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Part1 — Theory



The main idea

Instrument A
r=a-+c

CORRELATOR

y=>b+c

Two instruments measure independently the same
physical quantity

Averaging must help to reject the instrument noise,
and measure the statistical properties of the signal

Notation: Fourier transform
x(t) <=> X(f) = X(1if)+ 1 X (if)




Ergodicity

FFT => sequence of discrete spectra

analog

S(f)

sample no

spectra seq.

Sik

Si{f)

integer time

integer frequency

lock j=J & run k: SJk is a spectrum

run j & lock k=K: SjK is a time series

white noise: S(f1) and S(f2), f1#f2, are uncorrelated, hence
given i, Sk can be seen as the ensemble (at a given time)

Ergodicity allows to interchange time-statistics with ensemble statistics.

Sweeping the frequency, we get the statistical behavior of the time series.
No need for forthcoming samples. Useful when S is a large-size average.

flicker noise: need f1##f2, for S(f1) and S(f2), to be uncorrelated (less deg. of freedom)



Single-channel spectrum Sxx

gaussian X with independent Re and Im

Spectrum (Szz),,

white, gaussian,
avg =0, var =1/2

dev_ 1
avg Vm

= (XX"),,
= (X" + 1 X") x (X' —1X"))

_ <(X/)2 i (X//)2>,m]

,"‘

white, x2, with 2m degrees of freedom
avg =1, var = 1/m

m

the Sxx track on the
FFT-SA shrinks as 1/m1/2

Normalization: in 1 Hz bandwidth

var{X} =1,

and var{X'} = var{X"} = 1/2



Syx with correlated term C#0 (1)

gaussian A, B, C with independent Re and Im

Cross-spectrum  (S,,) = (YX*)
(Y 4+2Y") x (X' —1X")),,
(VX' +Y"X"| +2[Y'X = Y'X")),,

Expand X = (A" +:1A4"7) 4+ (C" +:07) and Y = (B +1B")+ (C"+1C")
Spllt <Sya:>m — <Syfc>m ‘instr + <Sy:c>m ‘mixed + <Sy$>m ’DUT
#1 <Sy3;>m ‘instr _ <B/A/ _|_ B”A”>m +Z<BI,A/ _|_ B/A//>m

#2  (Syz)m, =(B'C'+B"C"+C'A"+ C"A"),, +1(B"C" - B'C" + C"A' - C"A"),,

mixed

#3 (Sye)m lpur = ((C)?+(C")?)  The useful signal C is real, the noise
terms are complex. Take Re{Syx}
(Yet there can be some risk!)

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
hence var{A’} =var{A”} = var{B’} = var{B"} = 1/2, and var{C’} = var{C"} = k?%/2




Syx with correlated term C#0 (2)

gaussian A, B, C with independent Re and Im

m linstr ’ ’ ’ '

white, gaussian, | | white, gaussian,
avg =0, var = 1/4 avg =0, var = 1/2m

82 (S,.), | = (BIC'+ B'C" 4 C'A £ C" A", +1(B'C'— BIC" 4 C" A — A"
mixe 4 4 4 4 k lf k 'f lf lf

_— -‘ ----- -'- -_— r _— J -_— _— L -L -_— -_— _— -'

m

white, gaussian,
avg = 0, var = k?/4 Ve e - = = ‘- - = white, gaussian,
avg = 0, var = k?/m

white, gaussian,
avg =0, var = 1/2k?

white, x2, with 2m deg. of freedom
avg = K?, var = k/m

43 dev at large m the noise terms vanish, and the
— Syx track on the FFT-SA shrinks as 1/m'/2

avg

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1, var{C}=k?
hence var{A’} =var{A”} = var{B’} = var{B"} = 1/2, and var{C’} = var{C"} = k?%/2




Detection, and noise-rejection law

Gaussian X, Y, independent (C=0). Re and Im are independent

Real part
R {<Sya:>m} _ <Y/X/ 4 Y//X//>m 44— White, gaussian avg = 0
+ + + unbiased
white, gaussian, | = - -: _____ : + fastest convergence var = L
avg = 0, var = 1/4 — can’t use log scale (dB!) 2m
Abs Real part —_— 1
_ ! N 1~ _ai - . L
‘% {<Sy~’l3>m}‘ — ‘Q; X -+ Y* X >m‘ e ONE sided gaussian, avg = —
; . ! ! — biased 1 1 1
:\’,h't:’og?,l;fi'i?"l """"" = good convergence  var = (— — —) -
- + can use log scale (dB!) 2 7w/ m

