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The Clock Signal !2

v(t) = V0 [1 + ↵(t)] cos [!0t + '(t)]
v(t) = V0 cos !0t + nc(t) cos !0t� ns(t) sin!0t

↵(t) =
nc(t)
V0

and '(t) =
ns(t)
V0

polar coordinates

Cartesian coordinates

|nc(t)|⌧ V0 and |ns(t)|⌧ V0

under low noise approximation It holds that
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Sᵩ(ƒ) and 𝓛(ƒ) !3

L (f) =
1

2
S'(f)

The IEEE Std 1139-1999 defines 𝓛(ƒ) as

The problem with this definition is that it does not divide AM noise 
from PM noise, which yields to ambiguous results v0+f

v
0

v

N

BP0The obsolete definition of 𝓛(ƒ) is

Phase noise PSD Sᵩ(ƒ) Units
Sφ  –>  [rad2/Hz]    
10 Log10(Sφ)  –>  [dBad2/Hz] 

Units
10 Log10(𝓛)  –>  [dBc/Hz]
Unit of angle √2 rad ≈ 80º  (𝓛)dB   =   (Sφ)dB – 3 dB 

L (f) =
SSB power in 1 Hz band

carrier power

S'(f) = 2F {C''(⌧)} , f > 0 (Autocovariance)

S'(f) = 2E {�(f)�⇤(f)} , f > 0 (WK theorem)

S'(f) ⇡ 2
T h�(f)�⇤(f)im , f > 0 (measured)

<latexit sha1_base64="pXJC7Wz7yyKeRTS6CcaV7Z1mugM="></latexit>



Polynomial Law !4

b�1/f
log-log scale
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The integrated 1/ƒ noise is amazingly small ln(AU /τP) ≃ 140



Phase Noise —> Time & Frequency Fluctuations !5

log-log scale
k0
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ƒlog-log scale

ƒ1
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white phase

phase flicker

white frequency
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<latexit sha1_base64="lqs74wW70KFs6h6k2OM3MRtMbAY="></latexit>Time fluctuation spectrum
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Additive vs Parametric Noise !6

additive noise parametric noise

the noise sidebands are 
independent of the carrier

the noise sidebands are 
proportional to the carrier

R. Boudot, E. Rubiola, Phase noise in RF and microwave amplifiers IEEER T UFFC 59(12) p.2613-2624, December 2012.

noise-free
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Combining White and Flicker Noise !7

The corner frequency ƒc, sometimes specified in data sheets 
is a misleading parameter because it depends on P0

b0 = Ne/P0  =  SNR

ƒ

P0

b0 , low P0

b0 , high P0

ƒ’c ƒ”c

ƒc = (b–1 / Ne) P0
b–1 /ƒ 

b–1 ≈ constant vs. P0

lo
g-
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g 
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al

e

Sφ(ƒ)



Example – Microwave Amplifier !8



The Leeson Effect

!9



An Oscillator Model !10

Steady oscillation 
•Barkhausen condition  A(ƒ) β(ƒ) = 1

•Gain compression sets |Aβ| = 1,  

•Closed-loop condition sets arg(Aβ) = 0 

Phase noise & frequency stability 
•Leeson effect (Q, ν0, noise)

•Resonator stability

•Output buffer

V0[1+α(t)]
cos[ω0t+φ(t)]

PM

ψ(t)

A gain
compression

B

noise

sustaining amplifier

resonator

output

θ(t)

output buffer

varactor

frequency fluctuation

AM

η(t)

PM AM

υ(t)

With trivial changes — This describes oscillators from low RF to lasers



 A General Method to Solve PN Problems !11

LTI
device

[1+ε(t)] cos[ω0t+ψ(t)] [1+α(t)] cos[ω0t+φ(t)]
LTI

device

δ(t)

bφα(t)bαα(t)

cos(ω0t+κ)

t = 0

κ ∫bαφ(t) dt

set a small phase or amplitude step κ at t=0, and linearize for κ→0 
cos(ω0t) [1+α(t)]cos[ω0t+φ(t)]

[1+ε(t)] cos[ω0t+ψ(t)] [1+α(t)] cos[ω0t+φ(t)]

δ(t)

bφφ(t)bαφ(t)

κ ∫bφφ(t) dt

LTI
device

• A Dirac δ(t) in a trig function?

