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Phase noise & friends
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Clock signal affected by noise
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v(t) = V0 [1 + α(t)] cos [ω0t + ϕ(t)]

v(t) = V0 cos ω0t + nc(t) cos ω0t− ns(t) sinω0t

α(t) =
nc(t)
V0

and ϕ(t) =
ns(t)
V0

Chapter 1. Basics 2
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Figure 1.1: .

where V0 is the nominal amplitude, and α the normalized amplitude fluctuation,
which is adimensional. The instantaneous frequency is

ν(t) =
ω0

2π
+

1

2π

dϕ(t)

dt
(1.3)

This book deals with the measurement of stable signals of the form (1.2), with
main focus on phase, thus frequency and time. This involves several topics,
namely:

1. how to describe instability,

2. basic noise mechanisms,

3. high-sensitivity phase-to-voltage and frequency-to-voltage conversion
hardware, for measurements,

4. enhanched-sensitivity counter interfaces, for time-domain measurements,

5. accuracy and calibration,

6. the measurement of tiny and elusive instability phenomena,

7. laboratory practice for comfortable low-noise life.

We are mainly concerned with short-term measurements in the frequency do-
main. Little place is let to long-term and time domain. Nevertheless, problems
are quite similar, and the background provided should make long-term and time
domain measurement easy to understand.

Stability can only be described in terms of the statistical properties of ϕ(t)
and α(t) (or of related quantities), which are random signals. A problem arises

polar coordinates

Cartesian coordinates

|nc(t)|� V0 and |ns(t)|� V0

under low noise approximation It holds that



Physical quantities

phase noise

phase-time
(fluctuation)

x(t)

ϕ(t) (∆ν)(t)

y(t)

x =
ϕ

2πν0

(∆ν)(t) =
1
2π

dϕ(t)
dt

y(t) =
1
ν0

(∆ν)(t)

y(t) =
dx(t)

dt fractional-
frequency
fluctuation

v(t) = V0 [1 + α(t)] cos [2πν0t + ϕ(t)]

frequency
fluctuation

Allow φ(t) to exceed ±π and count the number of turns, 
so that φ(t) describes the clock fluctuation in full

8

radian

second

Hertz

dimensionless



Phase noise & friends 9

Sϕ(f) = PSD of ϕ(t)
power spectral density

L(f) =
1
2
Sϕ(f) dBc

y(t) =
ϕ̇(t)
2πν0

⇒ Sy =
f2

ν2
0

Sϕ(f)

σ2
y(τ) = E

�
1
2

�
yk+1 − yk

�2
�

.

Allan variance
(two-sample wavelet-like variance)

approaches a half-octave bandpass filter (for white noise), 
hence it converges even with processes steeper than 1/f

random fractional-frequency fluctuation

random phase fluctuation

signal sources only 

f

h2f2

b0

2ν0f2/x

2ln(2)h −1
)2

h−2
(2π

6
τh0 /2τ

f−4b−4

b−2 f−2

b−1 f−1

h−2 f−2

h−1 f−1

b−3 f−3

Sϕ(f)

Sy(f)

y
2σ (τ)

white freq.

white phase

flicker phase.

f

white freq.
flicker phase

white phase

f

white phase
flicker phase drift

τ

flicker freq.

random walk freq.

random

flicker freq. random walk freq.
white freq.

flicker freq.

walk freq.

h

freq.

0

h1

both signal sources
and two-port devices

v(t) = Vp [1 + α(t)] cos [2πν0t + ϕ(t)]

it is measured as

Sϕ(f) = 1
T E {Φ(f)Φ∗(f)} (expectation)

Sϕ(f) ≈ 1
T �Φ(f)Φ∗(f)�m (average)



Flicker never diverges in practice
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P =
� b

a
S(f) df

1/a = 1E18 s (universe lifetime)
1/b = 1E–44 s  (Planck time)
log2(b/a) = 200 (bits)
ln(b/a) ≈ 143  (21.5 dB)

1/a = 85400 s (day)
b = 200 GHz (electronics)
log2(b/a) = 54 (bits)
ln(b/a) ≈ 37.4  (15.7 dB)

1/a = 1E9 s (30 years)
b = 500 THz (visible)
log2(b/a) = 79 (bits)
ln(b/a) ≈ 54.6  (17.4 dB)

b/a = 1E6
log2(b/a) = 20 (bits)
ln(b/a) ≈ 13.8  (11.4 dB)

b/a = 1E6
log2(b/a) = 20 (bits)
ln(b/a) ≈ 13.8  (11.4 dB)

b/a = 10 (1 decade)
ln(b/a) ≈ 2.3  (3.6 dB)

1/a = 3600 s (1h)
b = 2 GHz (max ADC speed)
log2(b/a) = 42 (bits)
ln(b/a) ≈ 29.6  (14.7 dB)

P =
� b

a

h−1

f
df = h−1 ln

b

a



Allan variance
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Relationships between spectra and variances
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noise
type Sϕ(f) Sy(f) Sϕ ↔ Sy σ2

y
(τ) modσ2

y
(τ)

white
PM b0 h2f2 h2 =

b0

ν2
0

3fHh2

(2π)2
τ−2

2πτfH�1

3fHτ0h2

(2π)2
τ−3

flicker
PM b−1f−1 h1f h1 =

b−1

ν2
0

[1.038+3 ln(2πfHτ)]
h1

(2π)2
τ−2 0.084 h1τ−2

n�1

white
FM b−2f−2 h0 h0 =

b−2

ν2
0

1
2
h0 τ−1 1

4
h0 τ−1

flicker
FM b−3f−3 h−1f

−1 h−1 =
b−3

ν2
0

2 ln(2) h−1
27
20

ln(2) h−1

random
walk FM b−4f−4 h−2f−2 h−2 =

b−4

ν2
0

(2π)2

6
h−2τ 0.824

(2π)2

6
h−2 τ

linear frequency drift ẏ
1
2

(ẏ)2 τ2 1
2

(ẏ)2 τ2

fH is the high cutoff frequency, needed for the noise power to be finite.



Jitter

•Convert phase noise PSD into time-fluctuation PSD
• Integrate over the suitable bandwidth
•Jitter bandwidth:

• lower limit is set by the “size” of the system
•upper limit is set by the circuit bandwidth

13



Mechanical stability
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Any phase fluctuation can be 
converted into length fluctuation

Sϕ(f)
10

–18
 rad

2
/Hz @ 1 Hz

h−1/f

SL(f)

L =
1
2π

c

ν0

h−1/f

1.5x10
–23

 m
2
/Hz @ 1 Hz

f

f

τ

σ2 = 2 ln(2) h−1

4.5x10
–12

 m

σL(τ)

Any flicker spectrum h–1/f can be 
converted into a flat Allan variance

σ2
L = 2 ln(2) h−1

A residual flicker of –180 dBrad2/Hz at f = 1 Hz 
off the 10 GHz carrier is equivalent to  

b–1 = –180 dBrad2/Hz and ν0 = 10 GHz is equivalent to 
SL = 1.46x10–23 m2/Hz at f = 1 Hz 

σ2 = 2x10–23 m2   thus    σ = 4.5x10–12 m
for reference, the Bohr radius of the electron is  R = 0.529 Å

• Don’t think “this is just engineering” !!!
• Learn from non-optical microscopy (bulk matter, 5x10–14 m)
• Careful DC section (capacitance and piezoelectricity)
• The best advice is to be at least paranoiac
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Saturated mixer
& calibration

15

Need only basic knowledge because commercial equipment does all the job



Double-balanced mixer
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1 – Power
! narrow power range:
! ±5 dB around Pnom = 7–13 dBm
! r(t) and s(t) should have ~ same P
2 – Flicker noise
! due to the mixer internal diodes      
! typical Sφ = –140 dBrad2/Hz at 1 Hz
! in average-good conditions
3 – Low gain
! kφ ~ 0.2–0.3 V/rad typ.
!         –10 to –14 dBV/rad
4 – White noise
! due to the operational amplifier
5 – Takes in AM noise
! due to the residual power-to-offset 
conversion

–200

–180

–120

–140

–160

1 10 102 103 104 105 106

microwave

HF-UHF

mixer 1/f noise

op-amp

white noise

frequency, Hz

S
!

(f
),

 d
B

ra
d

2
/H

z

mixer background noise

E. Rubiola, Tutorial on the double-balanced mixer, arXiv/physics/0608211

kill 2ν0

phase-to-voltage detector   vo(t) = kφ φ(t),   kφ ≈ 100…500 mV/rad



Useful schemes
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DUT

FFT

quadrature adjust

a pair of two-port devices 
3 dB improved sensitivity

DUT

FFT

quadr. adj.
DUT

reference
resonator

FFT

quadr. adj.

under test

two-port device under test

FFT

phase lock

reference

under test

measure two oscillators
best use a tight loop

measure an oscillator vs. a resonator

FFT

quadrature adjust

the measurement of an amplifier
needs an attenuator

atten
DUT

DUT

FFT

quadrature adjust

the measurement of a low-power DUT 
needs an amplifier, which flickers

atten



Calibration – general procedure

1 – adjust for proper operation: driving power and quadrature

2 – measure the mixer gain kφ (volts/rad)   —>  next

3 – measure the residual noise of the instrument

18

4 – measure the rejection of the oscillator noise

Make sure that the power and the quadrature 
are the same during all the calibration process



Calibration methods
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• Send to the mixer two signals with small frequency 
difference Δν using two synthesizers driven by the 
same oscillator
• read the gain on the oscilloscope using Δω = dφ/dt
• suggested, Δν = 159 Hz (1 krad/s) 

• Add a sideband to the DUT signal, powers Ps and P0

• phase modulation φrms = (Ps/2P0)1/2 
• amplitude modulation αrms = (Ps/2P0) 1/2

• Use a reference phase modulator, calibrated with a 
network analyzer

For precision measurements (≤2 dB), be aware of the pollution from AM, which is 
not the same for DUT and calibration, and also depends on the calibration method



AM-PM noise in amplifier 
and other devices

20
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AM-PM noise types

AM-PM noise

additive

whiteRF leakage

parametric

internalenvironmental

flicker (1/f)

rnd walk (1/f2)

drift

temperature

50 Hz B fields

fil
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near DC
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radiation

acoustic

internalenvironmental
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The difference between additive 
and parametric noise

stopband stopbandpassband
!0

PMAM noise-free
amplifier

u(t) v(t)

y(t) x(t) 

input output

fil
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stopband stopbandpassband
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close to !0

near-dc
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additive noise parametric noise

the noise sidebands are 
independent of the carrier

the noise sidebands are 
proportional to the carrier
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Noise figure

Noise figure

Warning: the noise figure is a radio-engineer concept, can be misleading in optics

F =
SNR(out)
SNR(in)

F =
Ta + T0

T0
and Ta = (F − 1)T0

general definition

amplifiers
and RF/µw
devices

output
file: amp-FkT0

FkT0

(F − 1)kT0

T0 = 290 K

Assume that the whole circuit is at the reference temperature T0 = 290 K  (17 ºC)

The total noise referred to the amplifier input is FkT0 

FkT0 = kTe = k(Ta + T0) T0 = 290 K
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Amplifier white phase noise

Noise is equally split between 
AM and PM

vusb(t) = ı
�

NeB/2 eı2πft

vlsb(t) = −ı
�

NeB/2 e−ı2πft

vusb(t) =
�

NeB/2 eı2πft

vlsb(t) =
�

NeB/2 e−ı2πft

PM (rms)

AM (rms)

Normalize on B
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B

USB
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file: amp-additive-PM
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αp√P
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Sϕ(f) =
Ne

P0
, Sα(f) =

Ne

P0



Amplifier flicker noise
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PMAM noise-free
amplifier

u(t) v(t)

y(t) x(t) 

input output

near-dc
noise

in the absence of a carrier 
the spectrum is white

close-in noise shows up only 
in the presence of the carrier

linear parametric model
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Amplifier flicker noise
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expand and select the ω0 
terms

carrier

non-linear (parametric) amplifier

get AM and PM noise

α(t) = 2
a2

a1
n�(t) ϕ(t) = 2

a2

a1
n��(t) The AM and the PM noise are 

independent of Vi , thus of power

vo(t) = a1vi(t) + a2v
2
i (t) + . . .

substitute
(careful, this hides the down-conversion)

the parametric nature 
of 1/f noise is hidden in 

The noise sidebands are 
proportional to the input carrier

near-dc noise

nonlinear complex model

stopband stopbandpassband
!0

fil
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Amplifier white and flicker noise

The corner frequency fc, sometimes specified 
in data sheets is a misleading parameter 
because it depends on P0 – ➠examples

file: amp-flicker-fc

S!(f)
b0 = Ne/P0

f

P0

b0 , low P0

b0 , high P0

f'c f"c

fc = (b–1 / Ne) P0

b
–1 /f 

b–1 ≈ constant vs. P0
lo

g
-
lo

g
 s

ca
le

keynote:/Users/rubiola/Documents/Articles/book-phase-noise/06-amplifiers.key?id=BGSlide-227
keynote:/Users/rubiola/Documents/Articles/book-phase-noise/06-amplifiers.key?id=BGSlide-227
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The virtues of the error amplifier

• Use a Power Amplifier (PA) and an Error amplifier (EA)
• The carrier is suppressed (strongly rejected) at the EA input
• Delay matching is needed for wide suppression bandwidth 
• Low 1/f sidebands at the EA output because there is no carrier
• ve(t) is proportional to the PA noise sidebands
• Use ve(t) for the real-time correction of the PA noise
• feedback or feedforward correction schemes are possible

         PA
input output

atten

delay

           EA
delay

file: amp-error-principle

CP1 CP2

CP3 error

vi(t) vo(t)

ve(t)vi e(t)



Noise in amplifier 
networks & systems
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Still not like how this section is organized
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white 
phase noise

Friis formula 
for phase noise

White noise in cascaded amplifiers

Friis formulae
H. T. Friis, Proc. IRE 32 
p.419-422, jul 1944

Noise is chiefly that of 
the 1st stage

     A1
F1

     A2      A3
F2 F3

kT0

file: amp-cascaded-Friis
input output

(F1–1)kT0 (F2–1)kT0 (F3–1)kT0

Ne = F1kT0 +
(F2 − 1)kT0

A2
1

+
(F3 − 1)kT0

A2
2A

2
1

+ . . .

