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Phase and amplitude noise noise 2

v(t) = V0 [1 + α(t)] cos [ω0t + ϕ(t)]

v(t) = V0 cos ω0t + nc(t) cos ω0t− ns(t) sinω0t

α(t) =
nc(t)
V0

and ϕ(t) =
ns(t)
V0

Chapter 1. Basics 2

v(t)

v(t)
V0

V0

phase fluctuation
ϕ(t) [rad]

phase time (fluct.)
x(t) [seconds]

V0/
√

2

phase fluctuation

Phasor RepresentationTime Domain

ϕ(t)

ampl. fluct.

V0/
√

2

(V0/
√

2)α(t)

t

t

amplitude fluctuation
V0 α(t) [volts]

normalized ampl. fluct.
α(t) [adimensional]

Figure 1.1: .

where V0 is the nominal amplitude, and α the normalized amplitude fluctuation,
which is adimensional. The instantaneous frequency is

ν(t) =
ω0

2π
+

1

2π

dϕ(t)

dt
(1.3)

This book deals with the measurement of stable signals of the form (1.2), with
main focus on phase, thus frequency and time. This involves several topics,
namely:

1. how to describe instability,

2. basic noise mechanisms,

3. high-sensitivity phase-to-voltage and frequency-to-voltage conversion
hardware, for measurements,

4. enhanched-sensitivity counter interfaces, for time-domain measurements,

5. accuracy and calibration,

6. the measurement of tiny and elusive instability phenomena,

7. laboratory practice for comfortable low-noise life.

We are mainly concerned with short-term measurements in the frequency do-
main. Little place is let to long-term and time domain. Nevertheless, problems
are quite similar, and the background provided should make long-term and time
domain measurement easy to understand.

Stability can only be described in terms of the statistical properties of ϕ(t)
and α(t) (or of related quantities), which are random signals. A problem arises

polar coordinates

Cartesian coordinates

|nc(t)|! V0 and |ns(t)|! V0

under low noise approximation It holds that



Phase noise & friends 3

Sϕ(f) = PSD of ϕ(t)
power spectral density

L(f) =
1
2
Sϕ(f) dBc

y(t) =
ϕ̇(t)
2πν0

⇒ Sy =
f2

ν2
0

Sϕ(f)

σ2
y(τ) = E

{
1
2

[
yk+1 − yk

]2
}

.

Allan variance
(two-sample wavelet-like variance)

approaches a half-octave bandpass filter (for white), 
hence it converges for processes steeper than 1/f

random fractional-frequency fluctuation

random phase fluctuation processes not present
in two-port devices
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E. Rubiola, Phase Noise and Frequency Stability in Oscillators, Cambridge 2008

it is measured as
Sϕ(f) = E {Φ(f)Φ∗(f)}
Sϕ(f) ≈ 〈Φ(f)Φ∗(f)〉m



Amplifier white noise
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The (phase) noise is chiefly that of the 1st stage
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The Friis formula applied to phase noise
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+ . . .
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Amplifier flicker noise 5
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Flicker noise in RF and microwave amplifiers

near-dc flicker
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S(f)
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PM noise originates in the same way, but for a 90° phase shift in the product
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near-dc 
noise

expand and select the ω0 terms

carrier
vi(t) = Vi ejω0t + n′(t) + jn′′(t)

non-linear (parametric)amplifier

vo(t) = Vi

{
a1 + 2a2

[
n′(t) + jn′′(t)

]}
ejω0t

get AM and PM noise

α(t) = 2
a2

a1
n′(t) ϕ(t) = 2

a2

a1
n′′(t) The AM and the PM noise are 

independent of Vi , thus of power

vo(t) = a1vi(t) + a2v
2
i (t) + . . .

substitute
(careful, this hides the down-conversion)

the parametric nature of 1/f 
noise is hidden in n’ and n”

ω0 = ?
no flicker

ω0

The noise sidebands are 
proportional to the input carrier
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Delay line theory

10 GHz, 10 μs
• delay –> frequency-to-phase conversion
• works at any frequency
• long delay (microseconds) is necessary for high 

sensitivity
• the delay line must be an optical fiber

fiber:   attenuation 0.2 dB/km,  thermal coeff. 6.8 10-6/K
cable: attenuation 0.8 dB/m,  thermal coeff. ~ 10-3/K