Modulus

[ (Sya) I = V10X )y (Y 1X7), 2 (VX

R .

white, gaussian,
avg=0,var=1/4

white, gaussian,
avg =0, var =1/2m

Normalization: in 1 Hz bandwidth var{X} = var{Y} = 1,

" 4

white, Rayleigh

— biased
— slowest convergence

+ can use log scale (dB!) 91 — (1 _

s
avg — Am

T

4

)

and var{X'} = var{X"} = var{Y’} = var{Y"} = 1/2




Noise rejection, |Syx| and |Re{Syx}|

Independent X and Y, var{X} = var{Y}= 1/2

ISyx| => Rayleigh distribution

E{S} =/ -—

= 0.886/'m
Adm

average

|<Syx>m| ~ — 5 log1o(m) —0.53 dB

deviation

el i

=(0.215/m)

the dev / avg ratio is independent of m

VE{IS —E{S]} _

E{S] .

|IRe{Syx}| => one-sided gaussian distrib.

E{S} = y/ —

T

average = 0.564/m

- (-

|<Re{Syx>m}| ~ — 5logio(m) — 2.49 dB

deviation

= (0.182/m)

the dev / avg ratio is independent of m

VE{IS —E{S}]?} _
E{S}

— 1

The track thickness on the analyzer logarithmic scale is
constant because the dev / avg ratio is independent of m




Example:
Measurement of |Syx|

0 100 120 140 160 180 200
frequency




Measurement (C#0), |Syx|

10 s 10 s
m=2 g=0.32 m=4 g=0.32
I
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Running the measurement, m increases
Sxx shrinks => better confidence level
Syx decreases => higher single-channel noise rejection




Measurement (C#0), |Re{Syx}|
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Running the measurement, m increases
Sxx shrinks => better confidence level
Syx decreases => higher single-channel noise rejection




Linear vs. logarithmic resolution

Joining M values => background reduction of M2 because S(fj), S(f,), j#k are independent

fo f1 15 n—1 values fq

>

M, M. LMy

Logarithmic resolution: M proportional to f yields a background prop. to Mm1/2

5 dBI \I
one decade
b V

Linear resolution
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 So(f) dBHz i
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Part 2 — Applications




Applications

Radio-astronomy (Hanbury-Brown, 1952)

Early implementations

Radiometry (Allred, 1962)

Noise calibration (Spietz, 2003)

Frequency noise (Vessot 1964)

Phase noise (Walls 1976)

Phase noise (Lance, 1982)

Phase noise (Rubiola 2000 & 2002))

Effect of amplitude noise (Rubiola, 2007)

Dual-mixer time-domain instrument (Allan 1975, Stein 1983)
Amplitude noise & laser RIN (Rubiola 2006)
Semiconductors (Sampietro RSI 1999)

Electromigration in thin films (Stoll 1989)

Fundamental definition of temperature

Hanbury Brown - Twiss effect (Hanbury-Brown & Twiss 1956, Glattli 2004)




for Cyamus) Radio-astronomy

radio source

Measurement of the
apparent angular size of
stellar radio sources

Jodrell Bank, Manchester

e The radio link breaks the hypothesis
of symmetry of the two channels,
introducing a phase 0

e The cross spectrum is complex

R e The the antenna directivity results
2 from the phase relationships

| 1|;=_122050|\:|(:Z Square law] e The phase of the cross spectrum

, detector indicates the direction of the radio
| source

Band-pass
filter

: Radio Link
é . ' Y(if) e®  X(if)

R. Hanbury Brown & al., Nature 170(4338) p.1061-1063, 20 Dec 1952
R. Hanbury Brown, R. Q. Twiss, Phyl. Mag. ser.7 no.366 p.663-682




Early implementations

1940-1950 technology

Analog correlator Analog multiplier

X'(fg)cos(2nfyt) — X" (fy)sin(2mft)
\ V ~ 4XY

. ‘ > O%o <Y'X'+Y"X">/2
fo, B k
( g T < ®
~ thermocouple
f0 B

% 1 1 n n AP 4XY
.—[}% } Y'X' + Y"X")/2

Y'(fg)cos(2nfyt) — Y" (fy)sin(2mf i)