F = F1 +
(F2 − 1)

A2
1

+
(F3 − 1)
A2

2A
2
1

+ . . .

b0 =
F1kT0

P0
+

(F2 − 1)kT0

A2
1P0

+
(F3 − 1)kT0

A2
2A

2
1P0

+ . . .

b0 =
FkT0

P0

White noise is chiefly the noise of the first stage
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Parametric noise in cascaded amplifiers

Flicker: the two amplifiers are independent

Environment: a single process drives the two amplifiers

PMAM noise-free
amplifier

u(t) v(t)

y1(t) 
input output

file: cascaded-ampli

x1(t) 

ampli 1

PMAM noise-free
amplifier

y2(t) x2(t) 

ampli 2
! = !1 + !2
" = "1 + "2

"1!1 "2!2

α = α1 + α2 E{α2} = E{(α1 + α2)2}
ϕ = ϕ1 + ϕ2 E{ϕ2} = E{(ϕ1 + ϕ2)2}
Yet there can be a time constant, not necessarily the same for the two devices

E{α2} = E{α2
1} + E{α2

2} Sα = Sα 1 + Sα 2

E{ϕ2} = E{ϕ2
1} + E{ϕ2

2} Sα = Sϕ 1 + Sϕ 2

E. Rubiola, Phase Noise and Frequency Stability in Oscillators, Cambridge 2008, ISBN 978-0521-88677-2



• The phase flicker coefficient b–1 is about independent of power
• The flicker of a branch is not increased by splitting the input 

power
• At the output,

• the carrier adds up coherently
• the phase noise adds up statistically

• Hence, the 1/f phase noise is reduced by a factor m
• Only the flicker noise can be reduced in this way

32
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E. Rubiola, Phase Noise and Frequency Stability in Oscillators, Cambridge 2008, ISBN 978-0521-88677-2
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Parametric noise in regenerative amplifiers

10–10

file: amp-regen-mecha

S!(f)  [rad2/Hz]

(b
–1/f)

f
(b0)

10 –11/f
10–16

1GHz1MHz1kHz
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10–20

carrier

roundtrip

≈10–19 rad2/Hz
(few roundtrips)

A =
A0

1−A0β

A = Am
0 ⇒ β =

Am−1
0 − 1
Am

0

A0

feedback ß

• Short roundtrip time, vs. flicker 
time frame

• Quasi-static analysis holds

A→ A0 ejψ

1−A0β ejψ

A =
A0

1−A0β

�
1 + j

1
1−A0β

ψ

�
.

ϕ(t) =
1

1−A0β
ψ(t)

(b−1)RA =
�

1
1−A0β

�2

(b−1)ampli

(b−1)RA = m2(b−1)ampli

R. Boudot, E. Rubiola, arXiv:1001.2047v1, Jan 2010.  Submitt. IEEE Transact. MTT

phase adj. ampl. adj.
short delay

RF filter
Vin Vout

file: amp-regen-sch
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Baseband-feedback amplifier

quadrature

1 phase
mod Am

amplifier
main

!2 CP2

output

vo(t)

CP1

(t)vi

input

IF

LO
RF

!2 !1kdvd ( −= )
control

phase
detector

error signal

adjust

!

file: le-corrected-ampli-principle.fig

• The detector measures the phase φ2 – φ1 across the main 
amplifier plus phase modulator

• The control stabilizes φ2 – φ1 = constant (virtual ground)
• The correction of AM noise is also possible in a similar way
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ffc

Figure 3.5: The phase noise of a divider chain is often due to the output stage
of the final divider.

The phase noise parameter of the divider is Sϕ(f) taken at the output2

The divider scales down the input phase noise. Unfortunately, this feature
can only be exploited partially in practice because the output phase noise can
not be lower than the phase noise of the output front-end. Figure 3.5 shows
a typical example, in which a divider is driven with a high stability oscillator.
Even using a low noise divider, at high frequencies the output noise is inevitably
that of the divider output. Conversely, at low frequencies the oscillator noise is
of the frequency-flicker type (slope 1/f3), while the divider noise remains phase
flickering (slope 1/f), for the noise reduction by d2 can always be achieved.3

The general formulae for m cascaded dividers (Fig. 3.6)4 are

ϕo =
m�

j=0

ϕj

m�

k=j+1

1
dk

(3.17)

and

Sϕ o(f) =
m�

j=0

Sϕ j(f)
m�

k=j+1

1
d2

k

(3.18)

For a quick evaluation, it is often useful to sketch the spectrum of the output
stage and of the input signal, the latter divided by

�m
k=1 d2

k, as exemplified in
Fig. 3.5, and to identify the cutoff frquency fc that divides the region of divider
noise from the region of scaled input noise.

2It is common practice is to describe the divider with the output noise. Using the equivalent
input noise leads to simpler formulae, but the numerical values can be amazingly low. Should
I change the text?

3I should explain why the divider noise can not have a slope higher than 1.
4Remove this figure?
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Figure 3.1: Simplified frequency synthesis and its mechanical anlogue.
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Figure 3.2: Phase noise propagation in elementary frequency synthesis.

ϕo =
n

d
ϕi (3.4)

merely reflects the invariance of the time jitter δt. With random phase fluctu-
ations, the mean square output phase is ϕ2

o = n2ϕ2
i , which follows immediately

from (3.4). Thus, the output spectum of phase noise is

Sϕ o(f) =
�n

d

�2
Sϕ i(f) (3.5)

In a logarithmic scale, this is 20 log10

�
n
d

�
dB.
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ϕo =
n

d
ϕi (3.4)

merely reflects the invariance of the time jitter δt. With random phase fluctu-
ations, the mean square output phase is ϕ2

o = n2ϕ2
i , which follows immediately

from (3.4). Thus, the output spectum of phase noise is

Sϕ o(f) =
�n

d

�2
Sϕ i(f) (3.5)

In a logarithmic scale, this is 20 log10

�
n
d

�
dB.

The ideal noise-free frequency synthesizer repeats the input time jitter

After division, the noise of the output buffer may 
be larger than the input-noise scaled down

After multiplication, the scaled-up phase noise sinks energy 
from the carrier.  At m ≈ 2.4, the carrier vanishes
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Saturation and sampling

0

1
t

t

clipped

waveform

gain

Saturation is equivalent to reducing the gain

Digital circuits, for example, amplify (linearly) 
only during the transitions
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Flicker noise of some amplifiers

Amplifier Frequency Gain P1 dB F DC b−1 (meas.)
(GHz) (dB) (dBm) (dB) bias (dBrad2/Hz)

AML812PNB1901 8 – 12 22 17 7 15 V, 425 mA −122
AML412L2001 4 – 12 20 10 2.5 15 V, 100 mA −112.5
AML612L2201 6 – 12 22 10 2 15 V, 100 mA −115.5

AML812PNB2401 8 – 12 24 26 7 15 V, 1.1A −119
AFS6 8 – 12 44 16 1.2 15 V, 171 mA −105
JS2 8 – 12 17.5 13.5 1.3 15 V, 92 mA −106

SiGe LPNT32 3.5 13 11 1 2 V, 10 mA −130
Avantek UTC573 0.01 – 0.5 14.5 13 3.5 15 V, 100 mA −141.5
Avantek UTO512 0.005–0.5 21 8 2.5 15 V, 23 mA −137

R. Boudot, E. Rubiola, arXiv:1001.2047v1, Jan 2010.  Submitt. IEEE Transact. MTT
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Phase noise vs. power                             .

• The 1/f phase noise b–1 is about independent of power

• The white noise b0 scales as the inverse of the power

• The corner frequency is misleading because it depends 
on power 210 103

Fourier frequency, Hz

−110

1

−130

−120

−100

P
h

as
e 

n
o

is
e,

 d
B

ra
d

/H
z

2

1 510410 10

P=−50dBm

P=−80dBm

P=−80dBm

P=−70dBm
P=−60dBm
P=−50dBm

P=−70dBm

Amplifier X−9.0−20H at 4.2 K
Data from IEEE UFFC 47(6):1273 (2000)P=−60dBm

R. Boudot, PhD thesis
Measured at LAAS

R. Boudot, E. Rubiola, arXiv:1001.2047v1, Jan 2010.  Submitt. IEEE Transact. MTT

E. Rubiola, Phase Noise and Frequency Stability in 
Oscillators, Cambridge 2008, ISBN 978-0521-88677-2
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Phase noise in cascaded amplifiers

The expected flicker of 
a cascade increases by:
3 dB, with 2 amplifiers 

4.8 dB, with 3 amplifiers

White noise is limited by 

the (small) input power

R. Boudot, E. Rubiola, arXiv:1001.2047v1, Jan 2010.  Submitt. IEEE Transact. MTT
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Phase noise in parallel amplifiers
R. Boudot, E. Rubiola, arXiv:1001.2047v1, Jan 2010.  Submitt. IEEE Transact. MTT

Connecting two amplifier in parallel, a 
3 dB reduction of flicker is expected
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Fourier frequency, Hz

P
h
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e 
n
o
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e,
 d

B
ra

d
/H

z

510410310 62101

2

10

−170

−160

−150

−140

10

AML812PNB0801 (200mA)

AML812PNA0901 (100mA)

AML812PND0801 (800mA)

AML812PNC0801 (400mA)

Specification of low phase-noise amplifiers (AML web page)

amplifier parameters phase noise vs. f , Hz

gain F bias power 10
2

10
3

10
4

10
5

AML812PNA0901 10 6.0 100 9 −145.0 −150.0 −158.0 −159.0
AML812PNB0801 9 6.5 200 11 −147.5 −152.5 −160.5 −161.5
AML812PNC0801 8 6.5 400 13 −150.0 −155.0 −163.0 −164.0
AML812PND0801 8 6.5 800 15 −152.5 −157.5 −165.5 −166.5

unit dB dB mA dBm dBrad
2/Hz

E. Rubiola, Phase Noise and Frequency Stability in Oscillators, Cambridge 2008, ISBN 978-0521-88677-2
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Spectracom 8140T

b–1 = –113.5 dB

HP 5087A and

TADD-1 10 MHz

b–1 = –133 dB

TADD-1 5 MHz

b–1 = –138.5 dB

background

b–1 = –142 dB

Amplifier phase noise
courtesy of J. Ackermann N8UR, http://www.febo.com  

comments on noise are of E. Rubiola 

HP 5087A

TA
D
D
-1

TA
D

D
-1

b–1 is the 1/f noise coefficient 

in dBrad
2

/Hz (dBc/Hz + 3 dB)

8140T

f –
5

f –
5

f –
5

It is experimentally observed that the temperature 
fluctuations cause a spectrum Sα(f) or Sφ(f) of the 1/f5 type

Yet, at low frequencies the spectrum folds back to 1/f

E. Rubiola, Phase Noise and Frequency Stability in Oscillators, Cambridge 2008, ISBN 978-0521-88677-2
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VHF passive devices

two by-step attenuators
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E. Rubiola, V. Giordano, RSI 73(6) p.2445-2457, 2002

(Fig.11) (Fig.14)
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Flicker noise of components

device PM  b–1 AM  h–1 frequency References and comments

Si bipolar HF-UHF amplifier –135 … –145 5…1000 MHz (general experience)

SiGe HBT µwave amplifier –120 … –130 4…20 GHz (general experience)

GaAs HBT µwave amplifier –95 … –110 3…10 GHz (general experience)

Cr3+ maser amplifier (0.2 cm3) ≈ –160 11 GHz G.J.Dick, private discussion

HF-UHF double-balanced mixer –135 … –150 5…1000 MHz (general experience)

µwave double-balanced mixer –110 … –125 4…20 GHz (general experience)

µwave circulator (iso port) –170 –170 9.1 GHz Rubiola & al, IEEE T.UFFC 51(8) 957-963 (2004)

µwave isolator (terminated circulator) –150 –150 ≈ 10 GHz Woode & al, MST 9(9) 1593-9 (1998)

HF-UHF ferrite power splitter –170 –170 100 MHz Rubiola, Giordano, RSI 73(6) 2445-2457 (2002)

HF-UHF variab. attenuator (potentiometer) –150 100 MHz Rubiola, Giordano, RSI 70(1) 220-225 (1999)

HF-UHF by-step attenuator –170 –170 100 MHz Rubiola, Giordano, RSI 73(6) 2445-2457 (2002)

µwave variable attenuator (absorber) –150 9.1 GHz Rubiola, Giordano, RSI 70(1) 220-225 (1999)

µwave line stretcher –150 100 MHz Rubiola, Giordano, RSI 70(1) 220-225 (1999)

µwave power detector (Schottky) ---- –120 10 GHz Grop, Rubiola, preliminary (in progress)

µwave photodetector –120 –120 10 GHz Rubiola & al, TMTT/JLT 54(2) 816-820 (2006)

2-4 km optical-fiber microwave ink < –110 10 GHz Volyanskiy & al, JOSAB 25(12) 2140-2150 (2008)
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total white noise

Opto-electronic delay line
47162 E. Rubiola Phase Noise . . . in Oscillators March 5, 2008

l
e
-
o
e
o

power

τddelay
iso iso isolaser EOM output

microwavesoptics

selectorampli

Figure 5.17: Photonic delay-line oscillator.