• NOPE

• Replace with Heaviside 

u(t) = ∫ δ(t) dt

• Calculate the response

• Differentiate

Convolution theorem  
x(t)∗y’(t) = x’(t)∗y(t)

There is a catch  
• We assume that the fluctuations are 
averaged over multiple limit cycles


(and goodbye Floquet vectors)



Resonator’s Impulse Response !12

[1+ε(t)] cos[ω0t+ψ(t)] [1+α(t)] cos[ω0t+φ(t)]

δ(t)

resonator
Q,  ωn

δ(t)

bφ(t)bα(t)2nd order differential equation
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2Q

⇥n

E.Rubiola, Phase noise and frequency stability in oscillators, Cambridge 2008,

E. Rubiola, R. Brendel, A generalization of the Leeson effect, arXiv:1004.5539 [physics.ins-det]

http://arxiv.org/abs/1004.5539


The Leeson Effect !13

definition

feedback 
theory

Leeson 
effect

complex plane transfer function

B(s) =
1/�

s + 1/�

noisy amplifier

resonator

|H(jf)|2

ffL

1/f2

f0

fL =
�0

2Q

σ

jωH(s)

�1/�

low-pass

Σ 1

v
1

v
2

relaxation time

τ = 2Q/ω
0file: ele-PM-scheme

ψ(t) ↔ Ψ(s) φ(t) ↔ Φ(s)

phase-noise transfer function

H(s) =
�(s)
⇥(s)

H(s) =
1 + s�

s�

H(s) =
1

1�B(s)

Phase-noise model
ψ(t) ↔ Ψ(s)

b(t) ↔ B(s)
low-pass

Σ
φ(t) ↔ Φ(s)

1
ψ(t) ↔ Ψ(s)
φ(t) ↔ Φ(s)

b(t) ↔ B(s)

Laplace transform 
inverse-transform 
pairs



Oscillator Noise – Real Amplifier !14

The sustaining-amplifier noise is Sφ(ƒ) = b0 + b–1/ƒ  (white and flicker)

 ƒƒc ƒL

1/ƒ3

1/ƒ2

sustaining 
amplifier buffer

ƒ0

oscillator 
loop

≈5 dB

S φ
(ƒ

)

A - Low-Q, fluctuation-free resonator

 ƒ
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amplifier

ƒcƒL

oscillator loop

buffer

1/ƒ3

1/ƒ

ƒ0

5 dB

apparent
corner

B - High-Q,  fluctuation-free resonator

Leeson
corner

S φ
(ƒ

)



The Effect of the Resonator Noise !15

The oscillator tracks the resonator’s natural frequency, and its fluctuations

 ƒƒc ƒL
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oscillator loop
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corner
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Example from the Real World !16

DRO100,  10 GHz DRO
Synergy Microwave Corp.

L(ƒ), dBc/Hz

ƒ, HzE.R, Dec 2017

b0 = 1x10–17

b–2 = 1.41x10–4

b–3 = 14.1

ƒL = 3.75 MHzƒc = 100 kHz

[b–1]SA = 10–12



Resonator Noise

!17



In some fortunate cases,  
the origin of 1/ƒ frequency noise is known

!18
Fi

gu
re

s 
fro

m
: N

um
at

a 
K,

 K
em

er
y 

A,
 

C
am

p 
J,

 T
he

rm
al

-n
oi

se
 li

m
it 

in
 th

e 
fre

qu
en

cy
 s

ta
bi

liz
at

io
n 

of
 la

se
rs

 w
ith

 ri
gi

d 
ca

vi
tie

s,
 P

RL
 9

3(
25

) 2
50

60
2,

 D
ec

 2
00

4

See also T. Kessler, T. Legero, U. Sterr, Thermal noise in optical cavities revisited, JOSA-B 29(1), 2012

zero at zero frequency due to mathematical requirement.
Therefore, it is reasonable to assume constant ! of cavity
materials at wider frequency ranges, based on experimental
observation at high frequencies. Recent reports suggest,
however, that low-loss fused silica (! & 10!7) and coating
may have a frequency dependent ! [17,26]. Also, below
"100 Hz, less experimental clues support the model.
Thus, the frequency behavior and an absolute value for
loss of the cavity material should be more carefully verified
by experimentally measuring the loss at the required fre-
quency for frequency stabilization.

