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Motivations
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• Potential for very-low phase noise in the 100 Hz – 1 MHz range
• Invented at JPL, X. S. Yao & L. Maleki, JOSAB 13(8) 1725–1735, Aug 1996
• Early attempt of noise modeling, S. Römisch & al., IEEE T UFFC 47(5) 

1159–1165, Sep 2000
• PM-noise analysis, E. Rubiola, Phase noise and frequency stability in 

oscillators, Cambridge 2008 [Chapter 5]

• Since, no progress in the analysis of noise at system level
• Nobody reported on the consequences of AM noise



Low-pass representation of AM-PM noise
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Leeson Effect extension of the LE to AM noise
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Leeson effect
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phase-noise transfer function
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E. Rubiola, Phase noise and frequency stability in oscillators, Cambridge 2008
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Gain fluctuations  –  definition
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Gain compression is necessary for the oscillation amplitude to be stable
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E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1


Gain fluctuations  –  output is u(t)
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η

Linearize for low noise and 
use the Laplace transform

use u=α+1, expand and linearize for low noise

linearized equation

result

Laplace transform
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The low-pass has only 2nd order effect on AM



Gain fluctuations  –  output is v(t)
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boring algebra relates αv to αu
result

linearization
for low noise
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The low-pass has only 2nd order effect on AM

use u=α+1



AM & PM spectra were anticipated
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Fig. 3. Theoretical power density spectrum of the microwave noise
signal below threshold, with rad /Hz and , using
(14). The semi-logarithmic scale is adopted because it enables to see at the same
time the fine structure of regularly spaced ring-cavity peaks, and the global vari-
ation shaped by the RF filter bandwidth. This spectrum is divided into two areas:
a quasi-flat area within bandwidth, and a dB/dec decrease outside the band-
width.

Fig. 4. Experimental power density spectra of the microwave noise below
threshold. The spectrum has been scaled to its maximum (reference at 0 dB).
(a) Spectrum in a 200 MHz window, showing how the noisy power density is
profiled by the RF filter. (b) Zoom-in with near the 10 GHz central frequency
in a 500 kHz window, showing the noisy ring-cavity peaks.

where is a real Gaussian white noise of correlation
[same variance as ]. We

Fig. 5. Theoretical phase noise spectrum above threshold in a 500 MHz
window, with rad /Hz, rad /Hz,

kHz and Hz. The dimensionless amplitude of the
microwave oscillation is , corresponding to a power of 10.5 dBm.

can use (18) to obtain the Fourier spectrum of the phase
, and then its power density spectrum following

(19)

Note that here, the influence of gain on phase noise is not explicit
anymore: it is implicitly contained in . Fig. 5 displays the
phase noise spectrum explicitly expressed by (19), and we can
now analyze how the spectrum behaves according to the various
frequency ranges.

A. Phase Noise Close to the Carrier

Here, we consider the spectrum for frequencies which are rel-
atively close to the carrier (with , however). Qualita-
tively, this corresponds to the frequencies that are much smaller
than the high corner value of the multiplicative flicker noise.
In this region, flicker noise is stronger than white noise, so that

. On the other hand, we can also con-
sider that . Therefore, taking into account the
fact that , (19) can be simplified into

(20)

Some remarks can be made at this stage. First, The Leeson effect
[13] is here very explicit: the phase noise spectrum decreases as

due to the flicker noise. Secondly, phase noise is in-
versely proportional to . Thirdly, phase noise is practically
independent of the microwave amplitude , as long as mul-
tiplicative noise is stronger than additive noise near the carrier.
Finally, phase noise decreases as , therefore justifying the
need for very long delay-lines to reduce phase noise close to the
carrier. This dependence was also recovered analytically by Yao
and Maleki, using another theoretical approach [1]. Hence, in
first approximation there are three ways to reduce phase noise
close to the carrier: reduce the power of flicker noise, in-
crease the delay or increase the factor of the RF filter.