Introducing the amplifier power-law model Sψ(f) = b0 + b−1
f , limited to white

and flicker noise, we get

Sϕ(f) = b0
ν2

m

4π2m2

1
f2

+ b−1
ν2

mb−1

4π2m2

1
f3

. (5.76)

The fractional-frequency fluctuation spectrum Sy(f) is found by using Sy(f) =
f2

ν2
m

Sϕ(f). Thus,

Sy(f) = b0
1

4π2m2

1
f2

+ b−1
1

4π2m2

1
f3

. (5.77)

After matching the above to the power-law Sy(f) =
�

i hif i, we find

h0 =
b0

4π2m2
(5.78)

and

h−1 =
b−1

4π2m2
. (5.79)

Using Table 1.4, the Allan variance is

σ2
y(τ) =

�
1/τ2

terms

�
+

b0

4π2m2

1
2τ

+
b−1

4π2m2
2 ln(2) . (5.80)

5.8 Examples

Example 5.1 Photonic delay-line oscillator.
We analyze the photonic delay-line oscillator of Fig. 5.17, based on the

following parameters, and inspired to the references [29] and [109]

shot noise

P (t) = P (1 + m cos ωµt)

i(t) =
qη

hν
P (1 + m cos ωµt)

Pµ =
1
2

m2R0

� qη

hν

�2
P 2

intensity modulation

photocurrent

microwave power

Ns = 2
q2η

hν
PR0

thermal noise Nt = FkT0

Sϕ0 =
2

m2

�
2
hνλ

η

1
P

+
FkT0

R0

�
hνλ

qη

�2 �
1
P

�2
�shot thermal

• amplifier    GaAs: b–1 ≈ –100 to –110 dBrad2/Hz,   SiGe: b–1 ≈ –120 dBrad2/Hz
• photodetector  b–1 ≈ –120 dBrad2/Hz [Rubiola & al. MTT/JLT 54(2), feb. 2006
• (mixer  b–1 ≈ –120 dBrad2/Hz)

• the phase flicker coefficient b–1 is about independent of power

• in a cascade, (b–1)tot adds up, regardless of the device order 

flicker phase noise

optical-fiber  phase noise?  still an experimental parameter
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S!0 =
2

m2!2
h"#

$

1

P̄#

+
FkBT0

R0
"h"#

q$
#2" 1

P̄#

#2$ . %15&

Equation (15) holds for one arm of Fig. 3. As there are two
independent arms, noise power is multiplied by two. In
addition, it is convenient to redefine P̄# as the total input
power, half of which goes to the detector input. Account-
ing for the two arms and changing P̄#→ P̄# /2, the phase-
noise floor of the entire block is

S!0 =
16

m2!h"#

$

1

P̄#

+
FkBT0

R0
"h"#

q$
#2" 1

P̄#

#2$ . %16&

Interestingly, the noise floor is proportional to %P̄#&−2 at
low power and to %P̄#&−1 above the threshold power

P#,t =
FkBT0

R0

h"#

q2$
. %17&

For example, taking "#=193.4 THz (wavelength #
=1.55 %m), $=0.6, F=1 (noise-free amplifier), and m=1,
we get a threshold power P#,t=689 %W, setting the noise
floor at S!0=9.9&10−15 rad2/Hz %−140 dB rad2/Hz&.

When the mixer is used as a phase-to-voltage converter,
saturated at both inputs, its noise is chiefly the noise of
the output amplifier divided by the conversion gain k!.
Assuming that the amplifier noise is 1.6 nV/'Hz (our low-
flicker amplifiers, input terminated to 50 ') and that k!

=0.1 V/rad (conservative with respect to P%), the
mixer noise is approximately 2.5&10−16 rad2/Hz
%−156 dB rad2/Hz&. In practice, the mixer noise can
hardly approach the noise of the microwave amplifier be-
cause of the gain of the latter. The microwave gain, hid-
den in Eq. (16), is not a free parameter. Its permitted
range derives from the need of operating the mixer in the
saturation region, below the maximum power.

Figure 5 shows the noise floor S!0 as a function of the
total optical power for some reference cases.

B. Modulation Index
For a given cw laser power, the condition of maximum mi-
crowave power at the angular frequency (% is that of a
square wave of the same frequency that switches sym-
metrically between 0 and 2P̄#. This is equivalent to re-
placing the term m cos (%t in Eq. (10) with a unity square
wave that flips between ±1. In our case the unity square
wave can be expanded in a Fourier series truncated after
the first term, because the higher harmonics ((=n(%,
with integer n)2) are not in the passband of the micro-
wave chain. Thus the unity square wave is replaced with
sinusoid of angular frequency (% and amplitude 4/*.
Therefore the square-wave modulation is equivalent to a
sinusoidal modulation with a modulation index m=4/*
(1.273. m+1 is no contradiction with the traditional
modulation theory; it only means that harmonic distor-
tion is present.

A more interesting case is that of the electro-optic
modulator (EOM), which is used in virtually all photonic
oscillators and as the modulator in the experiments de-
scribed in Section 6. The EOM transmission, as a function
of the driving voltage ,%t&, is

T =
1

2
+

1

2
sin

*,

V*

, %18&

where V* is the half-wave voltage of the modulator. When
the driving signal is ,%t&=Vp cos (%t, the transmission be-
comes

T%t& =
1

2!1 + 2J1"*Vp

V*
#cos (%t + . . . $ , %19&

where J1 is the first-order Bessel function of the first
kind. Equation (19) derives from the zeroth term of the
series expansion

sin%z cos -& = 2)
k=0

.

%− 1&kJ2k+1 cos*%2k + 1&-+. %20&

The neglected terms “…” of Eq. (19) are higher harmonics,
of angular frequency n(%, integer n)2. They also ensure
0/T/1. Equation (19) has the same form as Eq. (10),
hence the modulation index is

m = 2J1"*Vp

V*
# . %21&

The maximum is m(1.164, which occurs at Vp
=0.586 V*.

Harmonic distortion could be avoided if m is kept
small, but there is no advantage, because harmonic dis-
tortion has no first-order effect on noise (shot and ther-
mal). On the other hand, the optical power is limited by
saturation in the photodetector. A large m is therefore the
only means to increase the microwave power, thus the
signal-to-shot-noise ratio. In practice, the microwave
power and the dc bias of the EOM are sometimes difficult
to set and maintain at the maximum modulation index.
This is due to the possibility for bias drift and to the ther-
mal sensitivity of the lithium niobate. Hence, we take m
=1 as the maximum, being aware that this may be some-
what optimistic.

Fig. 5. Noise floor as a function of the optical power. The thresh-
old power depends on the noise figure F.

Rubiola et al. Vol. 22, No. 5 /May 2005/J. Opt. Soc. Am. B 991

Sϕ0 =
16
m2

�
hνλ

η

1
P

+
FkT0

R0

�
hνλ

qη

�2 �
1
P

�2
�

thermal

shot

Pλ,t =
FkT0

R0

hνλ

q2η

threshold power

new high-power 
photodetectors 5–10 mW

holds for two detectors
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10 GHz, 10 μs• delay –> frequency-to-phase conversion

• works at any frequency

• long delay (microseconds) is necessary for high sensitivity

• the delay line must be an optical fiber
fiber:   attenuation 0.2 dB/km,  thermal coeff. 6.8 10-6/K
cable: attenuation 0.8 dB/m,  thermal coeff. ~ 10-3/K

Rubiola & al., JOSAB 22(5) p.987–997 (2005)   ---   Volyanskiy & al., JOSAB 25(12) p.2140–2150 (2008)

Φ(s) = Hϕ(s)Φi(s)

Laplace transforms

|Hϕ(f)|2 = 4 sin2(πfτ)

|Hy(f)|2 =
4ν

2
0

f2
sin2(πfτ)

ment and its equivalent in the Laplace transform domain.
by inspection of Fig. 3,

!o!s" = H"!s"!i!s", !4"

where H"!s"=1−exp!−s#". Turning the Laplace trans-
forms into power spectra Eq. (4) becomes

S"o!f" = #H"!jf"#2S"i!f", !5"

where

#H"!jf"#2 = 4 sin2!$f#". !6"

The spectrum of frequency fluctuation Sy!f" is related to
S"!f" through

Sy!f" =
f2

%0
2S"i!f". !7"

Combining Eqs. (5) and (7), we get

Sy!f" = #Hy!jf"#2S"i!f", !8"

where

#Hy!jf"#2 =
4%0

2

f2 sin2!$f#". !9"

Equation (5) is used to derive the phase noise S"i!f" of the
oscillator under test. Alternatively, Eq. (7) is used to de-
rive the frequency noise Sy!f". We prefer S"!f", indepen-
dent of how the final results will be expressed, because
the background noise of the instrument appears as S"!f".

Figure 4 shows the transfer functions #H"!jf"#2 and
#Hy!jf"#2 for %0=10 GHz and #d=10 &s (2-km delay line),
which is typical of our experiments. For f→0, it holds
#H"!jf"#2$ f2. Fortunately, high slope processes such as
flicker of frequency dominate in this region (see Fig. 1),
which compensates #H"!jf"#2. The phase-noise measure-
ment is therefore possible, providing that the delay #d can
be appropriately chosen. #H"!jf"#2, as well as #Hy!jf"#2, has
a series of zeros at f=n /#d, with integer n'1. The experi-
mental results are not useful in the vicinity of these zeros.
At the beginning of our experiments we hoped to recon-
struct the spectrum beyond the first zero at f=1/#d by ex-
ploiting the maxima at f= !2i+1" / !2#d" (integer i'1). This

turned out to be difficult. One problem is the resolution of
the FFT analyzer, as the density of zeros increases on a
logarithmic scale. Another problem is the presence of
stray signals in the measured spectrum, which make un-
reliable the few data around the maxima. The practical
limit is about f=0.95/#d, where #H"!jf"#2=−16 dB, and at
most some points around f=3/ !2#d" between the first and
second zeros.

4. SOURCES OF NOISE

The basic block for photonic phase-noise measurements is
shown in Fig. 3(a). In normal operation the random phase
"!t" results from the fluctuations of the input frequency.
In this section we analyze the sources of noise of the
block, since "o!t" is acquired form the noise of electrical
and optical components.

The power P(!t" of the optical signal is sinusoidally
modulated at the microwave angular frequency )& with a
modulation index m

P(!t" = P̄(!1 + m cos )&t". !10"

Here, we use the subscripts ( and & for “light” and “mi-
crowave,” and the overbar to denote the average. Equa-
tion (10) is similar to the traditional amplitude modula-
tion of radio broadcasting, but optical power is modulated
instead of rf voltage. In the presence of a distorted (non-
linear) modulation, we take the fundamental of the modu-
lating signal, at )&.

The detector photocurrent is

i!t" =
q*

h%(

P̄(!1 + m cos )&t", !11"

where q=1.602+10−19 C is the electron charge, * is the
quantum efficiency of the photodetector, and h=6.626
+10−34 J/Hz the Planck constant. Only the ac term
m cos )&t of Eq. (11) contributes to the microwave signal.
The microwave power fed into the load resistance R0 is
P̄&=R0iac

2 , hence

P̄& =
1

2
m2R0% q*

h%(
&2

P̄(
2. !12"

A. White Noise

The discrete nature of photons leads to the shot noise of
power spectral density Ns=2qiR0 [W/Hz] at the detector
output. By virtue of Eq. (11),

Ns = 2
q2*

h%(

P̄(R0. !13"

In addition, there is the equivalent input noise of the am-
plifier loaded by R0, whose power spectrum is

Nt = FkBT0, !14"

where F is the noise figure of the amplifier, kB=1.38
+10−23 J/K is the Boltzmann constant, and T0 is the tem-
perature. The white noise Ns+Nt turns into a noise floor
S"0= !Ns+Nt" /P& of S"!f". By use of Eqs. (12)–(14), the
floor is

Fig. 4. Transfer functions #H"!jf"#2 and #Hy!jf"#2 plotted for %0
=10 GHz and #d=10 &s.
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Photodetector 1/f noise

• the photodetectors we measured are similar in 
AM and PM 1/f noise

• the 1/f noise is about -120 dB[rad2]/Hz
• other effects are easily mistaken for the 

photodetector 1/f noise 
• environment and packaging deserve attention 

in order to take the full benefit from the low 
noise of the junction

Figure 2: Example of measured spectra Sα(f) and Sϕ(f).

modulator (EOM) is rejected. The amplitude noise of the source is rejected
to the same degree of the carrier attenuation in ∆, as results from the general
properties of the balanced bridge. This rejection applies to amplitude noise and
to the laser relative intensity noise (RIN).