Although only intrinsic losses in the cavity materials
were considered as thermal-noise sources, optical contacts
and surfaces must also be assessed. We evaluated these
effects by calculation. If the products of effective loss, !,
and thickness, h, of the contact area or the surfaces are
smaller than 10!6 m, we will see less than a 10% increase
in our result shown in Table I. Although we believe this to
be true, experimental verification is important. We also
neglected support losses because the loss in the spacer
has the lowest contribution to the thermal-noise level.
Finally, thermoelastic losses [27] cause ‘‘thermoelastic
noise,’’ which is interpreted as the direct coupling between
CTE and statistical temperature fluctuation within a spe-
cific volume [12]. For this analysis, the noise is considered
to be small when the mirrors and spacers are made of fused
silica and/or ULE [28].

Conclusion.—Thermal fluctuation becomes an inevi-
table noise source in precise experiments. We rigorously
evaluated the thermal noise from a rigid cavity based on
our mechanical loss measurement and direct numeri-
cal analysis of the system with the FDT. The noise, origi-
nating mainly from the cavity mirrors, lies around 0:1#
$1 Hz=f%1=2Hz=

!!!!!!

Hz
p

at room temperature with a typical
setup. Comparing this with past experimental results, we

found that thermal motion fundamentally limits the line-
width and could explain the world-highest level frequency
stabilization results. We suggested that using low-loss
mirrors and a larger spot size may improve the frequency
stability. The results revealed that thermal noise from
cavity components, as well as temperature stability and a
small CTE, must be taken into account when designing
ultrastable cavities. We believe that our results will help
experimentalists who use frequency-stabilized lasers real-
ize the importance of cavity thermal noise.
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FIG. 2 (color online). Calculation result (case No. 1) and the
experimental results (converted from Refs. [20,22] into fre-
quency noises at 563 nm). In this case, the contribution from
the mirror substrate is dominant, because it is made of ULE. The
experimental results agree well with our calculation. The dis-
crete calculation performed at frequency intervals of "10 Hz
was interpolated to give the expected smooth f!1=2 dependence
in this plot.
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Thermal-Noise Limit in the Frequency Stabilization of Lasers with Rigid Cavities
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We evaluate thermal noise (Brownian motion) in a rigid reference cavity used for frequency stabiliza-
tion of lasers, based on the mechanical loss of cavity materials and the numerical analysis of the mirror-
spacer mechanics with the direct application of the fluctuation dissipation theorem. This noise sets a
fundamental limit for the frequency stability achieved with a rigid frequency-reference cavity of order
1 Hz=

!!!!!!

Hz
p

(0:01 Hz=
!!!!!!

Hz
p

) at 10 mHz (100 Hz) at room temperature. This level coincides with the world-
highest level stabilization results.

DOI: 10.1103/PhysRevLett.93.250602 PACS numbers: 05.40.Jc, 04.80.Nn, 06.30.Ft, 42.60.Da

Introduction.—Thermal fluctuations are fundamental
phenomena in physics. Based on statistical physics,
Callen and Greene related the spectrum of random motion
to loss in a system, obtaining the fluctuation dissipation
theorem (FDT) [1]. Although this motion is usually very
small in mechanics, especially off resonance, it becomes a
serious noise in recent ultraprecise measurements, such as
ground-based gravitational wave detection with laser in-
terferometers [2].

On the other hand, an ultrastable (narrow linewidth)
laser itself is important for optical frequency standards,
high-resolution spectroscopies, and fundamental physics
tests as well as interferometric measurements. Therefore,
laser frequency stabilization using rigid Fabry-Perot (FP)
cavities as the wavelength (frequency) reference has been
intensively studied by many groups since an experiment in
the 1980s [3]. This kind of ultrastable laser with an FP
cavity is planned for future space missions, including the
Laser Interferometer Space Antenna (LISA) [4].

Frequency stability achieved with these FP cavities is
dependent on the stability of cavity length. However, at
nonzero temperatures, the rigid reference cavity has an
inevitable mechanical thermal fluctuation which funda-
mentally limits the frequency stability, even if the coeffi-
cient of thermal expansion (CTE) is zero. Nevertheless, as
far as the authors know, an estimation of cavity thermal
fluctuations has never been rigorously evaluated.