Spectral analysis at the single frequency fo, in the bandwidth B
Need a filter pair for each Fourier frequency




Radiometry

correlation and anti-correlation
T2 % t/{ Oo X=L/{+.%

S
> Syx=k(T2—T1)/2
@

T, é%j = °l X=. (-9

noise comparator

AMPLIFIER
A

WAVEGUIDE
SOURCE L 1 juncrion IdBeLow cuTarr|— SOURCE

" g MULTIPLIER < INTEGRATOR (], NULL
ATTENUATOR

INDIGATOR

AMPLIFIER
B

C. M. Alired, A precision noise spectral density comparator, J. Res. NBS 66C no.4 p.323-330, Oct-Dec 1962




Noise calibration

thermal noise S =kT

high accuracy of lavg

shot noise S = 2¢lavgR with a dc instrument

Compare shot and thermal noise with a noise bridge

$ This idea could turn into a re-
. definition of the temperature

rd
.}
i ,‘h
1 >
V

Fig. 1. Theoretical plot of current spectral den- : :
sity of a tunnel junction (Eq. 3) as a function of In a tunnel junction, theory

dc bias voltage. The diagonal dashed lines indi- predicts the amount of

cate the shot noise limit, and the horizontal shot and thermal noise
dashed line indicates the Johnson noise limit.

The voltage span of the intersection of these _ _ _
limits is 4kgT/e and is indicated by vertical L. Spietz & al., Primary electronic thermometry

dashed lines. The bottom inset depicts the oc- using the shot noise of a tunnel junction,
cupancies of the states in the electrodes in the Science 300(20) p. 1929-1932, jun 2003
equilibrium case, and the top inset depicts the

out-of-equilibrium case where eV >=>> kgT.




20
Measurement of H-maser frequency noise

1420 Mc 600 cps

ELECTRON
—» BEAM PREAMP. —
PARAMP. ‘

?

AMP.
FILTER

common
synthesizer

5 Mc REF.

v Y

ELECTRON
BEAM AJ MIXER PREAMP. p AMP.

PARAMP. FILTER

B

CALORIMETRIC OPERATIONAL BANDPASS

correlator POWER METER DIFFERENTIATOR [ ' FILTER
v

(2) SLOW LOW-PASS

. | BEAT
RECORDER RECORDER FILTER

100 {0 Og

R. F. C. Vessot, Proc. Nasa Symp. on Short Term Frequency Stability p.111-118, Greenbelt, MD, 23-24 Nov 1964




Phase noise measurement

IS0 AMP - MEASUREMENT
_D_ UNCERTAINTY
¥ ' -

DSCILLATOR DOUBLE-BALANCED | BANDPASS
1 ‘ MIXER I FILTER N

T ANPLIFIER M

Y
VOLTAGE

I 10 AHP [MULTTPLIER

IS0 ANP

\

SPECTRAL DENSITY OF PHASE
Se(f), dB RELATIVE TO RADZ/HZ —e

OSCILLATOR _4 DOUBLE-BALANCED BANDPASS
12 MIXER #2 FILTER #2

T ANPLIFIER

[SO AMP ?
T ‘ PHASE-LOCK LOOP .

CIRCULTRY

(relatively) large correlation bandwidth
provides low noise floor in a reasonable time

F.L. Walls & al, Proc. 30th FCS pp.269-274, 1976
popular after W. Walls, Proc. 46th FCS pp.257-261, 1992




Oscillator phase noise measurement

A COUPLER
Mo. T , lLow PASS|
= FILTER |

¢
A

1 SPECTRUM
GENERATOR } ANALYZER

(FREQ., MOD
CAPABILITY

 DELAY LINE

TEE /S D\ MIXER
LI ) ., “4 ATTEN, #3

-PAC DUAL
Mg‘;ﬂ: IU\RD_. lcmlgﬂ
DIGITAL SIGNAL E_ ]