Rubiola-Salik-Huang-Yu-Maleki, JOSA-B 22(5) p.987–997 (2005)
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Φ(s) = Hϕ(s)Φi(s)

Laplace transforms

Sy(f) = |Hy(f)|2 Sϕ i(s)

|Hϕ(f)|2 = 4 sin2(πfτ)

|Hy(f)|2 =
4ν2

0

f2
sin2(πfτ)

ment and its equivalent in the Laplace transform domain.
by inspection of Fig. 3,

!o!s" = H"!s"!i!s", !4"

where H"!s"=1−exp!−s#". Turning the Laplace trans-
forms into power spectra Eq. (4) becomes

S"o!f" = #H"!jf"#2S"i!f", !5"

where

#H"!jf"#2 = 4 sin2!$f#". !6"

The spectrum of frequency fluctuation Sy!f" is related to
S"!f" through

Sy!f" =
f2

%0
2S"i!f". !7"

Combining Eqs. (5) and (7), we get

Sy!f" = #Hy!jf"#2S"i!f", !8"

where

#Hy!jf"#2 =
4%0

2

f2 sin2!$f#". !9"

Equation (5) is used to derive the phase noise S"i!f" of the
oscillator under test. Alternatively, Eq. (7) is used to de-
rive the frequency noise Sy!f". We prefer S"!f", indepen-
dent of how the final results will be expressed, because
the background noise of the instrument appears as S"!f".

Figure 4 shows the transfer functions #H"!jf"#2 and
#Hy!jf"#2 for %0=10 GHz and #d=10 &s (2-km delay line),
which is typical of our experiments. For f→0, it holds
#H"!jf"#2$ f2. Fortunately, high slope processes such as
flicker of frequency dominate in this region (see Fig. 1),
which compensates #H"!jf"#2. The phase-noise measure-
ment is therefore possible, providing that the delay #d can
be appropriately chosen. #H"!jf"#2, as well as #Hy!jf"#2, has
a series of zeros at f=n /#d, with integer n'1. The experi-
mental results are not useful in the vicinity of these zeros.
At the beginning of our experiments we hoped to recon-
struct the spectrum beyond the first zero at f=1/#d by ex-
ploiting the maxima at f= !2i+1" / !2#d" (integer i'1). This

turned out to be difficult. One problem is the resolution of
the FFT analyzer, as the density of zeros increases on a
logarithmic scale. Another problem is the presence of
stray signals in the measured spectrum, which make un-
reliable the few data around the maxima. The practical
limit is about f=0.95/#d, where #H"!jf"#2=−16 dB, and at
most some points around f=3/ !2#d" between the first and
second zeros.

4. SOURCES OF NOISE
The basic block for photonic phase-noise measurements is
shown in Fig. 3(a). In normal operation the random phase
"!t" results from the fluctuations of the input frequency.
In this section we analyze the sources of noise of the
block, since "o!t" is acquired form the noise of electrical
and optical components.

The power P(!t" of the optical signal is sinusoidally
modulated at the microwave angular frequency )& with a
modulation index m

P(!t" = P̄(!1 + m cos )&t". !10"

Here, we use the subscripts ( and & for “light” and “mi-
crowave,” and the overbar to denote the average. Equa-
tion (10) is similar to the traditional amplitude modula-
tion of radio broadcasting, but optical power is modulated
instead of rf voltage. In the presence of a distorted (non-
linear) modulation, we take the fundamental of the modu-
lating signal, at )&.

The detector photocurrent is

i!t" =
q*

h%(

P̄(!1 + m cos )&t", !11"

where q=1.602+10−19 C is the electron charge, * is the
quantum efficiency of the photodetector, and h=6.626
+10−34 J/Hz the Planck constant. Only the ac term
m cos )&t of Eq. (11) contributes to the microwave signal.
The microwave power fed into the load resistance R0 is
P̄&=R0iac

2 , hence

P̄& =
1

2
m2R0% q*

h%(
&2

P̄(
2. !12"

A. White Noise
The discrete nature of photons leads to the shot noise of
power spectral density Ns=2qiR0 [W/Hz] at the detector
output. By virtue of Eq. (11),

Ns = 2
q2*

h%(

P̄(R0. !13"

In addition, there is the equivalent input noise of the am-
plifier loaded by R0, whose power spectrum is

Nt = FkBT0, !14"

where F is the noise figure of the amplifier, kB=1.38
+10−23 J/K is the Boltzmann constant, and T0 is the tem-
perature. The white noise Ns+Nt turns into a noise floor
S"0= !Ns+Nt" /P& of S"!f". By use of Eqs. (12)–(14), the
floor is

Fig. 4. Transfer functions #H"!jf"#2 and #Hy!jf"#2 plotted for %0
=10 GHz and #d=10 &s.