In this Letter, we evaluated thermal fluctuations in a
rigid frequency-reference FP cavity. Measured mechanical
losses of low CTE materials were used to calculate the
frequency stability determined by the cavity’s thermal
fluctuation associated with these losses. The mechanical
equation of motion was solved numerically and the FDT
was applied directly to get the thermal-noise spectrum. The
result shows that, for widely used materials, the thermal-
noise limitation is on the order of 0:1 Hz=

!!!!!!

Hz
p

at 1 Hz,
coinciding with the current world-highest level frequency
stability with a rigid cavity. This Letter gives new insights
on designing ultrastable cavities for the precision measure-
ment community.

Experiment.—A basic quantity in evaluating thermal
noise is mechanical loss, !, of the cavity materials used
as the spacer, mirror substrate, and reflective coating. The
spacer materials, in particular, are usually chosen from the
viewpoint of low CTE to minimize the coupling of tem-
perature variations to the optical path length and frequency
stability. The mirror substrate material is often similarly
chosen. However, a lower emphasis has been placed on the
loss of these materials. Thus, we measured the mechanical
quality factor, Q !" 1=!#, of several low CTE materials,
including ULE and Zerodur. Each sample had a cylindrical
shape [similar to Fig. 1(d)]. To get Qs we performed a
ring-down measurement, which measures a decay time,
" $" Q=!#f0#%, of free mechanical oscillations at the sam-
ple resonances (frequency f0).

In the measured frequency range, from a few kHz to
100 kHz, a frequency dependence of loss was not observed.
Therefore, the structural damping model [5], which as-
sumes constant ! at all frequencies, was adopted in the
following arguments. Among low CTE materials, ULE has
a relatively high Q (6:1& 104) compared to Zerodur
(3:1& 103). However, this value is lower than fused silica
(typically constant Q' 106 [6]), which is used for optics
when thermal noise is an important consideration.

Order estimation.—In the following, we discuss the
calculation of thermal fluctuation in an FP cavity where

FIG. 1 (color online). Assumed cavity shapes. Common pa-
rameters are axial hole diameter: 10 mm, mirror diameter:
25.4 mm, mirror thickness: 5 mm, and coating thickness:
2 $m. The thick arrows show positions of Gaussian forces in
the calculation.

PRL 93, 250602 (2004) P H Y S I C A L R E V I E W L E T T E R S week ending
17 DECEMBER 2004

0031-9007=04=93(25)=250602(4)$22.50 250602-1 © 2004 The American Physical Society

Fabry Pérot cavity

Numata provides fairly 
accurate prediction of 
1/ƒ noise
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Fluctuation Dissipation

1/ƒ Noise and FD Theorem

A single theory 
explains

•Heath capacity

• Elasticity

• Thermal expansion

… and fluctuations

Flicker (1/ƒ) dimensional fluctuation is powered by thermal energy

Thermal equilibrium applies 
to all parts of spectrum

!19

S(ƒ)

ƒ

kT

B

P = kTB

B
thermal bath

damping

Debye-Einstein theory  
for heath capacity



Dissipated energy

Thermal 1/ƒ from Structural Dissipation
Structural dissipation


nanoscale, instantaneous

!20

F

x

∫F dx = E

x = x0cos(ωt)

E = ∫ F dx

P = kT

Small vibrations 

The hysteresis cycle keeps the aspect ratio

Thermal equilibrium
in 1 Hz BW

P ∝ kTx2
0

x2
0 ∝ 1/f

Dissipation in solids is 
structural (hysteresis)


There is no viscous 
dissipation —>  flicker

E ∝ x2
0 lost energy in a cycle



The Volume Law
• The 1/ƒ coefficient b–1 is independent of 

power

• The flicker of a branch does not increase at 

P/2

• At the output,

• the carrier adds up coherently

• the phase noise adds up statistically

• With m branches, the 1/ƒ PM noise is 

reduced by 1/m

• White noise cannot be reduced in this way

!21

output
PM

PM
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input

Experiment

Gedankenexperiment
• Flicker is of microscopic origin because it has Gaussian PDF 

• Join the m branches into a compound

• 1/ƒ noise is proportional to 1/V, the volume of the active region



Volume Law !22

optical resonator (10–7?) 
(50 µm2) × (π × 5.5 mm)