PHASE SHIFTER
ANALYZER

PHASE
SHIFTER  ATTEN. #4

i

ORTEC AMP T 4"
3 et XC) MIXER
TEE o

[ DELAY LINE

| 3-d8 COUPLER

1 COUPLER

Original idea:
D. Halford’s NBS notebook
F10 p.19-38, apr 1975

First published: A. L. Lance
& al, CPEM Digest, 1978

The delay line converts the
frequency noise into phase noise

The high loss of the coaxial cable
limits the maximum delay

Updated version:

The optical fiber provides long
delay with low attenuation

(0.2 dB/km or 0.04 dB/us)

A.L. Lance, W.D. Seal, F. Labaar ISA Transact.21 (4) p.37-84, Apr 1982




Phase noise

inner interferometer

measurement

channel b (optional)

rf virtual gnd
null Re & Im

Ry

g

readout

50Q

R0=

arbitrary phase

10-20dB
coupl.

manual carr. suppr.

automatic carrier

power splitter

var. att. & phase

arbitrary phase

suppression control
diagonaliz.

11

D

[A.L. Lance & al., ISA Transact. 2(4) p.37-84 apr 1982\
F. Labaar, Microwaves 21(3) p.65-69, mar 1982

Phase
Shifter

Rttonuator suppressed
carrier

DELAY LINE
RF BRIDGE
000

Delay Line

Replifieor

Power
Spitteer

noise
sidebands

J

matrix

G B

matrix matrix

background noise

T T T T TTTT —T T T T T TTT T T T T T Tt
Se(f) dBrad2/Hz { @@ Py= 14.1 dBm
S(p( f) dB/Hz LI avg 32k spectra |
la 1 1 LI R B A | 1 1

: | two rf chann.
i arm la, 1b
]/HZ_' anglc uncal

I
|
|
|
|
1
|
[/
]
|
|
1

-210.5

[-196.4]
102 10*

G: Gram Sphmidt ortho
normalization

B: frame rotation

I-Q detector/modulator
I

noise of a by-step attenuator

[-146.4] S(p(f) dBrad2/Hz,
— So(f) dB/Hz

Ry, | [Ny dBm/Hz]
y Lol

Py=13.8dBm,
avg 351 spectra]_

T

I

|

1

I two rf chann.
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| angle uncal.
I

1

|

I

1

|

|

I
I
!
|
|
|
I
I
|
|
|
[
|
|
k

1o/

|

[
[
I l

H

-200.2 | L1 L
[-186.4]
1 10

E. Rubiola, V. Giordano, Rev. Sci. Instrum. 71(8) p.3085-3091, aug 2000
E. Rubiola, V. Giordano, Rev. Sci. Instrum. 73(6) pp.2445-2457, jun 2002




Effect of amplitude noise

Should set both channels at the sweet The delay de-correlates the two inputs,
point, if exists so there is no sweet point

A e . . =
AM phase Q
delay

arm a
DUT

2—port
@ de\I/)iCC
arm b

AM vl

(ref) phase

=
O
<
o
(7))

%

arm a

~
1

FFT
analyzer
FFT
analyzer

Q)

5

arm b
delay
"REF

@)
(7))

;

RF
common

2—port
= device

Ly A
arm b @* d bridgeb ( =
LO 7 4
(ref)
AM . phase and ampl.
lock

phase

FFT
analyzer
FFT
analyzer

- phase lock

phase and ampl. meter output
7« (noise only)
Lt

[

\

arm a ®7 dc X bridge a (2 ‘

—> DUT
C

Should set both channels at the sweet The effect of the AM noise is strongly
point of the RF input, if exists, by reduced by the RF amplification
offsetting the PLL or by biasing the IF

pink: noise rejected by correlation and averaging
E. Rubiola, R. Boudot, IEEE Transact. UFFC 54(5) pp.926-932, may 2007




Dual-mixer time-domain instrument

ZERO
CROSSING TIME
INTERVAL
COUNTER

FREQUENCY
SYNTH.