The power of the microwave source is set for the maximum modulation index
m, which is the Bessel function J1(·) that results from the sinusoidal response of
the EOM. This choice also provides increased rejection of the amplitude noise of
the microwave source. The sinusoidal response of the EOM results in harmonic
distortion, mainly of odd order; however, these harmonics are out of the system
bandwidth. The photodetectors are operated with some 0.5 mW input power,
which is low enough for the detectors to operate in a linear regime. This makes
possible a high carrier suppression (50–60 dB) in ∆, which is stable for the
duration of the measurement (half an hour), and also provides a high rejection
of the laser RIN and of the noise of the ∆ amplifier. The coherence length of
the YAG laser used in our experiment is about 1 km, and all optical signals in
the system are highly coherent.

3 Results

The background noise of the instrument is measured in two steps. A first value
is measured by replacing the photodetectors output with two microwave signals
of the same power, derived from the main source. The noise of the source is
rejected by the bridge measurement. A more subtle mechanism, which is not
detected by the first measurement, is due to the fluctuation of the mixer offset
voltage induced by the fluctuation of the LO power [BMU77]. This effect is

5

Figure 3: Examples of environment effects and experimental mistakes around
the corner. All the plots show the instrument Background noise (spectrum B)
and the noise spectrum of the Photodiode pair (spectrum P). Plot 1 spectrum
W: the experimentalist Waves a hand gently (≈ 0.2 m/s), 3 m far away from the
system. Plot 2 spectrum S: the optical isolators are removed and the connectors
are restored at the input of the photodiodes (Single spectrum). Plot 3 spectrum
A: same as plot 3, but Average spectrum. Plot 4 spectrum F: a Fiber is bended
with a radius of ≈ 5 cm, which is twice that of a standard reel.

4 Discussion

For practical reasons, we selected the configurations that give reproducible spec-
tra with low and smooth 1/f noise that are not influenced by the sample av-
eraging size. Reproducibility is related to smoothness because technical noise
shows up at very low frequencies, while we expect from semiconductors smooth
1/f noise in a wide frequency range. Smoothness was verified by comparison
with a database of trusted spectra. Technical noise turned out to be a serious
difficulty. As no data was found in the literature, we give some practical hints
in Fig. 3.

The EOM requires a high microwave power (20 dBm or more), which is some
50 dB higher than the photodetector output. The isolation in the microwave
circuits is hardly higher than about 120 dB. Thus crosstalk, influenced by the

7

W:!waving a hand! 0.2 m/s,
3 m far from the system
B:!background noise
P:! photodiode noise

S:! single spectrum, with optical 
connectors and no isolators
B:!background noise
P:! photodiode noise

Figure 3: Examples of environment effects and experimental mistakes around
the corner. All the plots show the instrument Background noise (spectrum B)
and the noise spectrum of the Photodiode pair (spectrum P). Plot 1 spectrum
W: the experimentalist Waves a hand gently (≈ 0.2 m/s), 3 m far away from the
system. Plot 2 spectrum S: the optical isolators are removed and the connectors
are restored at the input of the photodiodes (Single spectrum). Plot 3 spectrum
A: same as plot 3, but Average spectrum. Plot 4 spectrum F: a Fiber is bended
with a radius of ≈ 5 cm, which is twice that of a standard reel.
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tra with low and smooth 1/f noise that are not influenced by the sample av-
eraging size. Reproducibility is related to smoothness because technical noise
shows up at very low frequencies, while we expect from semiconductors smooth
1/f noise in a wide frequency range. Smoothness was verified by comparison
with a database of trusted spectra. Technical noise turned out to be a serious
difficulty. As no data was found in the literature, we give some practical hints
in Fig. 3.

The EOM requires a high microwave power (20 dBm or more), which is some
50 dB higher than the photodetector output. The isolation in the microwave
circuits is hardly higher than about 120 dB. Thus crosstalk, influenced by the
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A:!average spectrum, with optical
connectors and no isolators
B:!background noise
P:! photodiode noise
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and the noise spectrum of the Photodiode pair (spectrum P). Plot 1 spectrum
W: the experimentalist Waves a hand gently (≈ 0.2 m/s), 3 m far away from the
system. Plot 2 spectrum S: the optical isolators are removed and the connectors
are restored at the input of the photodiodes (Single spectrum). Plot 3 spectrum
A: same as plot 3, but Average spectrum. Plot 4 spectrum F: a Fiber is bended
with a radius of ≈ 5 cm, which is twice that of a standard reel.
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For practical reasons, we selected the configurations that give reproducible spec-
tra with low and smooth 1/f noise that are not influenced by the sample av-
eraging size. Reproducibility is related to smoothness because technical noise
shows up at very low frequencies, while we expect from semiconductors smooth
1/f noise in a wide frequency range. Smoothness was verified by comparison
with a database of trusted spectra. Technical noise turned out to be a serious
difficulty. As no data was found in the literature, we give some practical hints
in Fig. 3.

The EOM requires a high microwave power (20 dBm or more), which is some
50 dB higher than the photodetector output. The isolation in the microwave
circuits is hardly higher than about 120 dB. Thus crosstalk, influenced by the
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F:! after bending a fiber, 1/f 
noise can increase unpredictably
B:!background noise
P:! photodiode noise

Figure 3: Examples of environment effects and experimental mistakes around
the corner. All the plots show the instrument Background noise (spectrum B)
and the noise spectrum of the Photodiode pair (spectrum P). Plot 1 spectrum
W: the experimentalist Waves a hand gently (≈ 0.2 m/s), 3 m far away from the
system. Plot 2 spectrum S: the optical isolators are removed and the connectors
are restored at the input of the photodiodes (Single spectrum). Plot 3 spectrum
A: same as plot 3, but Average spectrum. Plot 4 spectrum F: a Fiber is bended
with a radius of ≈ 5 cm, which is twice that of a standard reel.

4 Discussion

For practical reasons, we selected the configurations that give reproducible spec-
tra with low and smooth 1/f noise that are not influenced by the sample av-
eraging size. Reproducibility is related to smoothness because technical noise
shows up at very low frequencies, while we expect from semiconductors smooth
1/f noise in a wide frequency range. Smoothness was verified by comparison
with a database of trusted spectra. Technical noise turned out to be a serious
difficulty. As no data was found in the literature, we give some practical hints
in Fig. 3.

The EOM requires a high microwave power (20 dBm or more), which is some
50 dB higher than the photodetector output. The isolation in the microwave
circuits is hardly higher than about 120 dB. Thus crosstalk, influenced by the
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Rubiola, Salik, Yu, Maleki, MTT 54(2) p.816-820, Feb 2006
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• The instrument noise scales as 1/τ, yet 
the blue and black plots overlap
magenta, red, green   =>   instrument 
noise 
blue, black  =>  noise of the sapphire 
oscillator under test

• The 1/f3 phase noise (frequency flicker) 
outperforms the 10 GHz sapphire 
oscillator (the lowest-noise microwave 
oscillator)

• Low AM noise of the oscillator under test 
is necessary

Att FFTDC
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Contrôleur
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RF

5 dBm

10 dBm

ISOISO

Fibre 2 Km

laser EOM SiGe ampli

phase

2 km
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Measurement of a sapphire oscillator
JOSAB 25 (12) p.2140-2150, Dec 2008.  Also arXiv:0807.3494v1 [physics.optics] Jul 2008.



Measurement of the optical-fiber noise
52

• matching the delays, the oscillator phase noise cancels

• this scheme gives the total noise
          2 × (ampli + fiber + photodiode + ampli) + mixer 
thus it enables only to assess an upper bound of the fiber noise

Volyanskiy & al., JOSAB 25(12) 2140-2150, Dec.2008.  Also arXiv:0807.3494v1 [physics.optics] July 2008.
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• The method enables only to assess an upper bound of the delay-line 
noise  b–1 ≤ 5×10–12 rad2/Hz for L = 2 km  (–113 dBrad2/Hz)

• We believe that this residual noise is the signature of the two GaAs 
power amplifier that drives the MZ modulator

 b–1 = 10–11   (–110 dB)

Measurement of the delay-line noise (2)
Volyanskiy & al., JOSAB 25(12) 2140-2150, Dec.2008.  Also arXiv:0807.3494v1 [physics.optics] July 2008.



Physical phenomena in optical fibers
Birefringence. Common optical fibers are made of amorphous Ge-doped silica, for an ideal fiber is not expected to be birefringent.  
Nonetheless, actual fibers show birefringent behavior due to a variety of reasons, namely: core ellipticity, internal defects and forces, 
external forces (bending, twisting, tension, kinks), external electric and magnetic fields. The overall effect is that light propagates 
through the fiber core in a non-degenerate, orthogonal pair of axes at different speed. Polarization effects are strongly reduced in 
polarization maintaining (PM) fibers.  In this case, the cladding structure stresses the core in order to increase the difference in 
refraction index between the two modes.

Polarization mode dispersion (PMD).  This effect rises from the random birefringence of the optical fiber.  The optical pulse can choose 
many different paths, for it broadens into a bell-like shape bounded by the propagation times determined by the highest and the lowest 
refraction index. Polarization vanishes exponentially along the light path. It is to be understood that PMD results from the vector sum 
over multiple forward paths, for it yields a well-shaped dispersion pattern.

Bragg scattering.  In the presence of monocromatic light (usually X-rays), the periodic structure of a crystal turns the randomness of 
scattering into an interference pattern.  This is a weak phenomenon at micron wavelengths because the inter-atom distance is of the 
order of 0.3--0.5 nm.   Bragg scattering is not present in amorphous materials.

Brillouin scattering.  In solids, the photon-atom collision involves the emission or the absorption of an acoustic phonon, hence the 
scattered photons have a wavelength slightly different from incoming photons.  An exotic form of Brillouin scattering has been reported 
in optical fibers, due to a transverse mechanical resonance in the cladding, which stresses the core and originates a noise bump on the 
region of 200--400 MHz.

Raman scattering.  This phenomenon is similar to Rayleigh scattering, but it involves the optical branch of phonons.

Rayleigh scattering.  This is random scattering due to molecules in a disordered medium, by which light looses direction and 
polarization. A small fraction of the light intensity is thereby back-scattered one or more times, for it reaches the fiber end after a 
stochastic to-and-fro path, which originates phase noise.  In SM fibers at 1.55 µm  it contributes 0.15 dB/km to the optical loss.

Kerr effect.  This effect states that an electric field changes the refraction index.  So, the electric field of light modulate the refraction 
index, which originates the 2nd-order nonlinearity.

Discontinuities.  Discontinuities cause the wave to be reflected and/or to change polarization.  As the pulse can be split into a pulse 
train depending on wavelength, this effect can turn into noise.

Group delay dispersion (GVD). There exist dispersion-shifted fibers, that have a minimum GVD at 1550 nm.  GVD compensators are also 
available. 

PMD-Kerr compensation.  In principle, it is possible that PMD and Kerr effect null one another.  This requires to launch the appropriate 
power into each polarization mode, for two power controllers are needed.  Of course, this is incompatible with PM fibers.

Which is the most important effect?  In the community of optical communications, PMD is considered the most significant effect.  Yet, 
this is related to the fact that excessive PMD increases the error rate and destroys the eye pattern of a channel.  In the case of the 
photonic oscillator, the signal is a pure sinusoid, with no symbol randomness.
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Cross-spectum 
measurements
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Correlation measurements
56
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Boring exercises before playing a Steinway
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Power spectral density Sxx 
58

Normalization: in 1 Hz bandwidth 
var{X}= 1,   and  var{X’}= var{X”}= 1/2

Spectrum

white, Gaussian, 
avg = 0, var = 1/2

X is white Gaussian noise
Take one frequency, S(f) –> S.  Same applies to all frequencies

white, χ2, with 2m degrees of freedom
avg = 1, var = 1/m

the Sxx track on the 
FFT-SA shrinks as 1/m1/2

dev
avg

=
�

1
m

�Sxx�m = 1
T �XX∗�m

= 1
T �(X � + ıX ��)× (X � − ıX ��)�m

= 1
T

�
(X �)2 + (X ��)2
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m



Measurement of |Sxx|
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Running the measurement, m increases and
Sxx shrinks => better confidence level
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Syx with correlated term  (1)
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Cross-spectrum

Expand using

A, B = instrument background
C = DUT noise
channel 1     X = A + C
channel 2     Y = B + C
A, B, C are independent Gaussian noises
Re{ } and Im{ } are independent Gaussian noises

X = (A� + ıA��) + (C � + ıC ��) and Y = (B� + ıB��) + (C � + ıC ��)

Split Syx into three sets

Normalization: in 1 Hz bandwidth var{A} = var{B} = 1,  var{C}=κ2

var{A’} = var{A”} = var{B’} = var{B”} = 1/2,  and  var{C’} = var{C”} = κ2/2

�Syx�m = �Syx�m

��
instr

+ �Syx�m

��
mixed

+ �Syx�m

��
DUT

background
only

background
and DUT noise

DUT noise
only

... and work it out !!!