≈ 1×10–12 m3

optical fiber (10–12) 
(50 µm2) × (2 km)


≈ 1×10–7 m3

sapphire resonator (<10–16) 
0.1 × [π × (5/2 cm)2 ] × (2.5 cm) ≈ 5×10–6 m3

5 MHz quartz (10–13) 
0.3 × [π × (2/2 cm)2 ] × (0.1 mm) 


≈ 1×10–8 m3

Zynq
28 nm

Cyclone
130 nm

Cyclone II
90 nm

Cyclone III
65 nm

Max V
180 nm

Max 3000
300 nm

Exact 1/V law –30 dB/dec
(Residuals 3.2 dB rms)

–26.2 dB/dec
(Residuals 3 dB rms)

Bad experim. 
conditions, 
discarded

Technology, nm

Amplifiers in parallel

…and FPGA 
noise vs size



Challenges / Questions for This Community!23

1/V law

Volume V

ADEV
frequency 
fluctuation

atomic

clocks

no evidence of 
1/ƒ at 10–17 level macroscopic & 


microscopic systems

1–30 atoms 
or ions

wh
at

 h
ap

pe
ns

 h
er

e?

(1) Which resonators can be described by hysteresis ?      

(2) and …



Phase Noise Measurement Sets

!24



The NIST Scheme !25
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Average cross spectrum <Syx> 

• rejects a and b

• ideally, converges to Sc


However 

• dark-port noise 

<Syx> converges to Sc – Sd

• DUT AM noise

• correlated DC fluctuation

• positive or negative correlation


•…and other flaws


Consequence 
• the error can be negative



Real

Imaginary

Syx with Correlated Term κ≠0 !26

Gaussian,  
avg = 0, var = 1/2m

Gaussian,  
avg = 0, var = κ2/2m white, χ2 

2m deg. of freedom 
avg = κ2, var = κ4/m

A, B, C are independent Gaussian noises  
Re{ } and Im{ } are independent Gaussian noises

Bessel K0,  
avg=0, var=κ2/4

Gaussian,  
avg = 0, var = κ2/2m

white, χ2, 2 DF  
avg = κ2, var = κ4

Gaussian,  
avg = 0, var = 1/2m

Gaussian,  
avg = 0, var = κ2/2m

Bessel K0,  
avg = 0, var = 1/4

Bessel K0,  
avg = 0, var = κ2/4

Gaussian,  
avg = 0, var = κ2/2m

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1,  var{C}=κ2  

var{A’} = var{A”} = var{B’} = var{B”} = 1/2,  and  var{C’} = var{C”} = κ2/2

Gaussian,  avg = 0,  var = (1+2κ2)/2m

Gaussian,  avg = 0,  var = (1+2κ2)/2m

var=1/2 var= κ2/2var=1/2 var= κ2/2

Bessel K0,  
avg=0,  var=1/4

Note: DF < 2m 
See vol.XVI p.56

var= κ2/2var=1/2

All the DUT signal goes in Re{Syx}, Im{Syx} contains only noise
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Problems with Digital Electronics

!27

• Large averaging power for cheap encourages 
thoughtless trust in noise rejection


•Manufacturers use |Syx| instead of Re{Syx}

…and something has to go wrong



Type-A, Type B, and Null Uncertainty !28JCGM 200:2012(E/F) 
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2.28 
Type A evaluation of measurement 

uncertainty 
Type A evaluation 

evaluation of a component of measurement uncer-
tainty by a statistical analysis of measured quantity
values obtained under defined measurement condi-

tions 

NOTE 1 For various types of measurement conditions, 

see repeatability condition of measurement, inter-
mediate precision condition of measurement, and 

reproducibility condition of measurement. 

NOTE 2 For information about statistical analysis, see 

e.g.the GUM:1995. 

NOTE 3 See also GUM:1995, 2.3.2, ISO 5725, 

ISO 13528, ISO/TS 21748, ISO 21749. 

 2.28 
évaluation de type A de l'incertitude, f 
évaluation de type A, f 

évaluation d'une composante de l'incertitude de 
mesure par une analyse statistique des valeurs 
mesurées obtenues dans des conditions définies 

de mesurage 

NOTE 1 Pour divers types de conditions de mesurage, 

voir condition de répétabilité, condition de fidélité 
intermédiaire et condition de reproductibilité. 