Original idea:
ZERO D. W. Allan, The measurement of frequency
CROSSING

and frequency stability of precision oscillators,
DETECTOR NBS Tech. Note 669, 1975

The average process rejects the mixer noise
This scheme is equivalent to the correlation method

S. Stein & al., IEEE Transact. IM 32(1) p.227-230, mar 1983




Amplitude noise & laser RIN

AM noise of RF/microwave sources e In PM noise measurements, one can validate the instrument by
feeding the same signal into the phase detector

a a

_|<]_
® Gl _ _ _
source Kt Provided the crosstalk was measured otherwise, correlation
under test . .
enables to validate the instrument

monitor

In AM noise this is not possible without a lower-noise reference

dual channel
FFT analyzer

Wenzel 501-04623E 100 MHz OCXO

power
meter
Py=-10.2dBm
| : avg 2100 spectra

Laser RIN

optical

SOU&'CG
under
test L) |
coupler coupler
r r W
monitor
Fourier frequency, Hz

power
meter S RN 1 1ol
10 10°

So (f) dB/Hz

dual channel
FFT analyzer

CQF935 RIN

AM noise of photonic RF/microwave sources

optical microwave de
i >

Kirill Volyanskiy

source

>
-

1

test
coupler  coupler

-

dual channel
FFT analyzer

monitor
80m

power
meter

monitor !
1

power
meter

E. Rubiola, the measurement of AM noise, dec 1995
arXiv:physics/0512082v1 [physics.ins-det] Frequency (Hz)
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Measurement of noise in semiconductors

CX : Output

’ >V2(t) Complex
A/D Conjugate

Amplifier

. . . R, = 100 kQ
FIG. 2. Schematics of the building blocks of our correlation spectrum ana-

lyzer performing the suppression of the uncorrelated input noises by a digi-
tal processing of sampled data.

limit due to
residual correaltion

Current noise [A/{/Hz]

100 10K
Frequency [Hz]

FIG. 9. Experimental frequency spectrum of the current noise from DUT
resistances of 100 k() and 500 M) (continuous line) compared with the
limits (dashed line) given by the instrument and set by residual correlated
noise components.

FIG. 3. Schematics of the active test fixture for current noise measurements.

M. Sampietro & al, Rev. Sci. Instrum 70(5) p.2520-2525, may 1999




Electromigration in thin films

NG_AM) _®
e

error ampli

DUT
. 1. 1/f noise of an AlSig;Cuggoz thin film

measured at room temperature (a) without
and (b) with the phase-sensitive ac
correlation technique. The Johnson noise
level is indicated by the dashed line.

Random noise: X’ and X” (real and imag part)
of a signal are statistically independent

The detection on two orthogonal axes
eliminates the amplifier noise.
null fluct e This work with a single amplifier!

The DUT noise is detected
1

Sua(f) = 5 |SalF) = Sa(f)]

A. Seeger, H. Stoll, 1/f noise and defects in thin metal films, proc. ICNF p.162-167, Hong Kong 23-26 aug 1999
RF/microwave version: E. Rubiola, V. Giordano, H. Stoll, IEEE Transact. IM 52(1) pp.182-188, feb 2003




Hanbury Brown - Twiss effect

roues] 12

in single-photon regime, anti-correlation shows up
R. Hanbury Brown, R. Q. Twiss, Correlation between photons in two coherent beams of light, Nature 177(27), 1956

Also observed at microwave frequencies
C. Glattli & al. (2004), arXiv:cond-mat/0403584v1 [cond-mat.mes-hall]

3dB splitter

source a>—iy 2 f— @ f—s >—%—JL \. :-»-# —L—ss—>—
source b o
Dﬂl*%ﬂ*# PH%

(i
N

JosAjeue
wnJjoads

kT =2.7x102°J, hv=1.12x10-4J, kT/hv=-6.1dB



Conclusions

Correlation enables the rejection of the instrument noise

In AM noise, RIN, etc., correlation enables the validation
of the instrument without a reference low-noise source

Display quantities
® <Re{Syx}>nm is faster and more accurate
® |<Re{Syx}>m| and |<Syx>m| provide easier readout
Applications in many fields of metrology

The cross spectrum method is magic

Correlated noise sometimes makes magic difficult

home page http://rubiola.org
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Part A-1 — The FFT analyzer




Fourier transform

Transform — inverse-transform pair

/ TaWe A o a(t) = / T X (uf) et g

Convolution integral

/_O; 2(T) h(t — 7)dr = /OO h(r)z(t — 1) dr

— OO

Time-convolution theorem

z(t)xh(t) < X(f)HQf)