�Syx�m = 1
T �Y X∗�m = 1

T �(Y � + ıY ��)× (X � − ıX ��)�m



Real

Imaginary

Syx with correlated term κ≠0  (2)
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Gaussian, 
avg = 0, var = 1/2m

Gaussian, 
avg = 0, var = κ2/2m

white, χ2

2m deg. of freedom
avg = κ2, var = κ4/m

A, B, C are independent Gaussian noises
Re{ } and Im{ } are independent Gaussian noises
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Expand Syx
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Normalization: in 1 Hz bandwidth var{A} = var{B} = 1,  var{C}=κ2

var{A’} = var{A”} = var{B’} = var{B”} = 1/2,  and  var{C’} = var{C”} = κ2/2

Bessel K0, 
avg=0, var=κ2/4

white, χ2, 2 DF 
avg = κ2, var = κ4

Bessel K0, 
avg=0,  var=1/4
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C = C � 2 + C �� 2

After averaging, the Bessel K0 distribution
turns into a Gaussian distribution (central limit theorem)

term E V PDF comment
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Gauss Gaussian processes
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ν = 2m chi-square processes�
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�

m
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The concept of ergodicity
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Ergodicity allows to interchange time statistics and ensemble statistics, 
thus the running index i of the sequence and the frequency f.

The average and the deviation calculated on the frequency axis are the 
same as the average and the deviation of the time series.
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Example:
Measurement of |Syx|

64

! "! #! $! %! &!! &"! &#! &$! &%! "!!
!'!!&

!'!&

!'&

&

&!

()*+,-.+!/01!2"
3'456)7*89,8:;,"!!%

Sxx

Syx

m=32 ! = "(#/4m)
5 log(m) – 0.52 dB

! – "[(1-#/4)/m]
! – 3.21 dB

! + "[(1-#/4)/m]
! + 1.83 dB

C = 0

C ≠ 0

frequency
|S

yx
|m,  2 0 ... 2 10

fre
qu

en
cy

fre
qu

en
cy

|<
S

yx
>

m
|, 

d
B

|<
S

yx
>

m
|, 

d
B

m,  2 0 ... 2 10



Measurement (C≠0), |Re{Syx}|
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Running the measurement, m increases
Sxx shrinks => better confidence level

Syx decreases => higher single-channel noise rejection
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Bridge method
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 real δZ1   =>  AM noise vc(t) cos(ω0t)
 imaginary δZ1 => PM noise –vs(t)  sin(ω0t)



Wheatstone bridge
67

equilibrium: Vd = 0   –>  carrier suppression  

static error δZ1    –>   some residual carrier
 real  δZ1   => in-phase residual carrier Vre cos(ω0t)

 imaginary  δZ1 => quadrature residual carrier Vim sin
(ω0t) 

fluctuating error δZ1 =>  noise sidebands
 real δZ1   =>  AM noise vc(t) cos(ω0t)

 imaginary δZ1 => PM noise –vs(t)  sin(ω0t)

LO
RF IF

synchronous
detection: get

vc(t)  vs(t)
(AM or PM noise)

adj. phase
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Bridge PM and AM noise measurement
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#(t)dark
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junction

• Bridge => high rejection of the master-oscillator noise
• Amplification and synchronous detection of the noise sidebands
• No carrier => the amplifier can’t flicker (no up-conversion of near-dc 1/f)
• High microwave gain before detection => low background
• Low 50-60 Hz residuals because microwave circuits are insensitive to 

magnetic fields



A bridge (interferometric) instrument can 
be built around a commercial instrument

You will appreciate the computer interface and the software ready for use
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Flicker reduction, correlation, and closed-
loop carrier suppression can be combined

E. Rubiola, V. Giordano, Rev. Sci. Instrum. 73(6) pp.2445-2457, June 2002
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Example of results
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The complete machine (100 MHz)
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A 9 GHz experiment
73

(dc circuits not shown)
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Comparison of the background noise
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AM noise & RIN

E. Rubiola, arXiv:physics/0512082, Dec 2005
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Amplitude noise & laser RIN
76

E. Rubiola, the measurement of AM noise, dec 2005  
arXiv:physics/0512082v1 [physics.ins-det]
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• In PM noise measurements, one can validate the instrument by 
feeding the same signal into the phase detector

• In AM noise this is not possible without a lower-noise reference 

• Provided the crosstalk was measured otherwise, correlation 
enables to validate the instrument
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AM noise of some sources
77

source h−1 (flicker) (σα)floor

Anritsu MG3690A synthesizer (10 GHz) 2.5×10−11 −106.0 dB 5.9×10−6

Marconi synthesizer (5 GHz) 1.1×10−12 −119.6 dB 1.2×10−6

Macom PLX 32-18 0.1→ 9.9 GHz multipl. 1.0×10−12 −120.0 dB 1.2×10−6

Omega DRV9R192-105F 9.2 GHz DRO 8.1×10−11 −100.9 dB 1.1×10−5

Narda DBP-0812N733 amplifier (9.9 GHz) 2.9×10−11 −105.4 dB 6.3×10−6

HP 8662A no. 1 synthesizer (100 MHz) 6.8×10−13 −121.7 dB 9.7×10−7

HP 8662A no. 2 synthesizer (100 MHz) 1.3×10−12 −118.8 dB 1.4×10−6

Fluke 6160B synthesizer 1.5×10−12 −118.3 dB 1.5×10−6

Racal Dana 9087B synthesizer (100 MHz) 8.4×10−12 −110.8 dB 3.4×10−6

Wenzel 500-02789D 100 MHz OCXO 4.7×10−12 −113.3 dB 2.6×10−6

Wenzel 501-04623E no. 1 100 MHz OCXO 2.0×10−13 −127.1 dB 5.2×10−7

Wenzel 501-04623E no. 2 100 MHz OCXO 1.5×10−13 −128.2 dB 4.6×10−7

worst
best
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Oscillator fundamentals
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 General oscillator model
80

The model also describes the negative-R oscillator

V 

sense
!

negative-R amplifierresonator

compression

AM-PM noise

Barkhausen condition   Aβ = 1  at ω0

(phase matching)

[1+!(t)] cos["0t+#(t)]

AMPM

$(t)%(t)

A
gain

compression

!

noise

real amplifier

resonator
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Heuristic approach

83



Heuristic derivation of the Leeson formula
84

∆ν =
ν0

2Q
ψ

S∆ν(f) =
� ν0

2Q

�2
Sψ(f)

Sϕ(f) =
1
f2

� ν0

2Q

�2
Sψ(f)

ϕ(t) = ψ(t)

Sϕ(f) = Sψ(f)

fast fluctuation: no feedback slow fluctuations:  ψ ⇒ Δν conversion

static

integral

Sϕ(f) =
�
1 +

1
f2

� ν0

2Q

�2
�

Sψ(f)

φ

S
ϕ
(f

)/
S

ψ
(f

)
ffL

1/f2

f0

fL =
ν0

2Q

Though obtained with simplifications, this result turns out to be is exact

τ =
Q

πν0

fast or slow?
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 b0 , higher P0

 b0 ,  lower P0

 fc  =  ( b–1 / FkT0 ) P0  depends on P0

 ff"cf'c

 b–1 ! const. vs. P0

 b
–1  f –1
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typical amplifier phase noise
RATE GaAs HBT SiGe HBT Si bipolar

microwave microwave HF/UHF

fair −100 −120

good −110 −120 −130

best −120 −130 −150

unit dBrad
2/Hz

Amplifier white and flicker noise

photodetector  b–1 ≈ –120 dBrad2/Hz Rubiola & al. 
IEEE Trans. MTT (& JLT) 54 (2) p.816–820 (2006)



Including the sustaining-amplifier noise
86
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total noise

the output buffer
noise is not visible

total noise

total noise total noise
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Figures are from E. Rubiola, Phase noise and frequency 
stability in oscillators,  © Cambridge University Press

The effect of the output buffer
87

Cascading two amplifiers,
flicker noise adds as

Sφ(f) = [Sφ(f)]1 + [Sφ(f)]2



The resonator natural frequency fluctuates
88

Figures are from E. Rubiola, Phase noise and frequency 
stability in oscillators,  © Cambridge University Press
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• The oscillator tracks the 
resonator natural 
frequency, hence its 
fluctuations

• The fluctuations of the 
resonator natural 
frequency contain 
1/f and 1/f2

(frequency flicker and 
random walk), thus 
1/f3 and 1/f4

of the oscillator phase

• The resonator bandwidth 
does not apply to the 
natural-frequency 
fluctuation.
(Tip: an oscillator can be 
frequency modulated ar 
a rate >> fL)



Phase noise –> frequency stability
89
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Oscillator Hacking
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Analysis of commercial oscillators
The purpose of this section is to help to understand the oscillator inside from the phase 
noise spectra, plus some technical information.  I have chosen some commercial 
oscillators as an example.

The conclusions about each oscillator represent only my understanding 
based on experience and on the data sheets published on the manufacturer web site.

You should be aware that this process of interpretation is not free from errors.  My 
conclusions were not submitted to manufacturers before writing, for their comments 
could not be included.
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• kT0 = 4×10–21 W/Hz (–174 dBm/Hz)
• floor –146 dBrad2/Hz, guess F = 1.25 (1 dB) => P0 = 2 µW (–27 dBm)
• fL = 4.3 MHz,  fL = ν0/2Q  =>  Q = 1160
• fc = 70 kHz,  b–1/f = b0  =>  b–1 = 1.8×10–10 (–98 dBrad2/Hz) [sust.ampli]
• h0 = 7.9×10–22  and  h–1 = 5×10–17  =>  σy = 2×10–11/√τ + 8.3×10–9

tables
σ2y = h0/2τ+2ln(2)h–1                
h0 = b–2/ν20  
h–1 = b–3/ν20    



fL = v0/2Q = 2.6 kHz   =>   Q = 1.8×106

This incompatible with the resonator technology.
Typical Q of a sapphire whispering gallery resonator: 

2×105 @ 295K (room temp),  3×107 @ 77K (liquid N),  4×109 @ 4K (liquid He).
In addition, d ~ 6 dB does not fit the power-law.

The interpretation shown is wrong, and the Leeson frequency is somewhere else
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Fourier frequency, Hz
fL=25kHz

f0 to f−2 conversion

(b−1)ampli=−140 dBrad2/Hz

dBrad2/Hz
(b0)ampli=−169

(b−1)buffer =−120dBrad2/Hz

fc =850Hz

instr. background

oscillator

f−1 to f−3 conversion

noise correction
10 GHz sapphire WG resonator
Poseidon Shoebox

94Poseidon Scientific Instruments − Shoebox
10 GHz sapphire whispering-gallery (2)
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The 1/f noise of the output buffer is higher than that of the sustaining amplifier 
(a compex amplifier with interferometric noise reduction)
In this case both 1/f and 1/f2 are present

white noise −169 dBrad2/Hz, guess F = 5 dB (interferometer)  => P0 = 0 dBm
buffer flicker −120 dBrad2/Hz @ 1 Hz => good microwave amplifier

fL = v0/2Q = 25 kHz   =>   Q = 2×105  (quite reasonable)
fc = 850 Hz => flicker of the interferometric amplifier −139 dBrad2/Hz @ 1 Hz



• floor –165 dBrad2/Hz, guess F = 1.25 (1 dB) => P0 = 160 µW (–8 dBm)
• fL = 3.2 MHz,  fL = ν0/2Q  =>  Q = 625
• fc = 9.3 kHz,  b–1/f = b0  =>  b–1 = 2.9×10–13 (–125 dBrad2/Hz) [sust.ampli, too low]

Slopes are not in agreement with the theory

95

106 107105102 103 104
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−180
−170
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−140
−130
−120
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−100
−90
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B

c/
H

z
Phase noise of two PSI DRO−10.4−FR

DRO−10.4−FR
DRO−10.4−XPL

Fourier frequency, Hz

3dB difference

−30dB/dec

−25 dB/dec
slope

fL =3.2MHz

−20dB/dec

slope close to −25dB/dec 

b0=−165dBrad2/Hz

fc =9.3kHz

7dB

b−1=−165dBrad2/Hz

dBrad2/Hzb−3 =+4

Poseidon Scientific Instruments
10 GHz dielectric resonator oscillator (DRO)

T
he

 s
p

ec
tr

um
 is

 ©
 P

o
se

id
o

n.
  T

he
 fi

g
ur

e 
is

 f
ro

m
 E

. R
ub

io
la

, P
ha

se
 n

o
is

e 
an

d
 f

re
q

ue
nc

y 
st

ab
ili

ty
 in

 o
sc

ill
at

o
rs

,  
©

 C
am

b
ri

d
g

e 
U

ni
ve

rs
it

y 
P

re
ss



96

Enrico Rubiola  –  The Leeson Effect   –   22 basics – commercial oscillators

ANALYSIS
1 – floor S!0 = –155 dBrad2/Hz, guess F = 1 dB             P! 0 = –18 dBm
2 – ampli flicker S! = –132 dBrad2/Hz @ 1 Hz               good RF amplifier!

