1

e [ )

_wL 805 7]
] ) {
Z {
o (1+0212) = |

00 +—+—+—+—+—+t+—+—+—+—+t++—+—+—+f+—+—+— -+

0.0 0.5 10 1.5 20 25 3.0 35
normalized frequency f/f L

diagonal terms diagonal terms

1 S % 0?7 —(s

TSQ—I—%SI L+ 02 82+%8|7_12 - ()2
1

—Qs 1 s+=+Q%

2 2 R 2 2 2 T 2

s+ 25+ 5 + {2 T $°+ 25+ 5 + Q4

Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

check on the sign of B21




Skip

Frequency response

Roots & complex plane Frequency response
off-diagonal terms off-diagonal terms
1 S % O?r —)s
B (5) = T2+ 25+ 5402 24 2s+ 5+ Q2
o 1

—Qs 1 s+ =4+Q%
2 2 I S 2 2 2 I S 2
st t 25+ 5+ 8 T ¢+ 25+ 5 + (2%

check on the sign of B21
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Formal proof for
the Leeson effect
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E. Rubiola & R. Brendel, arXiv:1004.5539v1, [physics.ins-det] 66

Low-pass representation of AM-PM noise

4 D )
' [1+a(t)] cos[wgt+(t)] !

real amplifier ' ___ " ___-~_ >~ ___ "
.' _____ n _o_is-e__-__-__-__-__-__-__-___-__-‘: 3

{ pu }{ am 4[>_comgf;gsion | RF, pwaves
E@J(’O é@nm S — i or optics

________________ resonator
B
- Y,
/ low-pass equivalent \
4 BEN ™
PM AM
au(i) < A,s)
w(t) < ¥(s) o(t) < D) £(t) l
S u[ v o S oA
O—O0—>—1 | | &0
low-pass gain fluctuat. \"---s-a;l;r-a-ti-o-n--‘-
b(t) & B(s) n(t) « Ns) }\A\
low-pass : .
b(t) e B(S) -\__--__]___l;'_,l
g Leeson Effect )L extension of the LE to AM noise |
The amplifier The amplifier
- “copies” the input phase to the out — compresses the amplitude

— adds phase noise — adds amplitude noise


http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1

Effect of feedback

Q)
constant zeros

NS

Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

Oscillator transfer function (RF)

A — Oscillator transfer function H(s)

poles function of A
[T

K= .

@ incréasing A
Y
E e
S e
Q = O
o2 o >
- c
|5 21 2
o g o
<

0. %>

B — Detail of the denominator of H(s)

Q)

A=()
open loop

A=1-2Q

A=l |
oscillation

A =1+2Q

negative [feedback
insufficient gain

excessive gain

A=1
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Leeson effect

phase-noise transfer function

-

W(t) < ¥(s)

noisy amplifier

Q(t) & P(s) H(s) = ig definition
O)—— 1

1 general

4 low-pass A H(s) = 1+ AB(s) :ﬁz:?;(:k
— b(t) o B(s) |-
i 1+ s7
_resonator )\[B (s) = - H(s) = Leeson
s+ 1/7 ST effect
W(t) < Y(s) P(t) & d(s)
< ) (Z/\ E ! e Complex plane transfer function
H(s) 4o bEGf)P?
low-pass _ Y
‘ i\ o—xX—>
relaxation time 17 Y :A/ £0
file: ele-PM-scheme I 5 20/(00 E >
Jr /




Figures are from E. Rubiola, Phase noise and frequency
stability in oscillators, © Cambridge University Press

OSciIIatorAwith detunedBresonator

resonator H(s resonator H(s
tuned at w,, (s) jo detuned by Q<< (s) i o
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: o ol L I 1 o O
6 | | | | e S
file le—calc—bigh
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4
7!
S
<
B
027 T
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=
o
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Low-pass model of amplitude (1)