Frequency-convolution theorem

() h(t) = X(f)xH(f)
Dirac delta function

x(t) xo(t —tg) = /_OO x(t)o(t —to) dt = x(to)




Normalization

Commonly used quantities

quantity

physical dimension

purpose

Xr(ef)

V /Hz

Two-sided F'T
Theoretical issues

51(/) =
%’XT(Z]B)PJ />0

V2 /Hz or W /Hz

One-sided PSD
Measurement of noise level

(power spectral density)

V2 or W

One-sided PS
Power measurement of
carriers (sinusoidal signals)

Truncated signal




Fourier transform pairs

Time domain Frequency domain

h{t) - A nn
'tl < To

sin(2nTof)
2w Tof

A [t = T, & H({) = 24T,

|| > To

h(t) = 2Af, S“;(:';i o) & H(f) = A

f

o

* Hif) = K 5(f)

hi) = K & H() = K5(f)

W) = Ks(t) & Hf) =K

. Oran Brigham, The fast Fourier Transform, Prentice Hall, 1988



Fourier transform pairs

Time domain Frequency domain

' hit) A

IH I I h(t) = X 8t - nl) - H(f)=%, : a(f—%)

H(8)

‘H(ﬂ

W) = A cosenfe)  HP) = 586 - o
B5(+,)

+ 280 + fo

-fo

A

[\ [\ ﬂ W[\ n {\ - h(t) = A sin@ufor) & H() = —j%a(f - fo) Igam)
-

L .

E. Oran Brigham, The fast Fourier Transform, Prentice Hall, 1988



Sampling and aliasing

Time domain Frequency domain

| { oo

'
multiplication convolution
daglt) A, (f)

! 1
¥

—[Tle—

h(t)a (1)
1
hY

ﬁh‘m

o

Input signal

(Time-domain)
sampling

Sampled signal
(and aliasing)

E. Oran Brigham, The fast Fourier Transform, Prentice Hall, 1988



Truncation and energy leakage

Time domain Frequency domain

h(t)a (1) 1 |H( A, )]
1 -~
l ]
‘r S Sampled signal
1 & aliasin
TT1 ‘c) -.-.:"1 = o g
- "2"-'1-"

! b v X ¥ .
=4[ Tle— t

Kl f
27
}x(ty multiplication ) |xn| convolution

= { \ Truncation
11

T ]
15 T -
2 o ToTo

_Lh(t)ao(t)x(t) To HHA X
T

1 P .
I‘ o \\/\/ Truncated signal
f“h}mw » ; & energy leakage
- ) +

1

} -
L f
2T 2T

E. Oran Brigham, The fast Fourier Transform, Prentice Hall, 1988



Fitting the Fourier transform into a
computer memory

Time domain Frequency domain

_Lhmaomxm To d[H(eA HeX0)|

1 L f
27 7T
aq(0 } Ay )

convolution ) multiplication

I Bl
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Windowing — the problem

* Hif)
A |
1 O r l Input signal
1
T

AVAYAN T

muItipIication

AN S 1 1 1 o

convolution

| B0
-7

H({f)» f
N LN

h{t)a ,(t)

(and aliasing)

~
L Sampled signal
f

convolution

1

Truncation

_~ Energy leaks in the sinc(x)

'side lobes
A signal can be hidden

:
Truncated signal
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Windowing - solution
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Window functions

Weighting
Function
Nomenclature

Time Domain

Highest
Side-Lobe

Frequency Domain Level (db)

3-dB
Bandwidth

Asymptotic
Rolioff
(dB/Octave)

Rectangular

Bartlett
(triangle)

Hanning (cosine)

Parzen

Ty
tl=—
1)=2

To

¢t 2
- -— — + ——
wp(f)=1-24 (To) 48 l To

[T

=0

To ’sin('nf To)
wfTo

Wr(f) =

To sin(wfTo)

2 wfTo [1 — (fTo)*]

: 4
We(f) = 3T, [sm('rrngM)]

8 1Tf To/4
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Spectrum of the quantization noise

The analog-to-digital converter introduces
a quantization error x, —Vg/2 < x £ +V4/2

Ergodicity suggests that the quantization
noise can be calculated statistically

2
_ Y
12

The Parseval theorem states that energy and power
can be evaluated by integrating the spectrum
V2
NB = -%
12