3 – merit factor Q = "0/2fL  =  5·106/5  =  106   (seems too low)
4 – take away some flicker for the output buffer:

  * flicker in the oscillator core is lower than –132 dBrad2/Hz @ 1 Hz
  * fL is higher than 2.5 Hz
  * the resonator Q is lower than 106 

This is inconsistent with the resonator technology (expect Q > 106).
The true Leeson frequency is lower than the frequency labeled as fL
The 1/f3 noise is attributed to the fluctuation of the quartz resonant frequency  

Courtesy of Oscilloquartz (handwritten notes are mine).
The specifications, which include this spectrum, are available
at the URL  http://www.oscilloquartz.com/file/pdf/8600.pdf 

Oscilloquartz OCXO 8600
outstanding stability oscillator based on a
5 MHz AT-cut BVA (electrodless) resonator
stability #y($) = 3×10-13  for $ = 0.2÷30 s
aging 3×10-12/day

Example – Oscilloquartz 8600 (wrong)

’= 2.2Hz

102 103 410

b0 = −155dBrad /Hz2

−1b = −131dBrad /Hz2

Sϕ(f) dBrad2/Hz

b−3 = −124dBrad2/Hz

Oscilloquartz OCXO 8600
5 MHz OCXO
Courtesy of Oscilloquartz SA, comments of E. Rubiola

Fourier frequency, Hz
c

f’= 250Hz
L

f

−127

−137

−147

−157

−167

−187

101

−107

−97

−117

E. Rubiola − Phase noise and frequency stability in oscillators
Cambridge University Press 2008 − ISBN 978−0−521−88677−2

File: 603−osa−8600−mod−1st
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Example – Oscilloquartz 8600 (right) 97

F=1dB  b0 => P0=–18 dBm (b–3)osc        =>   σy=1.5x10–13, Q=5.6x105 (too low)
Q≟1.8x106  =>   σy=4.6x10–14  Leeson (too low)

10

b0 = −155dBrad /Hz2

−1b = −131dBrad /Hz2

b−3 = −124dBrad2/Hz

Sϕ(f) dBrad2/Hz

/Hz

Leeson effect (hidden)

1 102 103 4

f =1.4Hz L
f’’= 4.5Hz

2

Oscilloquartz OCXO 8600
5 MHz OCXO
Courtesy of Oscilloquartz SA, comments of E. Rubiola

resonator instability

sustaining amplifier

sust. ampli + buffer

Fourier frequency, Hz

−107

−97

−117

−127

−137

−147

−157

−167

−187

10

b =−1 −137dBrad

(guessed) f = 63Hz
c

L

E. Rubiola − Phase noise and frequency stability in oscillators

File: 604−osa−8600−mod

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
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Example – Oscilloquartz 8607 98

F=1dB  b0 => P0=–20 dBm (b–3)osc     =>   σy=8.8x10–14, Q=7.8x105 (too low)
Q≟2x106  =>   σy=3.5x10–14  Leeson (too low)

−1

b0

)osc−1(b

/Hz2dBrad

/Hz2dBrad

/HzdBrad

/Hz2dBrad

Sϕ(f) dBrad2/Hz

2

Oscilloquartz OCXO 8607
5 MHz OCXO
Courtesy of Oscilloquartz SA, comments of E. Rubiola

)tot(b−3

)tot(b

10 10 10 10 102 3 4 5 6

= −128.5

?

=>

Q=2x106

= −132.5

−153=

=−138.5

Q=7.9x105

−147

−127

−107

−87

−67

−167

1 10
Fourier frequency, Hz

L=1.6Hz

L=1.25Hz <=

L=3.2Hzf"

f’

f

File: 605−osa−8607−mod

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators

T
he

 s
p

ec
tr

um
 is

 ©
 O

sc
ill

o
q

ua
rt

z.
  T

he
 fi

g
ur

e 
is

 f
ro

m
 E

. R
ub

io
la

, P
ha

se
 

no
is

e 
an

d
 f

re
q

ue
nc

y 
st

ab
ili

ty
 in

 o
sc

ill
at

o
rs

,  
©

 C
am

b
ri

d
g

e 
U

ni
ve

rs
it

y 
P

re
ss



Example – CMAC Pharao 99

F=1dB  b0 => P0=–20.5 dBm (b–3)osc     =>   σy=5.9x10–14, Q=8.4x105 (too low)
Q≟2x106  =>   σy=2.5x10–14 Leeson (too low)

f"

)tot(b−3

Rakon Pharao
5 MHz OCXO
Courtesy of Rakon, comments of E. Rubiola

Sϕ(f) dBrad2/Hz

b0

)tot(b−1

)osc−1(b

/Hz2dBrad

/Hz2dBrad

/Hz2dBrad

/Hz2dBrad

−1

=50Hzf’

L=3Hz

= −135.5

=−141.5

10

c

Fourier frequency, Hz

−120

−130

−90

−100

−110

−140

−150

−160

−170
1 10

L=1.5Hz

c =13Hz

f’

f=>

technology

L=1.25Hzf

10 10 10 105432

= −132

Q=2x106 ?

=−152.5

File: 606−candelier−bw

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators
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Example – FEMTO-ST prototype 100

F=1dB  b0 => P0=–26 dBm (b–3)osc     =>   σy=1.7x10–13, Q=5.4x105 (too low)
Q=1.15x106  =>   σy=8.1x10–14  Leeson (too low)(there is a problem)

2dBrad

Q = 1.15x106

/Hz2dBrad=−116.6

/Hz2dBrad

/Hz2dBrad

/Hz2dBrad=−147

3dB

3dB

Sϕ(f) dBrad2/Hz

/Hz apparent
b0

LD cut, 10 MHz,
=−123.2

−1=−136

calculated
Fourier frequency, Hz

sust. ampli + buffer

apparent
L’L=4.3Hzf f’=9.3Hz

FEMTO−ST prototypeLeeson effect (hidden)
b−3

sustaining amplifier
b

b−1=−130

resonator instability
b−3

File: 607−femtost−mod Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators
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Example – Agilent 10811 101

F=1dB  b0 => P0=–11 dBm (b–3)osc     =>   σy=8.3x10–13, Q=1x105 (too low)
Q≟7x105  =>   σy=1.2x10–13  Leeson (too low)

1/f0 Noise Floor

1/f1

1/f3

System Rolloff
Measurement

ϕ
/HzdBrad

Courtesy of Agilent Technologies

(f)

Comments of E. Rubiola

S 2

fL 7Hz~~
=320Hz frequency, Hz

−137

(guess!)

−157

10

−147

c
f’

10

−167
2 3 10

f

4

L=50Hz’

−117

−107

101

−127

Agilent 10811

 = −131 dBb
sust. ampli + buf

b−1 = −137 dB
sust. amplifier

b0 = −162 dB

10 MHz OCXO

−1

experimental data

b−3 = −103 dB

Cambridge University Press 2008 − ISBN 978−0−521−88677−2

File: 608−10811−bw

E. Rubiola − Phase noise and frequency stability in oscillators
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Example – Agilent prototype 102

F=1dB  b0 => P0=–12 dBm (b–3)osc     =>   σy=9.3x10–13  Q=1.6x105 
Q≟7x105  =>   σy=2.1x10–13 (Leeson)

/HzdBrad(f)ϕS 2

fL 7Hz~~

fc=4Hz f’L=320Hz’

−160

−140

−120

−100

−80

1 10

−180

(guess!)

Fourier frequency, Hz

10 10 10 10 102 3 4 5 6

/Hz

b−1 = −132 dBrad2/Hz

b−1 = −152 dBrad2/Hz

Comments of E. Rubiola

Agilent prototype

10 MHz OCXO
Courtesy of the IEEE

−1

 = −158 dBrad0b

−3b  = −102 dBrad2/Hz

/Hz = −126 dBrad2

simple sust. amplifier

corrected sust. amplifier

b
sust. ampli + buf

2

upper bound

possible

E. Rubiola − Phase noise and frequency stability in oscillators
Cambridge University Press 2008 − ISBN 978−0−521−88677−2

File: 609−karlq−xtal
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Interpretation of Sφ(f)    [1] 103

real phase-noise spectrum

Sanity check:
– power P0 at  amplifier input
– Allan deviation σy (floor)

after parametric estimation

fc 6dB~~
fL’’

S ϕ
(f

)

Leeson effect?

ν0

L2f’’
Qs=

evaluate

fL’’estimate

take away the
buffer 1/f noise

−1fb−1 −1b f−1b−3f−3

0

L’

−1
b0f

f f

flicker

buffer + sust.ampli

sustaining ampli

start from

b−1af

File: 602a−xtal−interpretation

E. Rubiola − Phase noise and frequency stability in oscillators
Cambridge University Press 2008 − ISBN 978−0−521−88677−2

2–3 buffer stages => the 
sustaining amplifier 
contributes ≲ 25% of the 
total 1/f noise

Only quartz-crystal oscillators



Interpretation of Sφ(f)    [2] 104

Technology suggests a merit factor Qt. In all xtal oscillators we find Qt ≫ Qs

−2

fcfL fL’ fL’’

S ϕ
(f

)

resonator 1/f
freq. noise

the Leeson effect
is hidden

fL
ν0=
2Qt

technology => Qt
b−3f−3

f

x

sustaining ampli

f

File: 602b−xtal−interpretation

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators

Only quartz-crystal oscillators



Example – Wenzel 501-04623 105

F=1dB  b0 => P0=0 dBm (b–3)osc     =>   σy=5.3x10–12  Q=1.4x104 
Q≟8x104  =>   σy=9.3x10–13 (Leeson)

Estimating (b–1)ampli 
is difficult because 
there is no visible
1/f region

Data are from the 
manufacturer web site.  
Interpretation and 
mistakes are of the 
authors.

1

−120

−140

1010 1010 5

−150

43
−180

−170

−160

210

Fourier frequency, Hz

−100

−130

−110

 =>
Lf’’ =3.5kHz

specifications

Sϕ(f) dBrad2/Hz

b−3=−67dBrad2/Hz

b0=−173 dBrad2/Hz

L =625Hzf

Leeson effect (hidden)
is about here

ampli noise (?)

Wenzel 501−04623
100 MHz OCXO
Comments of E. Rubiola

−30dB/dec

Q=8x10guess 4

Cambridge University Press 2008 − ISBN 978−0−521−88677−2
E. Rubiola − Phase noise and frequency stability in oscillators

File: 610−mywenzel



Quartz-oscillator summary 106

R =
(σy)oscill
(σy)Leeson

����
floor

=

�
(b−3)tot
(b−3)L

=
Qt

Qs
=

f ��L
fL

Oscillator ν0 (b−3)tot (b−1)tot (b−1)amp f �L f ��L Qs Qt fL (b−3)L R Note

Oscilloquartz
8600

5 −124.0 −131.0 −137.0 2.24 4.5 5.6×105 1.8×106 1.4 −134.1 10.1 (1)

Oscilloquartz
8607

5 −128.5 −132.5 −138.5 1.6 3.2 7.9×105 2×106 1.25 −136.5 8.1 (1)

Rakon
Pharao

5 −132.0 −135.5 −141.1 1.5 3 8.4×105 2×106 1.25 −139.6 7.6 (2)

FEMTO-ST
LD prot.

10 −116.6 −130.0 −136.0 4.7 9.3 5.4×105 1.15×106 4.3 −123.2 6.6 (3)

Agilent
10811

10 −103.0 −131.0 −137.0 25 50 1×105 7×105 7.1 −119.9 16.9 (4)

Agilent
prototype

10 −102.0 −126.0 −132.0 16 32 1.6×105 7×105 7.1 −114.9 12.9 (5)

Wenzel
501-04623

100 −67.0 −132 ? −138 ? 1800 3500 1.4×104 8×104 625 −79.1 15.1 (6)

unit MHz
dB

rad2/Hz
dB

rad2/Hz
dB

rad2/Hz
Hz Hz (none) (none) Hz

dB
rad2/Hz

dB

Notes
(1) Data are from specifications, full options about low noise and high stability.
(2) Measured by Rakon on a sample. Rakon confirmed that 2×106 < Q < 2.2×106 in actual conditions.
(3) LD cut, built and measured in our laboratory, yet by a different team. Qt is known.
(4) Measured by Hewlett Packard (now Agilent) on a sample.
(5) Implements a bridge scheme for the degeneration of the amplifier noise. Same resonator of the Agilent 10811.
(6) Data are from specifications.

T
he

 T
ab

le
 is

 f
ro

m
 E

. R
ub

io
la

, P
ha

se
 n

o
is

e 
an

d
 f

re
q

ue
nc

y 
st

ab
ili

ty
 in

 o
sc

ill
at

o
rs

,  
©

 C
am

b
ri

d
g

e 
U

ni
ve

rs
it

y 
P

re
ss



Courtesy of OEwaves (handwritten notes are mine). Cut from the oscillator specifications available at the 
URL http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf

107

Enrico Rubiola  –  The Leeson Effect   –   24 basics – commercial oscillators

Courtesy of OEwaves (handwritten notes are mine).