NOTE 2 Voir par exemple le GUM:1995 pour des 

informations sur l'analyse statistique. 

NOTE 3 Voir aussi le GUM:1995, 2.3.2, l'ISO 5725, 

l'ISO 13528, l'ISO/TS 21748 et l'ISO 21749. 

   

2.29 
Type B evaluation of measurement 

uncertainty 
Type B evaluation 

evaluation of a component of measurement 
uncertainty determined by means other than a 

Type A evaluation of measurement uncertainty 

EXAMPLES Evaluation based on information 

— associated with authoritative published quantity 
values, 

— associated with the quantity value of a certified 
reference material, 

— obtained from a calibration certificate, 

— about drift, 

— obtained from the accuracy class of a verified 

measuring instrument, 
— obtained from limits deduced through personal 

experience. 

NOTE See also GUM:1995, 2.3.3. 

 2.29 
évaluation de type B de l'incertitude, f 
évaluation de type B, f 

évaluation d'une composante de l'incertitude de 
mesure par d'autres moyens qu'une évaluation de 
type A de l'incertitude 

EXEMPLES Évaluation fondée sur des informations 

— associées à des valeurs publiées faisant autorité, 

— associées à la valeur d'un matériau de référence 
certifié, 

— obtenues à partir d'un certificat d'étalonnage, 

— concernant la dérive, 

— obtenues à partir de la classe d'exactitude d'un 

instrument de mesure vérifié, 

— obtenues à partir de limites déduites de l'expérience 

personnelle. 

NOTE Voir aussi le GUM:1995, 2.3.3. 

   

2.30 
standard measurement uncertainty 
standard uncertainty of measurement 

standard uncertainty 

measurement uncertainty expressed as a stan-

dard deviation 

 2.30 
incertitude-type, f 
incertitude de mesure exprimée sous la forme 

d'un écart-type 

   

2.31 
combined standard measurement 

uncertainty 
combined standard uncertainty 

standard measurement uncertainty that is 

obtained using the individual standard measure-

ment uncertainties associated with the input 
quantities in a measurement model 

 2.31 
incertitude-type composée, f 
incertitude-type obtenue en utilisant les incerti-

tudes-types individuelles associées aux grandeurs
d'entrée dans un modèle de mesure 

JCGM 200:2012(E/F) 
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evaluation of a component of measurement uncer-
tainty by a statistical analysis of measured quantity
values obtained under defined measurement condi-

tions 

NOTE 1 For various types of measurement conditions, 

see repeatability condition of measurement, inter-
mediate precision condition of measurement, and 

reproducibility condition of measurement. 

NOTE 2 For information about statistical analysis, see 

e.g.the GUM:1995. 

NOTE 3 See also GUM:1995, 2.3.2, ISO 5725, 

ISO 13528, ISO/TS 21748, ISO 21749. 

 2.28 
évaluation de type A de l'incertitude, f 
évaluation de type A, f 

évaluation d'une composante de l'incertitude de 
mesure par une analyse statistique des valeurs 
mesurées obtenues dans des conditions définies 

de mesurage 

NOTE 1 Pour divers types de conditions de mesurage, 

voir condition de répétabilité, condition de fidélité 
intermédiaire et condition de reproductibilité. 

NOTE 2 Voir par exemple le GUM:1995 pour des 

informations sur l'analyse statistique. 

NOTE 3 Voir aussi le GUM:1995, 2.3.2, l'ISO 5725, 

l'ISO 13528, l'ISO/TS 21748 et l'ISO 21749. 

   

2.29 
Type B evaluation of measurement 
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Type B evaluation 
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measuring instrument, 
— obtained from limits deduced through personal 
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 2.29 
évaluation de type B de l'incertitude, f 
évaluation de type B, f 

évaluation d'une composante de l'incertitude de 
mesure par d'autres moyens qu'une évaluation de 
type A de l'incertitude 

EXEMPLES Évaluation fondée sur des informations 

— associées à des valeurs publiées faisant autorité, 

— associées à la valeur d'un matériau de référence 
certifié, 

— obtenues à partir d'un certificat d'étalonnage, 

— concernant la dérive, 

— obtenues à partir de la classe d'exactitude d'un 

instrument de mesure vérifié, 

— obtenues à partir de limites déduites de l'expérience 

personnelle. 