990 J. Opt. Soc. Am. B/Vol. 22, No. 5 /May 2005 Rubiola et al.
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White noise 7

shot noise

P (t) = P (1 + m cos ωµt)
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Flicker (1/f) noise 8

experimentally determined (takes skill, time and patience)
amplifier      GaAs: b–1 ≈ –100 to –110 dBrad2/Hz,     
                     SiGe: b–1 ≈ –120 dBrad2/Hz
photodetector  b–1 ≈ –120 dBrad2/Hz
Rubiola & al. IEEE Trans. MTT (& JLT) 54 (2) p.816–820 (2006)
mixer  b–1 ≈ –120 dBrad2/Hz
contamination from AM noise (delay => de-correlation => no sweet point
(Rubiola-Boudot, IEEE Transact UFFC 54(5) p.926–932 (2007)
optical fiber
The phase flicker coefficient b–1 is about independent of power
in a cascade, (b–1)tot adds up, regardless of the device order 
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 b0 ,  lower P0

 fc  =  ( b–1 / FkT0 ) P0  depends on P0
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The Friis formula applies to white phase noise

b0 =
F1kT0

P0
+

(F2 − 1)kT0

P0g2
1

+ . . .

In a cascade, the 1/f noise just adds up



Single-channel instrument 9
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• The laser RIN can limit the instrument sensitivity
• In some cases, the AM noise of the oscillator under test 
turns into a serious problem  (got in trouble with an 
Anritsu synthesizer)



Measurement of a sapphire oscillator 10

• The instrument noise scales as 1/τ, yet the blue and black plots overlap
magenta, red, green   =>   instrument noise 
blue, black  =>  noise of the sapphire oscillator under test

• We can measure the 1/f3 phase noise (frequency flicker) of a 10 GHz 
sapphire oscillator (the lowest-noise microwave oscillator)

• Low AM noise of the oscillator under test is necessary
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Basics of correlation spectrum measurements
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Syx = E {Y X∗} W. K. theorem
Syx = 〈Y X∗〉m measured, m samples

a, b and c are incorrelated

expand X = C −A and Y = C −B

Syx = Scc a, b, c independent

Syx = Scc + O(
√

1/m) measured, m samples

11

Averaging on a sufficiently large 
number m of spectra is necessary 
to reject the single-channel noise 



Dual-channel (correlation) instrument 12

Fig. 5. Phase noise added by the optical fiber is not significant.

cations vary with manufacturer, such photodetectors are fast
enough to detect at least 12 GHz modulation. Detectors as
fast as 40 GHz and beyond are available. The photocurrent
generated in the photodetector (ip) upon absorption of photons
is linearly related to the number of photons received per unit
time, or photon flux (Φ), the quantum efficiency (η), and the
electron charge (e):

ip = ηeΦ = ηe
P
hν

, (4)

where P and ν is the power and frequency of the light beam
respectively, and h is the Planck’s constant. If we use LiNbO3

Mach-Zehnder amplitude modulator, with modulation depth of
m:

P (t) = Pavg[1 + m cos(2πft)], (5)

where Pavg is the average optical power, and f is the mi-
crowave frequency. Microwave power at the photodetector
output is given by:

Pµ = i2pR, (6)

where R is the photodetector output impedance. We have
photodetectors with 50 Ω and 1 kΩ resistors. Combining all
these equations we arrive at the conclusion that the microwave
output power of the photodetector increases quadratically with
average optical power, and the modulation depth. However,
typically 2-4 mW average optical power saturates the photode-
tectors. Assuming 70% quantum efficiency, 50% modulation
depth, 3 mW average optical power, and 50 Ω resistor, we get
about -14 dBm microwave output power, which is a typical
value one would get in the lab. Of course, -14 dBm power
is not enough to measure phase noise using double balanced
mixers, which have to be saturated for better amplitude noise
rejection. Therefore one has to use amplifiers.