0_2

Changing B in geometric progression
(decades) yields naturally 1/B (flicker) noise




Noise of the real FFT analyzer

FFT
algorithm

previous

Bo B3

720 values/decade

filter roll-off
(aliasing)

The quantization noise
scales with the frequency
span, the front-end noise
is constant

The energy is equally
spread in the full FFT
bandwidth, including the
upper region not
displayed because of
aliasing




Example of FFT analyzer noise

Experimental observation Theoretical evaluation

DAC 12 bit resolution, including sign

Sv, &b/ HP-3562A range 10 mVpeax

%0 (E.Rubiola notebook v.5 p.177) Visr =20 mV (£10 mV)
-soJ\‘*"" = m&l

/40 S .
. resolution
e Al (i(/')(«__ Vq = Visr | 21

= 4.88 pV

=2x10-'2 V2 (-117 dB)

e ) total noise
. l‘ﬁ—q | 02 =(4.88 uV)2/12

W
A0umbpie quantization noise PSD

40 4w Ak i o {trSy=0?/B
= —-117 dBV2/Hz with B=1Hz (etc.)

Front-end noise, evaluated from the plot

Sv=2x10-1° V2 (-150 dB), at 10-100 kHz
or 45 nV/Hz'2

use Sv = 4kTR

R =125 kQ
or R=100 kQ and F =1 dB (noise figure)




Oscillator noise measurement

A tight loop is preferred because:

— reduces the required dynamic range
— overrides (parasitic) injection locking

under test

FFT
analyzer

Steps are sometimes observed, due to
the FFT quantization noise

control

| Sphi(H). dBradr2/Hz| | 480 MHz SAW oscillator

1 file oscillator—noise—~with—jump

E. Rubiola, may 2008 frequency, Hz

10 100 1000 10000 1e+05

frequency




FFT noise In oscillator measurements

Explanation: the steps occurring at the transition
between decades are due the quantization noise,
when the resolution is insufficient

calculated simulated

- Sphi(f), dBrad"2/Hz Quantization noise ! 1 Sphi(f), dBradA2/Hz Quantization noise
_|observ. oscill. noise| parameters T e |observ. oscill. noise]| parameters

quant noise = 2.0e-13 /B W quant noise = 2.0e-13 /B
FFT floor = 3.0e—17 + - A T FFT floor = 3.0e—17
m=[16, 32, 64, 128, 256] 1 1 -, m = [16, 32, 64, 128, 256]
PLL fc = 32000 " Yy PLL fc = 32000

oscill b0 =2.0e-18 T i / ely, oscill b0 =2.0e-18
oscill b—1 = 1.0e-13 1 1 o, oscill b—1 = 1.0e-13
oscill b-2 = 1.0e-9 1 | oscill b-2 =1.0e-9

oscill b-3 = 8.0e-5 Yy oscill b—3 = 8.0e-5

FFT noise

L file oscillator—calc—with—jump

E. Rubiola, may 2008 frequency, Hz

1 file oscillator—simul-with—jump

T — E. Rubiola, may 2008 o frequenc;y , HZ | .
10 100 1000 10000 1e+05 10 100 1000 10000 1e+05

The steps are due to the FFT quantization noise

The problem shows up when the dynamic range is
insufficient, often in the presence of large stray signals

Systematic errors are also possible at high Fourier
frequencies




Linear vs. logarithmic resolution

Linear resolution

1 UTO-508 with Residual Phase Noise “Bump”
2 "Normal” UTO-509

| —]
G. Montress & al, TUFFC 41(5) 1994 _ |

b

] A A bl L
108 1K

18K

L (f) [dBerHzl wvs fL[Hzl

Combining M independent
values, the confidence

Sxx

interval is reduced by sqgrt(M),
(5 dB left-right in one decade)

A weighted average is also

possible

Poa N
188K

L A
1M

previous

decade

b
o N~

Logarithmic resolution (80 pt/dec)

POWER SPEC1 37Avg 0%0vi1lp

—-80.0

5.0

/Div |

—120
Fxd Y

E. Rubiola, plot 610

L1l Lol Lol L1l

10 Log Hz 100k

1024 points FFT

filter roll-off
(aliasing polluted)

average

80 points/decade




Part A-2 — Statistics




Properties of white zero-mean
gaussian noise

x(t) <=> X(f) = X(if)+ 1X”(if)