First we need to relate the system restoring time T, to the relaxation time T

low-pass

Vq

u‘= 1+o<u

OE(’C) OZ ‘ >A v=1+a,

2 _T_—W
relaxation time

file: ele-AM-scheme

simple feedback theory

U = € + V9

1
32:—/(?}1—?}2)61?5
4 X
T Vo = U — €
v = v = Au
1
u:e—l——/(A—l)u—I—edt

T

differential equation

1 1
w——(A—1)u=—€e+¢€
T

e

<1

Gain compression is necessary for the|
oscillation amplitude to be stable

The Laplace / Heaviside formalism cannot be used because the amplifier is non-linear
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Common types of gain saturation

hard clipping

A, soft clipping u |: V

| A/_l oscillator operation |

linear A=1-y(u-1)

van der Pol
(quadratic)

file: ele-clipping-types 1 u

Gain compression is necessary for the oscillation amplitude to be stable
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Low-pass model of amplitude (2)

Ayt

Gain compression ! homogeneous 1
differential U — — (A — 1) u=>0
equation T

1.---5‘

At low RF amplitude,
let the gain be an
arbitrary value
denoted with Ao

For small fluctuation
of the stationary RF
amplitude, the gain
varies linearly with V

Simplification: the
gain varies linearly
with V in all the input
range

|
|
|
: e A — 1—Y(u—1)
:
|
|
|

\------

)
0
0
0
|
0
0
0
0
0
0
0
0
0
i
y
i
0

—I'_>
|
|
|
|

- - -
|
|

\/

| P

Three asymptotic cases

Startup: u—20, A— Ap>1
1
W—=(4g—Du=0 = [u _ Oy e(Ao=1)t/7 ]

T
rising exponential

Regime: u—1, A=1-y (u-1)

T

iL—I—z(u—l)u:O =z [u:Cge_”/T ]

restoring time constant T, = T/y

Linear gain: A=1-y (u-1)
1

(ﬁo) = 1) e=7t/T 4 1

u =



1.2

Startup - analysis vs. simulation

11+
10+
09+
08+
0.7t
06+
05+
04+
0371
02+
01+
0.0

0.0e+00

150

5.0e-05

1.0e-04

15e-04

2.0e-04

analytical solution,

A =1-y(u-1)

100

wn
o

Dipolar voltage (mV)
&n
o o

LR
o
o

—-150

50

100

150 200

Time (us)

250

300

350 400 399.8

400

10 MHz oscillator

L=1mH
R=125Q
Q ~ 503

van der Pol oscillator
simulated by RB

Rising exponential.
We find the same
time constant -1/y
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Gain fluctuations - definition

A fluctuating oscillator operation

A=1-y(u-1)+n

~~~~~ : .
~- fluctuation n
- A
~~~.

ideal i i *
A=1-y(u-1) | ! !
| | U | > v
file: ele-gain-fluctuation 1 u

Gain compression is necessary for the oscillation amplitude to be stable
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Gain fluctuations - outputis u

u‘= 1+O(u

V = 1+0(V

E(t) D

| -
ow-pass v, ﬂ

Vzrw
relaxation time
file: ele-AM-scheme

Linearize for low noise and
use the Laplace transforms

a,(t) < A,(s) and n(t) < N(s)

H,(s) = jt;f((j)) definition
Hu(S) - /T/ result
s+y/T

1 i
. non-linear
U — _(A — 1)“ equation
T A
A=1=(u—1)+n
Y Ui
U+ ;(u o 1)“ — ;u linearization
‘k ' Z " \ for low noise
Y - 1 linearized
g, T+ ;Oﬂu — ;77 equation
1
(S 4 1) Au(S) _ _N(S) Laplace
T T transform

Hy(s) 4o AH. (5 f)
[1/7
? 03 > i 2
: >




76

Gain fluctuations - outputisv

u.= 1+O(u

CE(t) Oz ‘ >A v =1+a,

| -
ow-pass v, ﬂ

2 rW
relaxation time
file: ele-AM-scheme

boring algebra relates &y to &y

v = Au
A=—vu—1)+1+n

v=[—vu—-1)+1+n]u

v=[—ya, +14+7] 1+ ay
Aty =X+ 10—y, + oy —ogT] — ¥,

a, = (1 —v)ay, +7 Iinearizatif)n
Ay — 1 for low noise
Oy =
1 -7

(3 + l) Ay (s)

1 starting

—N(S) equation

T \ T
Ay (s) — N(S)
A, (s) = T
1
(4 D = o Do
A, (s
H(s) /\/((s)> definition
s+ 1/7
H(s) =
( ) o "}//7' result
y<1 [ m_‘ \\kLeeson
| Mo
| = <1\
-1/t —y/t E | i i
[Y> 1] j(.l.) y.>.1i - -i. E
H#»’ —
it -1 2 viL fo /L



