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International coordination of metrology 3

https://metrologie-francaise.lne.fr/fr/metrologie/les-organisations-internationales



Uncertainty
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Measured Quantity 5

𝑄 = {𝑄}[Q]
Numerical

value
Unit

Write the result (general)

𝑚𝑒 = 9.109 × 10−31 kg

Good examples

𝐺 = 6.674 × 10−11 m3kg−1s−2

𝜃 = 3.21 × 20−2 rad

𝑐 = 299792458 ms−1

𝑇 = 373.15 K

Bad examples
𝑚𝑒 = 9.109 ⋅ 10−31 kg

𝑐 = 299,792,458 m/s

𝑇 = 373.15 ∘𝐾

Read “Rules and style conventions”, § 5.4 of the SI Brochure
BIPM, The International System of Units, 9th ed., 2019

𝑚𝑒 = 9.109 ⋅ 10−31 𝑘𝑔

The 7 base 
quantities𝖰 = 𝖫𝛼𝖬𝛽𝖳𝛾𝖨𝛿Θ𝜖𝖭𝜁𝖩𝜂



Precision vs Accuracy
• Let us start with old concepts

• True value QT

• Measured value QM

• Error E = QM – QT

• Averaging repeated measures improves the 
estimate
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Expressing the Uncertainty 7

𝑚𝑒 = 9.1093837015 × 10−31 kg

𝑢 𝑚𝑒 = 0.0000000028 × 10−31 kg

𝑢(𝑚𝑒)/𝑚𝑒 = 3 × 10−10

𝑚𝑒 = 9.1093837015 28 × 10−31 kg

Value

Standard uncertainty
(1σ if not otherwise stated)

Standard relative uncertainty

𝑢𝑟(𝑚𝑒) = 3 × 10−10“r” —> “relative” (fractional) 𝑢(𝑄)/|𝑄|

If Q has sign, use 

Condensed expression

Full expression 𝑚𝑒 = 9.1093837015 ± 0.0000000028 × 10−31 kg

𝔘(𝑚𝑒) = 𝑘𝑢Expanded uncertainty eg., 95%

Non standard expression

𝑢(𝑄) = 𝑈(𝑄)/|𝑄|

uncertainty (absolute)𝑈(𝑄)
relative uncertainty



Statistics and uncertainty

• Something goes wrong even in 
everyday life.  

• Example: The needle shows
𝑚 = 1.02 kg

• Repeated measurements give the 
same value.  Statistics says

𝜇 = 1.02 kg
𝜎 = 0

• Perfect measure?

• Nope, statistics does not tell the 
whole story 

8



A-type uncertainty

2.28 – Type A evaluation of 
measurement uncertainty 
Type A evaluation. Evaluation of a 
component of measurement uncertainty 
by a statistical analysis of measured 
quantity values obtained under defined 
measurement conditions 

Things may not be that simple

Increasing the number of measures may 
not reduce the uncertainty

9

The needle is at 
the rest, does this 
mean 𝜎 = 0?



B-type uncertainty

Temperature

Aging

Calibration

Cleaning

Latitude (why?)

Position

Linearity

Horizontality error Archimede’s buoyant force
(more than you expect)

Rules

• Understand the system in depth 

• Identify/measure all corrections and influence 
quantities

• Ensemble statistics may help

…and good luck

2.29 – Type B evaluation of measurement 
uncertainty 
Type B evaluation.  Evaluation of a component 
of measurement uncertainty determined by 
means other than a Type A evaluation of 
measurement uncertainty

10

The needle is at 
the rest, but a

Model, and correct for errors
Uncertainty is what remains afterwards



Combined uncertainty 11

𝑢𝐶
2 = 𝑢𝐴

2 + 𝑢𝐵
2

𝑢𝐴
2 = ∑

𝑖
𝑢𝐴,𝑖
2

𝑢𝐵
2 = ∑

𝑗
𝑢𝐵,𝑗
2

Be careful with correlations

Example – PTB CSF2, x10–15

Table 1, from V. Gerginov et al., “Uncertainty evaluation of the caesium fountain 
clock PTB-CSF2,” Metrologia 47 008 p.65-79, 2008.  ©IOP

Note: replace this table with a CC BY example



Compatibility 12

• Measures are said 
compatible when the 
uncertainty regions 
overlap

• This is not always the 
case

Measurement of the Planck constant

Beware, measuring ℎ is no longer possible



Zero (null) uncertainty 13

4.29 – null measurement uncertainty 
measurement uncertainty where the 
specified measured quantity value is zero 

Funny example – Is the result valid?

Answer separately for DC and in AC 
measurements?

Legal metrology

• Pollution from Hg in water

• Your instrument says
(320 ± 400) µg/m3

• What can you say?