The noise floor of a measurement system is determined by
the components used, with amplifiers usually being the dom-
inating noise source. Fibers and other microwave and opto-
electronic components also contribute noise, but at a much
lower level. For example, we have measured the noise added
by the fiber using a carrier suppression measurement scheme,
which suppresses the amplifier 1/f noise (flicker).When two
equal lengths of fiber are used in both paths, then we only
measure the noise contributed by the fiber. As seen in Fig. 5,

Fig. 6. The dual photonic delay line cross correlation phase noise measure-
ment setup.

there is no significant amount of noise added by the 2.1 km
fibers used above the thermal noise of the amplifier. Therefore,
the noise floor of our photonic delay line measurement system
is mainly determined by the amplifier noise.

IV. DUAL-PHOTONIC DELAY LINE WITH CROSS

CORRELATION

It is well established that the uncorrelated noise added by
the components can be averaged out using the cross correlation
technique [5], [9], [10]. Cross spectrum is defined as [11]

SAB(f) ≡ B(f) · A∗(f) , (7)

where A(f) and B(f) are the Fourier transform of the signals
in channel A and B. Each signal has the correlated noise,
i.e., the oscillator noise, and the uncorrelated noise from all
components in each channel.

By taking the average of the cross spectrum SAB , the
uncorrelated noise is removed. Averaging over m spectra, the
single channel noise in Eq. 7 is reduced by a factor of 1/

√
2m

[11].
The dual photonic delay-line cross-correlation phase noise

measurement setup is shown in Fig. 6. The signal from an
oscillator is first split into two channels by a power splitter.
Note that the two channels are completely independent of each
other except for the input power splitter, which is virtually free
from noise (flicker). A dual channel FFT analyzer measures
the cross spectrum. For this scheme to work effectively, the
delay of the two channels must be the same.

We used a 10 µs long delay (2.0 km optical fiber) to
measure the oscillator noise. Fig. 7 shows the phase noise
floor measured in each channel, and their cross correlation
in the absence of delay fibers. Clearly, the noise added by
the amplifiers in each channel is removed. The noise floor
measurement is done without any delay so that the oscillator
noise is cancelled. Here we refer the noise floor to the
oscillator noise using Eqs. 1 and 3 with τ = 10 µs. Plot B in
Fig. 8 shows the single channel power spectrum for the 10 µs
delay. Should we used a 100 ns long delay (typical microwave
delay) the noise floor referred to the oscillator would be 40
dB higher (plot A).

A reduction of 13 dB is obtained by averaging m = 200
times (Fig. 8, Plot C), resulting in -151 dBc/Hz measurement

2004 IEEE International Ultrasonics, Ferroelectrics,
and Frequency Control Joint 50th Anniversary Conference3050-7803-8414-8/04/$20.00 (c)2004 IEEE.

uses cross spectrum to reduce the background noise
requires two fully independent channels
separate lasers for RIN rejection
optical-input version is not useful because of the 
insufficient rejection of AM noise 
implemented at the FEMTO-ST Institute 

Salik, Yu, Maleki, Rubiola, Proc. Ultrasonics-FCS Joint Conf., Montreal, Aug  2004  p.303-306
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Dual-channel (correlation) measurement 13

FFT
average
effect

the residual noise is clearly limited by 
the number of averaged spectra, m=200

FFT
average
effect

FFT
average
effect



Measurement of the optical-fiber noise 14

• matching the delays, the oscillator phase noise cancels

• this scheme gives the total noise
          2 × (ampli + fiber + photodiode + ampli) + mixer 
thus it enables only to assess an upper bound of the fiber noise



Phase noise of the optical fiber 15

•The method enables only to assess an upper bound of the fiber noise  
b–1 ≤ 5×10–12 rad2/Hz for L = 2 km  (–113 dBrad2/Hz)

•We believe that this residual noise is the signature of the two GaAs 
power amplifier that drives the MZ modulator



Delay-line oscillator 16

fL =
1

4π2τ2

fL =
ν0

2Q

Qeq = πν0τ Qeq=3×105 ← L=4km

Sϕ(f) ! f2
L

f2
Sψ(f) for f " fL

fL=8kHz

Leeson
formula

σy ! 2.9×10−12

10–11

Allan deviation

h−1 = b−3/ν2
0 6.3×10–24

8.8×10–24σ2
y = 2 ln(2) h−1

b–3 = 6.3×10–4  (–32 dB)

E. Rubiola, Phase Noise and Frequency Stability in Oscillators, Cambridge 2008



Delay-line oscillator 17

expected phase noise 
b–3 ≈ 6.3×10–4  (–32 dB)

our OEO
b–3=10–3 (–30dB)

Agilent E8257c, 10 GHz, 

low-noise opt.