Additive noise

low-pass
V2 V1

relaxation time

file: ele-AM-scheme

Linearize for low noise and
use the Laplace transforms

oy (t) «— Ay(s) e(t) <« E(s)
A (s)
E(s)

u‘= 1+0(u

V = 1+0(V

e(t)

and

H,(s) =

definition

s+ 1/7

o) =7

result

— outputis u

77

. 1 . 1 non-linear

U = _(A — 1)“ T e+ —€ equation
T ,\ T

A=1—v(u—-1)

. . 1 . :

u -+ l(u — 1)u = é+ —¢ ""f::'z'

*. T ! * T low noise

. . 1 linearized

Qg+ ;O"UJ = €+ ;E equation
v _ l Laplace

(8 v T) Au(s) = (S T 7-> E(s) transform

A Leeson

Cj? \\4/
S '
<3 | <f\:
==

y<1 I [
—1/TI —y/T o

1-----

=<
'V
V=

[y>1] 1 jo
_Y/T _‘i /T Y file: ele-H-AM

VL f.L ’7:fL

-
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Additive noise - outputisv

u= 1+0(u

.E(t) Oz ‘ ' v =1+a,

low-pass

V2 V1

relaxation time

file: ele-AM-scheme

boring algebra relates &’ to «

v = Au
14+ ay =1 —yayu] [1 4 o)
. 2
/—|—O&U _X—FCku_fYau_m
- B linearization
Qy = (104 ’y)&“ for low noise
Oy =
1 —7

. Y . 1 linearized
Qq + —Qy = €+ _6 equation

N

= ozv/ (1 —7)
v oy Ny _ ., 1
It;@w+;%)—“fﬁ
L (s+ 1) Ay(s) = | s+ l E(s) Laplace
11—~ - o - transform
A, (s
H(s) = E(i)> definition
s+ 1/7
H(s) = (1 —~) s+ /7 result
y<1 [ m_‘ \\kLeeson
B' <\f\i
==

]
]
|
]
| 4
| o
P

-

1y =
= V
| o
=-@- D
‘é.
Q Q
l-<
AV,
=
D
0
0

VL f.L YfL
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Parametric noise & AM-PM noise coupling

u=l+x
n(t) K4 MS) i- .............. -@ O(U(t) < QZliu(s)
HHHHEH 1 ¥ AMloop : -
(2 oA o Akl
i A (s) e IR (1) & A (s)
+ E Bo(o( i ST
ittt 50 5 A0 O 0 o e e 550 50 ) Hy(s) = s+y/T
' Amplifier : H, (s) 1/1
i noise [~ - s+7/T
] nj
L x(®) o X(s) | gemmsemms sosmens oo .
| l | B TR B B ML B
i @ : E Y coupling !
| W i NPT
5 5 EBiluavAasls BeRRaRan AR
] PMloop ! o) < d(s)
(D] D>——1 :
W'(t) & V'(s) | b)) L7 | REmm
= -t
E B(P(P ,: file: ele-AM-PM-cpl-param-OEO

----------------------------

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det]


http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1

Effect of AM-PM noise coupling

loop AM response

\
\
amplifier noise “ |
7 e ) litude | ideal
: near-dc y \ afrlnp o—> L=t g fluctuating
E random process E “ i E y(u-1) A=1-y(u-1)+n
' ! . ' >
ImEY amumy O 1 14y u
i [ phase gain |! A :
HAuct p' | | flucen |10 : loop AM response
T , W e B g | : A T T \.
\ . . : m .
\ ! 14
I |
\‘ : —\_ :
. . >
\ f f |
\ t ........ L
V4
Seecpy
‘ — | ‘.I)'+l.|)"
_— f 1
< u
N
9 ideal ' ' Leeson
o Pt 1 1+nky effect

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det]


http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1

Noise transfer function, and spectra

( AM-PM coupling shows up here )