Authorized licensed use limited to: IEEE Xplore. Downloaded on February 4, 2009 at 03:37 from IEEE Xplore.  Restrictions apply.
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AM noise PSD, dB/Hz PM noise PSD, dBrad2/Hz 

Y.K. Chembo & al., IEEE J. Quant. Electron. 45(2) p.178-186, Feb 2009

• Prediction is based on the stochastic diffusion (Langevin) theory
• However complex, the Langevin theory provides an independent check

selector roll-off



Amplitude-phase coupling in amplifiers
9
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R. Brendel & E. Rubiola, Proc. 2007 IFCS p.1099-1105, Geneva CH, 28 may - 1 Jun 2007

• In the gain-compression region, RF amplitude affects the phase
• The consequence is that AM noise turns into PM noise
• Well established fact in quartz oscillators (Colpitts and other schemes)
• Similar phenomenon occurs in other types of (sustaining) amplifier

Oscillation amplitude is hidden in the current

Real part Imaginary part



Correlation between AM and PM noise
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PMAM noise-free
amplifier

u(t) v(t)

y(t) x(t) 
correlated
noise

input output

file: AM-PM-correl

a bc d

z(t) 

• Bipolar transistor.  The fluctuation of the 
carriers in the base region acts on the base 
thickness, thus on the gain, and on the 
capacitance of the reverse-biased base-
collector junction.

• Field-effect transistor.  The fluctuation of 
the carriers in the channel acts on the 
drain-source current, and also on the gate-
channel capacitance because the distance 
between the `electrodes' is affected by the 
channel thickness.

• Laser amplifier.  The fluctuation of the 
pump power acts on the density of the 
excited atoms, and in turn on gain, on 
maximum power, and on refraction index.

The need for this model comes from 
the physics of popular amplifiers

AM and PM fluctuations are 
correlated because originate from 
the same near-dc random process

a=b=0.7
c=d=0

a=0.4
b=0.4
c=0.2
d=0.8

a=b=0
c=d=0.7

a=0.4
b=0.92
c=d=0

a2 + b2 + c2 + d2 = 1

R. Boudot, E. Rubiola, arXiv:1001.2047v1, Jan 2010.  Also IEEE T MTT (submitted)



Parametric noise & AM-PM noise coupling
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wψ

v = 1+αv

αv(t) ↔ Av(s)

u = 1+αu
αu(t) ↔ Au(s)η(t) ↔ N(s)

Σ

Σ 1

A

file: ele-AM-PM-cpl-param
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Hϕ(s) =
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AM → PM
coupling

ψ"(t) ↔ Ψ"(s)

x(t) ↔ X(s)

Hu(s) =
1

1− (1− γ)e−sτ

Hv(s) =
1 + (1− γ) (1− e−sτ

)

1− (1− γ)e−sτ

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1


Effect of AM-PM noise coupling
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E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1
http://arxiv.org/abs/1004.5539v1


Noise transfer function and spectra
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AM-PM coupling shows up here

In a real oscillator, flicker noise shows up below some 10 kHz
In the flicker region, all plots are multiplied by 1/f

Notice that the AM-PM coupling can increase or decrease the PM noise



Noise spectra
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Spectrum from K. Volyanskiy & al., IEEE JLT (Submitted, Apr. 2010)

Unfortunately, the awareness of this model come after the end of the experiments
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Noise spectra
15

X.S.Yao & al., NASA TMO Report 42-135 (1998), Fig. 6
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Fig. 6.  A comparison of single side-band
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Fig. 7.  Temperature dependencies of the thermal
coefficient of delay of the low TCD fiber and the
RF phase of a 0.5-GHz signal transmitting through
the fiber.

where T is the fiber temperature and To is the temperature at which the TCD is zero. On the other
hand, the frequency stability of the OEO determined by the temperature fluctuation can be expressed as

∆fosc

fosc
= −∆T × TCD (11)

Therefore, one may obtain a frequency stability of 10−14 if the fiber is stabilized to within 1 millidegree
centigrade from To.

We also designed and built a temperature chamber and demonstrated the feasibility of stabilizing a
2-km fiber spool to within 1 millidegree centigrade.

IV. Summary
In summary, we have designed, built, and characterized a double-loop OEO operating at 10 GHz. The

free-running OEO has achieved an unsurpassed low phase noise of −140 dBc/Hz at 10 kHz away from the
carrier. Such a low phase noise oscillator can find wide applications in radar systems, microwave photonic

7

Yao & al - (Dual-loop OEO)
Nasa TMO Report 42-135 1998, Fig.6

AM-PM coupling?



Conclusions
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home page http://rubiola.org

•Well-established framework, fully tested with PM noise

•Extension of the Leeson effect to the oscillator AM noise

• Simple analytical model and theory

• The results from the Laplace/Heaviside approach (ER) are in close 
agreement with the results from the Langevin/diffusion approach (YKC), yet 
developed independently

• Most of the relevant conclusions were anticipated by ER & RB (2007 IFCS, 
and E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det]), and now 
adapted to the OEO

•AM-PM coupling can increase or decrease parametric 
PM noise in the region between γfL and fL (≈1 decade)

•The theory of AM-PM coupling needs experiments

This work is partially supported by the contract CNES/60281/00
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