Cut from the oscillator specifications available at the URL http://www.oewaves.com/products/pdf/TIDALwave_Datasheet_012104.pdf

Opto-electronic oscillator

http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf
http://www.oewaves.com/products/pdf/TDALwave_Datasheet_012104.pdf


Resonator theory

108



Resonator – time domain
109

inductor

ZC
1

sC
=

ZR = R

ZL sL= d
dt

vL(t) i(t)L=

1
C 0

t
i(t’) dt’vC(t) =

vR(t) = R i(t)
v(t)

i(t)

capacitor

resistor

t

4Q2
1−p

i(t)

1
1/f

n

time
relaxation

envelope

ω=τ 2Q

e−t/τ

nωfp =
2π

ωn natural frequency
Q quality factor
τ relaxation time

τ = 2Q
ωn

ωp free-decay pseudofrequency
ωp = ωn

�
1− 1/4Q2

ẍ +
ωn

Q
ẋ + ω2

nx =
ωn

Q
v̇(t)

shorthand: f = ω/2π
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Resonator – frequency domain
110

1/   2

ωn

ωn

ωjω)(jβ| |

ω)(jβarg
ωn

Q

4Q2−1
ωnωp 2Q

=

ωn
4Q2

1−
1

=

ωpσp j+

ωnσp =
2Q

ωn

Q
β(s) ωn

Q nω2s2 + s +

s
=

ωpσp j−

oos=

ω

ω

(−3dB)

1

σ

frequency domain

lin−lin plot

lin−lin plot

complex plane

+π/2

−π/2

+π/4

−π/4

s = σ + jω
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111



Linear time-invariant (LTI) systems
112

Laplace

(t)δ
LTI
system

LTI
system

jω te H(jω) jω te

LTI
system

vi(t) vi(t)*h(t)

LTI
system

Vi (jω) H(jω) Vi(jω)

LTI
system

S ω)i( H(jω)| |2 S ω)i(

LTI
system

LTI
system

Vi Vi

est H(s) est

(s) (s)H(s)

time
domain

Fourier
transform

Noise
spectra

transform

h(t)

H(ω) =
� ∞

−∞
h(t) e

−jωt
dt

impulse response

response to the generic signal vi(t)

H(s), s=σ+jω, is the analytic continuation of 
H(ω) for causal system, where h(t)=0 for t<0

H(s) =
� ∞

0
h(t) e

−st
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Laplace-transform patterns 113
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Fundamental theorem of complex algebra:  F(s) is completely determined by its roots
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Resonator impulse response
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Q, !n
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&(t)

resonator

Q,  !n

&(t)

b
%

(t)b
$

(t)

resonator

cos(!
0
t+')

cos[!
0
t+%(t)]

t = 0

' !b(t) dt

set a small phase or amplitude

step ! at t=0, and linearize for !(0 

cos(!
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1
τ
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B(s) =
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(1+ ')cos(!
0
t)

[1+$(t)]cos(!
0
t)

2nd order differential equation

relaxation
time
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2Q

ωn

file: ele-resonator-delta-response

—  or  —

Cannot figure out a δ(t) of phase or amplitude?   Use a step and differentiate



Response to a phase step κ
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v’I (t)

v’O(t)

v’’I (t)

v’’O(t)

τ

phase κ

τ

phase 0

envelope

t

t

v(t)

envelope

v(t)

t

t

switched off at t = 0 switched on at t = 0

exponential decay exponential growth

A phase step is equivalent to switching a sinusoid off 
at t = 0, and switching a shifted sinusoid on at t=0

cos(ωpt) e−t/τ cos(ωpt + κ)
�
1− e−t/τ

�
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Resonator impulse response (ω0=ωn)

vi(t) = cos(ω0t) u(−t)� �� �
switched off at t = 0

+ cos(ω0t + κ) u(t)� �� �
switched on at t = 0

vo(t) = cos(ωpt) e−t/τ + cos(ωpt + κ)
�
1− e−t/τ

�
t > 0

vo(t) = cos(ωpt)− κ sin(ωpt)
�
1− e−t/τ

�
κ→ 0

vo(t) = cos(ω0t)− κ sin(ω0t)
�
1− e−t/τ

�
ωp → ω0

phase step κ at t=0

output

linearize

high Q

slow-varying phase vectorVo(t) =
1√
2

�
1 + jκ

�
1− e−t/τ

��

arctan
�
�{Vo(t)}
�{Vo(t)}

�
� κ

�
1− e−t/τ

�

impulse response

b(t) =
1
τ

e−sτ ↔ B(s) =
1/τ

s + 1/τ

phasor angle

delete κ and differentiate
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Detuned resonator (1)

phase step κ at t=0

�
α
ϕ

�
=

�
bαα bαϕ

bϕα bϕϕ

�
∗

�
ε
ψ

�
↔

�
A
Φ

�
=

�
Bαα Bαϕ

Bϕα Bϕϕ

� �
E
Ψ

�
amplitude

phase

Ω = ω0 − ωn

β0 = |β(jω0)|
θ = arg(β(jω0))

detuning

mudulus

phase

vi(t) =
1
β0

cos(ω0t− θ) u(−t)
� �� �

switched off at t = 0

+
1
β0

cos(ω0t− θ + κ) u(t)
� �� �

switched on at t = 0

=
1
β0

cos(ω0t− θ) u(−t) +
1
β0

�
cos(ω0t− θ) cos κ− sin(ω0t− θ) sinκ

�
u(t)

� 1
β0

cos(ω0t− θ) u(−t) +
1
β0

�
cos(ω0t− θ)− κ sin(ω0t− θ)

�
u(t) κ� 1.
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Detuned resonator (2)
output, large Q (ωp=ωn)

slow-varying phase vector

impulse response

vo(t) = cos(ω0t)− κ sin(ω0t) + κ sin(ωnt) e−t/τ

vo(t) = cos(ω0t)
�
1− κ sin(Ωt)e−t/τ

�
− κ sin(ω0t)

�
1− cos(Ωt)e−t/τ

�use Ω = ω0 – ωn

Vo(t) =
1√
2

�
1− κ sin(Ωt)e−t/τ + jκ

�
1− cos(Ωt)e−t/τ

��
κ� 1

arctan
�{Vo(t)}
�{Vo(t)} = κ

�
1− cos(Ωt)e−t/τ

�

|Vo(t)| = |Vo(0)|− κ sin(Ωt)e−t/τ

angle

amplitude

delete κ and differentiate

bϕϕ(t) =
�
Ω sin(Ωt) +

1
τ

cos(Ωt)
�
e−t/τ phase

bαϕ(t) =
�
−Ω cos(Ωt) +

1
τ

sin(Ωt)
�
e−t/τ amplitude



Resonator step and impulse response
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Frequency response
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Leeson effect
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Low-pass representation of AM-PM noise
123

PM AM

Leeson Effect extension of the LE to AM noise

The amplifier
– “copies” the input phase to the out
– adds phase noise

The amplifier
– compresses the amplitude
– adds amplitude noise

[1+!(t)] cos["0t+#(t)]

AMPM

$(t)%(t)

A
gain

compression

!

noise

real amplifier

resonator

RF, μwaves
or optics

low-pass equivalent

!(t) ↔ "(s)

b(t) ↔ B(s)

low-pass

!

#(t) ↔ $(s)

1

%(t)

!
&
v
(t) ↔ A

v
(s)

1 u

1
A

A

b(t) ↔ B(s)

low-pass

&
u
(t) ↔ A

u
(s)

gain fluctuat.

'(t) ↔ N(s)

saturation

u v



Effect of feedback
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Leeson effect
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phase-noise transfer function

H(s) =
Φ(s)

Ψ(s) definition

H(s) =
1

1 + AB(s)

general
feedback
theory

Leeson
effect

H(s) =
1 + sτ

sτ

complex plane transfer function

B(s) =
1/τ

s + 1/τ

A = 1
noisy amplifier

resonator

!(t) ↔ "(s)

b(t) ↔ B(s)
low-pass

!

#(t) ↔ $(s)

1

|H(jf)|2

ffL

1/f2

f0

fL =
ν0

2Q

!

j"H(s)

−1/τ

low-pass

! 1

v
1

v
2

relaxation time

" = 2Q/#
0file: ele-PM-scheme

!(t) ↔ "(s) #(t) ↔ $(s)



Detuned resonator
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Low-pass model of amplitude (1)
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differential equation

simple feedback theory

Gain compression is necessary for the 
oscillation amplitude to be stable

The Laplace / Heaviside formalism  cannot be used because the amplifier is non-linear

First we need to relate the system restoring time τr to the relaxation time τ

v2 =
1
τ

�
(v1 − v2) dt

!(t)

low-pass

!
v = 1+"

v

v
1

v
2

A

u = 1+"
u

relaxation time

" = 2Q/#
0file: ele-AM-scheme

u = � + v2

v2 = u− �

u̇− 1
τ

(A− 1) u =
1
τ

� + �̇

v1 = v = Au

u = � +
1
τ

�
(A− 1)u + � dt



Common types of gain saturation
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Gain compression is necessary for the oscillation amplitude to be stable

A

u

v

A
u

van der Pol
(quadratic)

linear  A=1–!(u-1)

hard clipping

soft clipping

1

1

oscillator operation

A
0

A
0

A
0

file: ele-clipping-types



Three asymptotic cases

homogeneous
differential
equation

Low-pass model of amplitude (2)
129

Startup:   u→0,    A → A0 > 1 

Regime:   u→1,   A = 1 – γ (u – 1) 

Linear gain:   A = 1 – γ (u – 1)

At low RF amplitude, 
let the gain be an 
arbitrary value 
denoted with A0

For small fluctuation 
of the stationary RF 
amplitude, the gain 
varies linearly with V

Simplification: the 
gain varies linearly 
with V in all the input 
range

rising exponential

restoring time constant τr = τ/γ

A = 1–!(u–1)

1 u

1

A0

Gain compression

1

A
0

1 uCase A

1
A = 1–!(u–1)

1 uCase B

1
A = 1–!(u–1)

1 uCase C

u̇− 1
τ

(A− 1) u = 0

u̇− 1
τ

(A0 − 1) u = 0 ⇒ u = C1e
(A0−1) t/τ

u̇ +
γ

τ
(u− 1) u = 0 ⇒ u = C2e

−γ t/τ

u =
1�

1
u(0) − 1

�
e−γt/τ + 1



Startup – analysis vs. simulation
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van der Pol oscillator
simulated by RB

analytical solution,
A = 1–γ(u–1)

10 MHz oscillator
L = 1 mH
R = 125 Ω
Q ~ 503

ex
p

o
ne

nt
ia

l

sa
tu

ra
tio

n

Rising exponential.
We find the same 

time constant –τ/γ



Gain fluctuations  –  definition
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Gain compression is necessary for the oscillation amplitude to be stable

A

u

ideal
A=1–!(u-1)

1

1

oscillator operationfluctuating  
A=1–!(u-1)+"

fluctuation "

v

A
u

file: ele-gain-fluctuation



Gain fluctuations  –  output is u
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1 1

η

Linearize for low noise and 
use the Laplace transforms

linearization
for low noise

non-linear
equation

linearized
equation

definition

result

Laplace
transform

!(t)

low-pass

!
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v

v
1

v
2

A

u = 1+"
u

relaxation time

" = 2Q/#
0file: ele-AM-scheme

αu(t)↔ Au(s) and η(t)↔ N (s)

Hu(s) =
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1
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τ
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η

�
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file: ele-Hu-AM



Gain fluctuations  –  output is v
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η

boring algebra relates αv to αu result

starting
equation

linearization
for low noise

definition

H(s) =
s + 1/τ

s + γ/τ
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0file: ele-AM-scheme

v = Au
A = −γ(u− 1) + 1 + η

v = [−γ(u− 1) + 1 + η]u
v = [−γαu + 1 + η] [1 + αu]
1 + αv = 1 + η − γαu + αu − αuη − γα2

u

αv = (1− γ)αu + η
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Additive noise  –  output is u
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1

Linearize for low noise and 
use the Laplace transforms

lineariz.
for 

low noise

non-linear
equation

linearized
equation

definition

result

Laplace
transform

αu(t)↔ Au(s) and �(t)↔ E(s)

Hu(s) =
Au(s)

E(s)

Hu(s) =
s + 1/τ

s + γ/τ

u̇ =
1
τ

(A− 1)u + �̇ +
1
τ

�

A = 1− γ(u− 1)

u̇ +
γ

τ
(u− 1)u = �̇ +

1
τ

�

α̇u αu

!(t)

low-pass

!
v = 1+"

v

v
1

v
2

A

u = 1+"
u

relaxation time

" = 2Q/#
0file: ele-AM-scheme α̇u +

γ

τ
αu = �̇ +

1
τ

�

�
s +

γ

τ

�
Au(s) =

�
s +

1
τ

�
E(s)

!

j"

fL γfLγfL

!<1

!>1

|H
(
jf

)
|2 Leeson

!

j"

–1/#

–1/#–$/#

–$/#

!<1

[!>1]

file: ele-H-AM



Additive noise  –  output is v
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Laplace
transform

boring algebra relates α’ to α

linearization
for low noise

linearized
equation

result

definition
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AM-PM noise coupling
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Will be shown in the case 
of the delay-line oscillator



Leeson effect
in delay-line oscillators

137



Motivations
138

[1+α(t)] cos[ω0t+φ(t)]

AMPM

η(t)ψ(t)

Aβf
mode selector

EOM βd
delay line

laser

optics

out

© Corning

tunable bandpass filter

• Potential for very-low phase noise in the 100 Hz – 1 MHz range
• Invented at JPL, X. S. Yao & L. Maleki, JOSAB 13(8) 1725–1735, Aug 1996
• Early attempt of noise modeling, S. Römisch & al., IEEE T UFFC 47(5) 

1159–1165, Sep 2000
• PM-noise analysis, E. Rubiola, Phase noise and frequency stability in 

oscillators, Cambridge 2008 [Chapter 5]

• Since, no progress in the analysis of noise at system level
• Nobody reported on the consequences of AM noise



Low-pass representation of AM-PM noise
139

PM AM

Leeson Effect extension of the LE to AM noise

The amplifier
– “copies” the input phase to the out
– adds phase noise

The amplifier
– compresses the amplitude
– adds amplitude noise

μwave

low-pass equivalent

ψ(t) ↔ Ψ(s)

b(t) ↔ B(s)
low-pass & delay

Σ
φ(t) ↔ Φ(s)

1
ε(t)

Σ
αv(t) ↔ Av(s)

1 u

1
A

A

b(t) ↔ B(s)

αu(t) ↔ Au(s)

gain fluctuat.