Wenzel 501-04623 OCXO 

100MHz mult. to 10 GHz

10
1

10
2

10
3

10
4

10
5

–20

–40

–60

–80

–160

–140

–120

–100

0

S
!

(f
),

 d
B
ra

d
2
/
H

z

Phase noise of the opto-electronic oscillator (4 km)

frequency, Hz

E. Rubiola, jun 2007
OEO: Kirill Volyanskiy, may 2007

• 1.310 nm DFB CATV laser
• Photodetector DSC 402  (R = 371 V/W)
• RF filter ν0 = 10 GHz, Q = 125
• RF amplifier AML812PNB1901 (gain +22dB)



Nonlinear model 18



A complex envelope equation 19



Stability of the oscillating solution 20



A Hopf bifurcation X



Hopf bifurcation, observed 21

The Hopf bifurcation leads to the emergence
of robust modulation side-peaks in the Fourier spectrum, which 

may drastically affect the phase noise performance of OEOs



Small resonators 22

Technology development in progress (quartz CaF2 , MgF2)
A bunch of technical problems (and Ryad Bendoula left)
Taper coupling still problematic
some interesting phenomena observed



Raman oscillations 23

•The Raman amplification is a quantum phenomenon of nonlinear origin 
that involves optical phonons.

•An amplifier inserted in a high-Q cavity turns into an oscillator, like 
masers and lasers.

•Oscillation threshold  ~  1/Q2 
•In CaF2 pumped at 1.56 μm, Raman oscillation occurs at 1.64 μm
•Due to the large linewidth, the Raman oscillation appears as a bunch of 
(noisy) spectral lines spaced by the FSR (12 GHz, or 100 pm in our case)

•Raman phonons modulate the optical properties of the crystal, which 
induces noise at the pump frequency (1.56 μm)



High temperature gradient 24

•cross section of the field region 1 μm2

•CaF2 thermal conductivity 9.5 W/mK
•dissipated power 300 μW
•wavelength 1.56 μm
•air temperature 300 K
•still air thermal conductivity 10 W/m2K
•simplification: the heat flow from the mode region is 
uniform

8 
m

m
5.5 mm

CaF2
optical

resonator

bottom plane at a reference temperature inner bore at a reference temperature



Thermal effect on frequency 25

8 
m

m

5.5 mm

CaF2
optical

resonator

•wavelength 1.56 μm   (ν0=192 THz)
•Q=5x109   –> BW=40 kHz
•a dissipated power of 300 μW shifts the resonant 
frequency by 1.2 MHz (6x10–9), i.e.,  37.5 x BW

•time scale about 60 μs
•Q>1011  is possible with CaF2 and other crystals!!

laser scan calibration (2 MHz phase modulation)



Low-power oscillator operation 26

Assume:

•Thermal noise is dominant: below threshold, SNR ~ 1/Pλ2

•Thermal noise can be reduced (10 dB or more?) using VGND 
amplifiers

•What about flicker of photodetectors with integrated VGND amplifier?
•Dramatic impact on the (phase) noise floor

Shot noise  (m=1) Thermal noise (m=1)

IRMS =
1√
2

ρPλ

SI = 2qI = 2q ρPλ

SNR =
1
4

ρPλ

q

λ = 1560 nm
ρ = 0.8 A/W

R = 50 Ohm
(Pλ)peak = 2x10–5 W   (20 μW)

IRMS =
1√
2

ρPλ

SI =
4kT

R
or

4FkT

R

SNR =
1
8

ρ2P
2
λR

kT

In practice, –131 dBrad2/Hz In practice, –110 dBrad2/Hz
with F=0 dB (!!!)