1e+06 1e+06

Effect of AM—PM coupling | 1 Effect of AM—PM coupling
Paraineters Parameters
le+05 tau j= 1.59e—=6 F_L =1.0e5 le+05 tau=1.59e-6 F_L =1.0e5
T garima = 0.05 gamma*f_L =5.0e3 1 T gamma = 0.05 gamma*f_L =5.0e3
cqupling =-04 coupling =04
10000 10000
black: Leeson effect black: Leeson effect
1000 blue: AM noise 1000 blue: AM noise
t red: combined | t red: combined
100 100
10 10
| figure: 956—AM-PM—cpl ] | figure: 957-AM-PM—cpl
source: oscill-am—noise source: oscill-am—noise
1 E. Rubiola, apr 2010 ~ frequency 1 E. Rubiola, apr 2010 ~ frequency
100 1000 10000 le+05 1e+06 100 1000 10000 le+05 1e+06

Notice that the AM-PM coupling can increase or decrease the PM noise

In a real oscillator, flicker noise shows up below some 10 kHz
In the flicker region, all plots are multiplied by 1/f



Leeson effect
In the delay-line oscillator
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Motivations

(tunable bandpass filter )

e <> Ba DB H%

|
delay line ! mode selector ‘ ‘

[1+a(t)] cos[wyt+@(t)]

e Potential for very-low phase noise in the 100 Hz - 1 MHz range
e Invented at JPL, X. S. Yao & L. Maleki, JOSAB 13(8) 1725-1735, Aug 1996

e Early attempt of noise modeling, S. Romisch & al., IEEE T UFFC 47(5)
1159-1165, Sep 2000

e PM-noise analysis, E. Rubiola, Phase noise and frequency stability in
oscillators, Cambridge 2008 [Chapter 5]

* Since, no progress in the analysis of noise at system level
e Nobody reported on the consequences of AM noise
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E. Rubiola & R. Brendel, arXiv:1004.5539v1, [physics.ins-det] 84

Low-pass representation of AM-PM noise

A T N T e )

real amplifier - ____° ___~_ ¥ __ "
T noise .. 007" !

{ pm AM AE— gain -,-l'

: compression :

i !Ll)(t) !n(t) S —— ' HWAVS

---------------- mode selector delay line

Bs By
- Y,
/ low-pass equivalent \
4 BEN ™
.
Y(t) < Y(s) t) & & t
P00 £(1) l N
Cy)—— >—1— G— A
low-pass & delay gain fluctuat. \\"“-s-a;t]r-a-ti-o-n“‘-
b(t) < B(s) ne) < Ns) h=d
low-pass & delay E .
b(t) > B(S) '\______1___1_1_}
g Leeson Effect )L extension of the LE to AM noise |
The amplifier The amplifier
- “copies” the input phase to the out — compresses the amplitude

— adds phase noise — adds amplitude noise


http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1

Leeson effect

w = (@m/t;) m
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phase-noise transfer function

feedback

\_

H, complex plane

Q .
.g@ \ Jw
2F 2Q u '
20 —_ AN 3,0
574 Aw m— X\ 2m/Ty) u
g3 2 d N
= [ -
g 22 :
= |c ' :
wi 85 © %
cE)"Ja' o WOy :
S >‘-g I : >
A1 %
2 = :
® 5 2 NV -
%go A(D=__Q£ }l\::::::::x::___ (ZTC/'Cd)M
s = T, Mm /.
w C d X
£ ®
b :

D(s)
H(s) = definition
W(s)
( ) 1 general
H(s) = feedback
H(s) = L 27 Leeson
1 +s77 — €77 effect
transfer function |H|?
1e+08 - - }
phase noise [H(jf)i*2 Agura: 958-0E0.xfarunc
12407 +optical-fiberosdilator with selector— & Rubialn mpr2oit
1e+06 1H2EAMTIOS 2 km)
Texl £ lenlﬁfw GHz
10000 +Q =500
1000 +
100 &
10+
1L
01+
0.01 ! |frequency, Hz
1000 10000 10405 10406

E. Rubiola, Phase noise and frequency stability in oscillators, Cambridge 2008



Gain fluctuations - definition

A fluctuating oscillator operation

A=1-y(u-1)+n

-~ fluctuation n
ER iERRERR RRa o

.

file: ele-gain-fluctuation 1 u

Gain compression is necessary for the oscillation amplitude to be stable

ideal
A=1-y(u-1)

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det]
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Gain fluctuations - output is u(t)

uw=14 oy
e(t) < £(s) Qy (1) < fllu_l(_s)
S s Oy,
% b ay(t) < Ay(s)
low-pass | 7]

delay T

file: ele-OEO-AM-scheme

The low-pass has only 2nd order effect on AM

Linearize for low noise and
use the Laplace transform

a,(t) < A,(s) and n(t) < N(s)