NOTE Voir aussi le GUM:1995, 2.3.3. 

   

2.30 
standard measurement uncertainty 
standard uncertainty of measurement 

standard uncertainty 

measurement uncertainty expressed as a stan-

dard deviation 

 2.30 
incertitude-type, f 
incertitude de mesure exprimée sous la forme 

d'un écart-type 

   

2.31 
combined standard measurement 

uncertainty 
combined standard uncertainty 

standard measurement uncertainty that is 

obtained using the individual standard measure-

ment uncertainties associated with the input 
quantities in a measurement model 

 2.31 
incertitude-type composée, f 
incertitude-type obtenue en utilisant les incerti-

tudes-types individuelles associées aux grandeurs
d'entrée dans un modèle de mesure 
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4.28 (5.23) 
zero error 
datum measurement error where the specified 
measured quantity value is zero 

NOTE Zero error should not be confused with absence 
of measurement error. 

 4.28 (5.23) 
erreur à zéro, f 
erreur au point de contrôle lorsque la valeur me-
surée spécifiée est nulle 

NOTE Il convient de ne pas confondre l'erreur à zéro 
avec l'absence d'erreur de mesure. 

   

4.29 
null measurement uncertainty 
measurement uncertainty where the specified 
measured quantity value is zero 

NOTE 1 Null measurement uncertainty is associated 
with a null or near zero indication and covers an interval
where one does not know whether the measurand is too 
small to be detected or the indication of the measuring 
instrument is due only to noise. 

NOTE 2 The concept of ‘null measurement uncertainty’ 
also applies when a difference is obtained between 
measurement of a sample and a blank. 

 4.29 
incertitude de mesure à zéro, f 
incertitude de mesure lorsque la valeur mesurée
spécifiée est nulle 

NOTE 1 L'incertitude de mesure à zéro est associée à 
une indication nulle ou presque nulle et correspond à 
l'intervalle dans lequel on ne sait pas si le mesurande est 
trop petit pour être détecté ou si l'indication de l'instru-
ment de mesure est due seulement au bruit. 

NOTE 2 Le concept d'incertitude de mesure à zéro 
s'applique aussi lorsqu'une différence est obtenue entre 
le mesurage d'un spécimen et un blanc. 

   

4.30 
calibration diagram 
graphical expression of the relation between indi-
cation and corresponding measurement result 

NOTE 1 A calibration diagram is the strip of the plane 
defined by the axis of the indication and the axis of meas-
urement result, that represents the relation between an 
indication and a set of measured quantity values. A 
one-to-many relation is given, and the width of the strip 
for a given indication provides the instrumental meas-
urement uncertainty. 

NOTE 2 Alternative expressions of the relation include 
a calibration curve and associated measurement un-
certainty, a calibration table, or a set of functions. 

NOTE 3 This concept pertains to a calibration when 
the instrumental measurement uncertainty is large in 
comparison with the measurement uncertainties asso-
ciated with the quantity values of measurement stan-
dards. 

 4.30 
diagramme d'étalonnage, m 
expression graphique de la relation entre une indi-
cation et le résultat de mesure correspondant 

NOTE 1 Un diagramme d'étalonnage est la bande du 
plan défini par l'axe des indications et l'axe des résultats 
de mesure, qui représente la relation entre une indication 
et un ensemble de valeurs mesurées. Il correspond à 
une relation multivoque; la largeur de la bande pour une 
indication donnée fournit l'incertitude instrumentale. 

NOTE 2 D'autres expressions de la relation consistent 
en une courbe d'étalonnage avec les incertitudes de 
mesure associées, en une table d'étalonnage ou en un 
ensemble de fonctions. 

NOTE 3 Le concept est relatif à un étalonnage quand 
l'incertitude instrumentale est grande par rapport aux in-
certitudes de mesure associées aux valeurs des 
étalons. 

   

4.31 
calibration curve 
expression of the relation between indication and 
corresponding measured quantity value 

NOTE A calibration curve expresses a one-to-one rela-
tion that does not supply a measurement result as it 
bears no information about the measurement uncer-
tainty. 