η(t) ↔ N(s)
saturation

u v

low-pass & delay

[1+α(t)] cos[ω0t+φ(t)]

AMPM

η(t)ψ(t)

A gain
compression

noise
real amplifier

βf
mode selector

βd
delay line

E. Rubiola & R. Brendel, arXiv:1004.5539v1, [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1
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phase-noise transfer function

H(s) =
Φ(s)

Ψ(s)
definition

H(s) =
1

1 + AB(s)

general
feedback
theory

Leeson
effect

H, complex plane transfer function |H|2

A = 1
noisy amplifier

feedback

E. Rubiola, Phase noise and frequency stability in oscillators, Cambridge 2008

B(s) =
e−sτ

1 + sτf

H(s) =
1 + sτf

1 + sτf − e−sτ

!m

"
µ=0

µ=#1

µ=#2

. . . .

. . . .

µ=+2

µ=+1

= j

!m

2Q

µ
m$d

%! = # 2Q

µ
m$d

%! = # 2Q

!m (2&/$d )

2Q2 µ
m

2

$d

" = #

(2&/$d ) µ

(2&/$d ) µ

ψ(t) ↔ Ψ(s)

b(t) ↔ B(s)
low-pass & delay

Σ
φ(t) ↔ Φ(s)

1



Gain fluctuations  –  definition
141

Gain compression is necessary for the oscillation amplitude to be stable

A

u

ideal
A=1–!(u-1)

1

1

oscillator operationfluctuating  
A=1–!(u-1)+"

fluctuation "

v

A
u

file: ele-gain-fluctuation

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1
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η

Linearize for low noise and 
use the Laplace transform

use u=α+1, expand and linearize for low noise

linearized equation

result

Laplace transform

αu(t)↔ Au(s) and η(t)↔ N (s)

A = 1− γ(u− 1) + η

Σ A

file: ele-OEO-AM-scheme
delay    

low-pass

u = 1 + αu

αu(t)↔ Au(s)

v = 1 + αv

αv(t)↔ Av(s)

ε(t)↔ E(s)

τ

H(s) =
Au(s)

N (s)

H(s) =
1

1− (1− γ)e−sτ

definition

u = A(t− τ) u(t− τ)
non-linear
equation

α(t) = (1− γ)α(t− τ)− γα2(t− τ)
+ η(t− τ) + η(t− τ)α(t− τ)

0
0

α(t) = (1− γ)α(t− τ) + η(t− τ)

Au(s) =
�
1− (1− γ)e−sτ

�
= N (s)

The low-pass has only 2nd order effect on AM



Gain fluctuations  –  output is v(t)
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boring algebra relates αv to αu
result

linearization
for low noise

v = Au
A = −γ(u− 1) + 1 + η

v = [−γ(u− 1) + 1 + η]u
v = [−γαu + 1 + η] [1 + αu]
1 + αv = 1 + η − γαu + αu − αuη − γα2

u

αv = (1− γ)αu + η

αu =
αv − η

1− γ

Au(s) =
Av(s)−N (s)

1− γ

Au(s)
�
1− (1− γ)e−ıωτ

�
= N (s)

H(s) =
Av(s)

N (s) definition

starting equation

η
Σ A

file: ele-OEO-AM-scheme
delay    

low-pass

u = 1 + αu

αu(t)↔ Au(s)

v = 1 + αv

αv(t)↔ Av(s)

ε(t)↔ E(s)

τ

�
1 + (1− γ)

�
1− e−sτ

��
Av(s) =

�
1− (1− γ)e−sτ

�
N (s)

H(s) =
1 + (1− γ) (1− e−sτ

)

1− (1− γ)e−sτ

The low-pass has only 2nd order effect on AM

use u=α+1
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Fig. 3. Theoretical power density spectrum of the microwave noise
signal below threshold, with rad /Hz and , using
(14). The semi-logarithmic scale is adopted because it enables to see at the same
time the fine structure of regularly spaced ring-cavity peaks, and the global vari-
ation shaped by the RF filter bandwidth. This spectrum is divided into two areas:
a quasi-flat area within bandwidth, and a dB/dec decrease outside the band-
width.

Fig. 4. Experimental power density spectra of the microwave noise below
threshold. The spectrum has been scaled to its maximum (reference at 0 dB).
(a) Spectrum in a 200 MHz window, showing how the noisy power density is
profiled by the RF filter. (b) Zoom-in with near the 10 GHz central frequency
in a 500 kHz window, showing the noisy ring-cavity peaks.

where is a real Gaussian white noise of correlation
[same variance as ]. We

Fig. 5. Theoretical phase noise spectrum above threshold in a 500 MHz
window, with rad /Hz, rad /Hz,

kHz and Hz. The dimensionless amplitude of the
microwave oscillation is , corresponding to a power of 10.5 dBm.

can use (18) to obtain the Fourier spectrum of the phase
, and then its power density spectrum following

(19)

Note that here, the influence of gain on phase noise is not explicit
anymore: it is implicitly contained in . Fig. 5 displays the
phase noise spectrum explicitly expressed by (19), and we can
now analyze how the spectrum behaves according to the various
frequency ranges.

A. Phase Noise Close to the Carrier

Here, we consider the spectrum for frequencies which are rel-
atively close to the carrier (with , however). Qualita-
tively, this corresponds to the frequencies that are much smaller
than the high corner value of the multiplicative flicker noise.
In this region, flicker noise is stronger than white noise, so that

. On the other hand, we can also con-
sider that . Therefore, taking into account the
fact that , (19) can be simplified into

(20)

Some remarks can be made at this stage. First, The Leeson effect
[13] is here very explicit: the phase noise spectrum decreases as

due to the flicker noise. Secondly, phase noise is in-
versely proportional to . Thirdly, phase noise is practically
independent of the microwave amplitude , as long as mul-
tiplicative noise is stronger than additive noise near the carrier.
Finally, phase noise decreases as , therefore justifying the
need for very long delay-lines to reduce phase noise close to the
carrier. This dependence was also recovered analytically by Yao
and Maleki, using another theoretical approach [1]. Hence, in
first approximation there are three ways to reduce phase noise
close to the carrier: reduce the power of flicker noise, in-
crease the delay or increase the factor of the RF filter.

Authorized licensed use limited to: IEEE Xplore. Downloaded on February 4, 2009 at 03:37 from IEEE Xplore.  Restrictions apply.
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atively close to the carrier (with , however). Qualita-
tively, this corresponds to the frequencies that are much smaller
than the high corner value of the multiplicative flicker noise.
In this region, flicker noise is stronger than white noise, so that

. On the other hand, we can also con-
sider that . Therefore, taking into account the
fact that , (19) can be simplified into

(20)

Some remarks can be made at this stage. First, The Leeson effect
[13] is here very explicit: the phase noise spectrum decreases as

due to the flicker noise. Secondly, phase noise is in-
versely proportional to . Thirdly, phase noise is practically
independent of the microwave amplitude , as long as mul-
tiplicative noise is stronger than additive noise near the carrier.
Finally, phase noise decreases as , therefore justifying the
need for very long delay-lines to reduce phase noise close to the
carrier. This dependence was also recovered analytically by Yao
and Maleki, using another theoretical approach [1]. Hence, in
first approximation there are three ways to reduce phase noise
close to the carrier: reduce the power of flicker noise, in-
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AM noise PSD, dB/Hz PM noise PSD, dBrad2/Hz 

Y.K. Chembo & al., IEEE J. Quant. Electron. 45(2) p.178-186, Feb 2009

• Prediction is based on the stochastic diffusion (Langevin) theory
• However complex, the Langevin theory provides an independent check

selector roll-off
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R. Brendel & E. Rubiola, Proc. 2007 IFCS p.1099-1105, Geneva CH, 28 may - 1 Jun 2007

• In the gain-compression region, RF amplitude affects the phase
• The consequence is that AM noise turns into PM noise
• Well established fact in quartz oscillators (Colpitts and other schemes)
• Similar phenomenon occurs in other types of (sustaining) amplifier

Oscillation amplitude is hidden in the current

Real part Imaginary part



Correlation between AM and PM noise
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PMAM noise-free
amplifier

u(t) v(t)

y(t) x(t) 
correlated
noise

input output

file: AM-PM-correl

a bc d

z(t) 

• Bipolar transistor.  The fluctuation of the 
carriers in the base region acts on the base 
thickness, thus on the gain, and on the 
capacitance of the reverse-biased base-
collector junction.

• Field-effect transistor.  The fluctuation of 
the carriers in the channel acts on the 
drain-source current, and also on the gate-
channel capacitance because the distance 
between the `electrodes' is affected by the 
channel thickness.

• Laser amplifier.  The fluctuation of the 
pump power acts on the density of the 
excited atoms, and in turn on gain, on 
maximum power, and on refraction index.

The need for this model comes from 
the physics of popular amplifiers

AM and PM fluctuations are 
correlated because originate from 
the same near-dc random process

a=b=0.7
c=d=0

a=0.4
b=0.4
c=0.2
d=0.8

a=b=0
c=d=0.7

a=0.4
b=0.92
c=d=0

a2 + b2 + c2 + d2 = 1

R. Boudot, E. Rubiola, arXiv:1001.2047v1, Jan 2010.  Also IEEE T MTT (submitted)



Parametric noise & AM-PM noise coupling
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wψ

v = 1+αv

αv(t) ↔ Av(s)

u = 1+αu
αu(t) ↔ Au(s)η(t) ↔ N(s)

Σ

Σ 1
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file: ele-AM-PM-cpl-param
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Hu(s) =
1

1− (1− γ)e−sτ

Hv(s) =
1 + (1− γ) (1− e−sτ

)

1− (1− γ)e−sτ

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1


Effect of AM-PM noise coupling
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E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1


Noise transfer function and spectra
149

AM-PM coupling shows up here

In a real oscillator, flicker noise shows up below some 10 kHz
In the flicker region, all plots are multiplied by 1/f

Notice that the AM-PM coupling can increase or decrease the PM noise



Noise spectra
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Spectrum from K. Volyanskiy & al., IEEE JLT (Submitted, Apr. 2010)

Unfortunately, the awareness of this model come after the end of the experiments
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AM-PM coupling?  2 dB lag



Noise spectra
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X.S.Yao & al., NASA TMO Report 42-135 (1998), Fig. 6
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where T is the fiber temperature and To is the temperature at which the TCD is zero. On the other
hand, the frequency stability of the OEO determined by the temperature fluctuation can be expressed as

∆fosc

fosc
= −∆T × TCD (11)

Therefore, one may obtain a frequency stability of 10−14 if the fiber is stabilized to within 1 millidegree
centigrade from To.

We also designed and built a temperature chamber and demonstrated the feasibility of stabilizing a
2-km fiber spool to within 1 millidegree centigrade.

IV. Summary
In summary, we have designed, built, and characterized a double-loop OEO operating at 10 GHz. The

free-running OEO has achieved an unsurpassed low phase noise of −140 dBc/Hz at 10 kHz away from the
carrier. Such a low phase noise oscillator can find wide applications in radar systems, microwave photonic

7

Yao & al - (Dual-loop OEO)
Nasa TMO Report 42-135 1998, Fig.6

AM-PM coupling?



Cryogenic oscillator
(Elisa)
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Cryogenic Sapphire Oscillator -> frequency stability
Cryocooler -> Autonomy

Challenge : vibrations and temperature fluctuations into the cryocooler

Ultrastable oscillator technologies
153



Sapphire resonator

• Hemex grade sapphire monocrystal
• Whispering-gallery mode, frequency 10 GHz 
• Sytnthesizer fixes machining tolerance (≈ MHz)
• Quality factor Q ≈ 1E9 at 5-8 K
• Temperature turning point
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Electronics
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