H(s) = ﬁ?((;)) definition
1 result
H(S) — 1 — (1 _ ’7)6_87

non-linear
u= A(t — 7)u(t — 7) eauation
U= 1—vy(u—1)+n
use u=x+1, expand and linearize for low noise
a(t) = (1 - y)a(t — 1) — yai(t=r)> 0
+n(t—1)+nt—1)at—r" 0
linearized equation
a(t) = (L —v)a(t —7)+n(t —7)
Laplace transform

Au(s) = [1 = (L—7y)e™"7| = N(s)

1000

ampitude nolse TH(NIA2 | S WmeteTs:
optical-fib er asdillator ?ainlnzaoz ou;

100 -

10+

source: oaclll-amnolas
0.1 E. Aublola nw,-znﬂ!

100 1000

|frequency, Hz|
10000 12405

1e+06
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Gain fluctuations - output is v(t)
o A (s) [1 — (1 - fy)e_“‘”} = N (s)

® starting equation

e(t) < 5(3) i ;
z ® :v.z = -
% b a,(t) — A, (s)
 [oW-pass | ﬂ H(s) = jt}’((j)) definition

delay T

file: ele-OEO-AM-scheme

The low-pass has only 2nd order effect on AM _ _ ,—S8T
F g 14+ (1= (A—e)

H(s)
1—(1—=7)e"*" ‘(esult

boring algebra relates &y to &y

v = Au 1000 ampiiude noise.l T2 patmeos:
A — _’y(u . 1) 114+ 77 :opt erosdaillator P 1000 i
v=[-v(u—1)4+1+nju  useu=o+1 3
v=[—va, +1+n] [1+ a,] ol
Aty =X+ 10—y, + oy —ogT] — ¥, |
__ _ linearization
Gv = (1 ”y)ozu T for low noise 1
Oy — 1)
au — NQum: MHHNN
1 —~ 0.1 |E b papanig | \freqency, He,

100 1000 10000 16405 16406



Skip

-120

130 |
140
150 |

1 2 3 4 5 6 7 8 9 1 2 3 4 5 6 7

Figures are © IEEE

AM & PM spectra were anticipated

89

AMnoise PSD, Bz | o[i

60 I
80 |-

-100 |-

-120

140 |-

-20 [T T T T T

160 L

Offset frequency [log(Hz)] Offset Frequency [log(Hz)]

C selector roll-off )

e Prediction is based on the stochastic diffusion (Langevin) theory
e However complex, the Langevin theory provides an independent check

Y.K. Chembo & al., IEEE J. Quant. Electron. 45(2) p.178-186, Feb 2009
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Parametric noise & AM-PM noise coupling
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E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det]
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Similar to the oscillator based on a simple resonator

Effect of AM-PM noise coupling
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E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det]


http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1

Similar to the oscillator based on a simple resonator 92

Noise transfer function and spectra

[ AM-PM coupling shows up here )
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Notice that the AM-PM coupling can increase or decrease the PM noise

In a real oscillator, flicker noise shows up below some 10 kHz
In the flicker region, all plots are multiplied by 1/f
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Noise spectra
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Noise spectra
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Unfortunately, the awareness of this model come after the end of the experiments

Spectrum from K. Volyanskiy & al., IEEE JLT (Submitted, Apr. 2010)
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Summary of relevant points

e The Leeson effect consists in a phase-to-frequency conversion
e fully explained as a phase (noise) integration
» takes place below fL = vo/2Q

* The step response provides analytical solutions and physical inside.
(Same formalism introduced by O. Heaviside in network theory)

e Buffer noise and resonator instability add to the Leeson effect

o Amplifier phase noise
e white noise: S, scales down as the carrier power Po
* flicker noise: Sy is independent of Po

e Numerous oscillator spectra can be interpreted successfully

e The amplitude-noise response is similar to phase noise, but gain
compression provides stabilization at low frequencies

 The theory indicates that amplitude-phase coupling results in a
deviation from the polynomial law

e Unified AM/PM noise that applies to resonator-oscillators and to
delay-line oscillators, including optical oscillators

A bunch of free material is available on the author’s home page

http://rubiola.org
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