 4.31 
courbe d'étalonnage, f 
expression de la relation entre une indication et la 
valeur mesurée correspondante 

NOTE Une courbe d'étalonnage exprime une relation 
biunivoque qui ne fournit pas un résultat de mesure
puisqu'elle ne contient aucune information sur l'incerti-
tude de mesure. 

   

A —> Data-series statistics

B —> Ensemble statistics

Null —> Detection threshold

Averaging multiple FFTs results 
in reduced uncertainty

Averaging multiple FFTs results 
in reduced uncertainty

When the error bar Q±U hits 0, 

the outcome is Q=0 with null uncertainty U



Type-A, Type B, and Null Uncertainty

• A-type (noise-like) uncertainty

• B-type (system) uncertainty

• Combined U2 = A2+B2

• “Regular” case S –> S0 ± U 

• Zero uncertainty, applies to S > 0


When S0 ± U hits 0, 
the outcome is 0 
with zero-uncertainty of U

!29

Pushing the instruments to the limit  
takes deep understanding of the system and of metrology
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The Rohde-Colpitts Oscillator !30

re
so
na
to
r

C

L

Rs

U. L. Rohde, Electronic Design Oct 11, 1975 p.11, 14

• Off resonance, either XL >> RS or XC >> RS 

• The motional resistance RS is not coupled to the output

• No thermal noise from RS —> output

• The quartz also filters out harmonics and spurs



Practical Ultralow-Noise Oscillators !31

|Z| ≈ 50Ω

resonator

sustain. ampli buffer

CL Rs

RC

Req ≈ –Rs ≈vgnd bias

IR out
IR IR

bias

thermal
noise

out
main

resonator

|Z| ≈ 50Ω    ƒ < ƒL
|Z| ≫ 50Ω   ƒ > ƒL

bias

buffersustaining
amplifier

CL Rs

bias

filter resonator

Thermal-limited oscillator

Sub-thermal oscillator

Something weird must happen



What Happens at the Instrument Input !32

Ns = kTs

No = kTo a

b

x = (a–b)/√2

y = (a+b)/√2

0º

0º

18
0º0º

Syx =     k(To–Ts)1
2
—

noise

R0
R0Po

carrier

Po/2

R0
Po/2noise

The correlation thermometer has been in use since ≈1960

Also internal crosstalk, and AM to DC-fluctuation in the mixers



…But Instruments Display |Syx(ƒ)| !33

Public domain material
Courtesy of C.W.Nelson & A.Hati, NIST

Sφ 
< 0

A forthcoming paper by Y.Gruson, U.L.Rohde, A.Roth,  A.Rus, E.Rubiola



…And Something More

!34



Oscillator Instability Measurement Platform

• REFIMEVE+ in progress

• White Rabbit 

• Frequency distribution on fibers

!35

Three-cornered hat noise measurements
Digital Electronics & Metrology

• BIPM CMC 
• COFRAC, top level 
• 2 FS combs 
• Shielded chamber 
• 10 mK dilution cryo

• Prop-Integr Temp & 

hygro contr. rooms

• ULISS traveler

Time System

3rd Time site in France

Microwave photonic oscillators

• 3 H masers & 3 CS 
• TWSTFT  
• Common view GPS 

Also 
• Spherical FP cavity, 1E–15 stability 
• Compact FP cavity, A3 size breadboard

• Si Monocrystal FP, Bragg 
mirrors 
• 17 K natural turning point 
• Projected stability 3E–17 
• First tests

Ω, Λ Π counters 
are commercial 

products

AD9144, two channels
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File: Results-wide-span
C.E.Calosso, A.C.Cárdenas Olaya, E.Rubiola, June 2019



Liquid-He Sapphire Oscillator !36

Cr3+ Fe3+ doped 
Al2O3 mono crystal 
ϕ ≈ 5 cm, H ≈ 3 cm
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Pound-Galani Oscillator

• Pound frequency lock to the cavity

• The same cavity is used in the VCO
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• Crash course on T&F for newcomers 

• Oscillators, measurement, atomic  

standards, time scales, and general topics

• Broad target audience: PhD/PostDoc  

Students, Academics, Private Company Engineers

• Balance between academic and applied issues

• Instructors from leading European institution

• Plenary lectures 23 H, labs 12 H in small groups

• Capped no of participants, set by the labs
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http://efts.eu
Every year in Besançon, end June / beginning July
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