. X(t) <=> X(if) are gaussian

. X(1f1) and X(if2) are uncorrelated
var{X(1f1)} = var{X(if.)}

. X’and X” are uncorrelated
var{X’} = var{X”’} = var{X}/2

. Y = X1+ Xz is gaussian
var{Y} = var{Xi} + var{Xz}

. Y = X1 % X2 Is gaussian
var{Y} = var{X1} var{X2}




Properties of flicker noise
x(t) <=> X(if) = X(if)+ 1X”(if)

. X(t) <=> X(if), there is no a-priori relationship
between the distribution of x(t) and X(if) (theorem).
Central limit theorem => X(if) can be gaussian

. X(1f1) and X(if2) are correlated.
correlation decays rapidly when f1 ## f2
var{X(1f1)} # var{X(if2)}

. X’and X” can be correlated

var{X’} # var{X”} # var{X}/2

. Y = X1+ X2, with zero-mean X1, Xa,
var{Y} = var{X4} + var{X2}

. If X1 and X2 are zero-mean gaussian r.v.
then Y = X1 x X2 is zero-mean gaussian
and var{Y} = var{Xi} var{X2}




One-sided gaussian distribution

X is normal distributed with
Zero mean and variance o?

y = |z

v

flz) =2

Eif(z)} = \/gﬂ

E{f*(z)} = 0”

B{1f(@) ~ B @)P) = (1- 2) o2

1
exp | —
V2T o P (

2
ﬁ) y >0

1.4+
1.3

127
L.1T
10T
0971
0.871
0.71
0.6
0.57
0471
037
0271
0.1

I One;sided géuésién disfribution'

sigma = (.71

sigma = 1.41

| file one—sided—gauss—distrib

T E. Rubiola, Apr 2008
N T N T

0.0

00 05 10 15 20 25 30

35

40

45

5.0

one-sided gaussian distribution with % = 1/2

quantity
with 0% = 1/2

value

[10log( ), dB]

1
average =

0.564
-2.49]

deviation =

0.426
(—3.70]

dev
avg

0.756
(—1.22]

1.756
[+2.44]

avg + dev - 1
avg T
1

avg —dev

avg

0.244
[—6.12]

avg +dev  144/1/2—1/x

avg —dev  1—+/1/2—1/7

7.18
[8.56]




Chi-square distribution

xi are normal distributed with Notice that the sum of x?
zero mean and equal variance G2 is a x? distribution

T ™m m
2 E : 2 2 __ E 2 _ E

is X2 distributed with r
degrees of freedom




Averaging m chi-square distributions

averaging m variables |X|?, complex X=X'+1X", yields a X2 distribution with r = 2m

m

J

X0+ (X)) dev 1
avg  /m

4 N

relevant case: 0% = 1/2

o0

2.0

L3 1 | avg of m chi-square vars fle chi-square-ave-

1.6-"-
1.4-“-
1.2-“-
1.0:
0.8--
0.6--
0.41
0.2¢
0.0

= e A AR




Rayleigh distribution

x1 and x2 are normal distributed with v T
zero mean and equal variance 0% fl@) = o2

BU@) =50

E{f*(2)} = 20°
E{|f(z) — E{f(2)}*} =

4 —
7702
2

X is Rayleigh-distributed

Rayleigh distribution with o2 = 1/2

quantity value
with 02 =1/2 [101og( ), dB]

—ttt—t——t———t———t——t——— average = z 0.886
. 1 Rayleigh distribution 1 \/ 4 [—0.525]

il L T 0.463
sigma = 0.71 _ deviation = 4 /1 — 1 ~3.34]

dv  [4 0.523
avg V' m [—2.82]

. _ I avg + dev 4 1.523
sigma = 1.41 ] —1 — —1
T avg i V [+1.83]
1 avg — dev 4 0.477

| —1—4/= -1
file rayleigh—distrib __- av g T [— 3 . 2 ].]

E. Rubiola, Apr 2008
0.0FH—F———"F4—————F——~4+——+ +—— F——t—]
00 05 10 15 20 25 30 35 40 4 . avg +dev 14 +/4/m—1 3.19

avg —dev  1—/4/m—1 [5.04]