Intrinsic uncertainty of the measurand 14

Meaning

• You cannot measure better than 
what the measurand allows

Examples

• Height of human body
(1-2 cm morning-to-evening)

• Mass of human body
(≈1 kg morning-to-evening)

• Thickness of a sleeve

2.27 – definitional uncertainty. 
Component of measurement uncertainty 
resulting from the finite amount of detail in 
the definition of a measurand 

80 kg



Influence quantity

Examples

• Frequency, in the measurement of VAC

• Voltage measurement of a well-
shielded  Weston cell

• Temperature of the room, thermal 
gradients, air flow —> thermocouples, 
voltmeter 

• Magnetic fields —> voltage fluctuations

15

IQs affect the measurement chain, not the measurand

As our skill progresses, IQs —> corrections

2.52 influence quantity 
quantity that, in a direct measurement, does not affect the quantity 
that is actually measured, but affects the relation between the 
indication and the measurement result 

Counterexamples
• Cs frequency standard 

• Blackbody radiation 
• Magnetic field
• Blackbody radiation 

• Probe capacitance in the measurement 
of a rise time



Repeatability

Repeat means same experiment: same 
equipment, conditions and operator

Repeatability is broadly related to the 
mathematical concept of Stationarity

• The result and its statistical properties 
do not depend on the origin of time

• Stationarity should go with specific 
parameters (typically, average and 
variance)

Caveat: repeatability and stationarity 
belong to different branches of science

16

2.21 (3.6)
measurement repeatability 
measurement precision under a set of repeatability conditions of measurement 

2.20 (3.6, Notes 1 and 2)
repeatability condition of measurement repeatability 
condition 
condition of measurement, out of a set of conditions that 
includes the same measurement procedure, same 
operators, same measuring system, same operating 
conditions and same location, and replicate measurements 
on the same or similar objects over a short period of time 

NOTE 1 A condition of measurement is a repeatability 
condition only with respect to a specified set of 
repeatability conditions. 

NOTE 2 In chemistry, the term “intra-serial precision 
condition of measurement” is sometimes used to designate 
this concept. 



Reproducibility

Reproduce means nominally equal 
experiment.

Equipment, conditions and operator may be 
different

Reproducibility  is broadly related to the 
mathematical concept of Ergodicity

• The result and its statistical properties do 
not depend on the sample in the 
statistical ensemble

• Ergodicity should go with specific 
parameters (typically, average and 
variance

• Ergodicity makes sense only wits 
stationary processes

17

2.25 (3.7)
measurement reproducibility  
measurement precision under reproducibility conditions of measurement 
NOTE Relevant statistical terms are given in
ISO 5725-1:1994 and ISO 5725-2:1994. 

2.24 (3.7, Note 2)
reproducibility condition of measurement reproducibility 
condition 
condition of measurement, out of a set of conditions that 
includes different locations, operators, measuring systems, 
and replicate measurements on the same or similar objects 

NOTE1 The different measuring systems may use different 
measurement procedures. 

NOTE2 A specification should give the conditions changed 
and unchanged, to the extent practical. 



Read also section 2 of the VIM

• Principle is not the same as Method

• True value, and Conventional value

• Accuracy, Trueness, and Precision

• Error, Systematic error, Bias, Random error, 

• Calibration, Calibration hierarchy,

• Traceability, Traceability chain 

18

You may not need to learn all of this
At least, be aware that these terms have a precise technical meaning

International Vocabulary of Metrology, https://jcgm.bipm.org/vim/en/index.html



Expectation

Estimation

Examples

• One value from an instrument

• The average of m values

• The length of the shadow to 
estimate the height of a tower

• The ß decay to estimate the 
amount of 137Cs

19

Estimator: algorithm/process used to 
estimate the value of Q

In many cases the finite average is a good estimator

…but other estimators are possible

Unbiased estimator Biased estimator

Best estimator: the best choice, according to some criteria

what the ideal world should be

𝑄 = 𝑄 𝑚

𝔼 𝑄 = 𝔼 𝑄 𝔼 𝑄 ≠ 𝔼 𝑄

Uncertainty and noise are
• In the measurand
• In the measurement process



Example – The AC voltmeter 20

• Biased estimator if the signal is not 
sinusoidal

• Suffers from distortion and noise

• Most used in low-cost and hand-held 
instruments

Definition “True RMS” voltmeter “Mean-Value” voltmeter

Ergodicity, replace

Unbiased estimator for

𝜏 ≫ 2𝜋/𝜔 𝜏 = 𝑛2𝜋/𝜔or

𝑉(𝑡) = 𝑉0cos(𝜔𝑡)

𝑉rms = 𝑉0/ 2

In the case of

it holds that

rms = root mean square

Implementation Implementation

𝑉rms

̂

=
𝑉0

2
𝑅⟨𝐼(𝑡)⟩𝜏



Uncertainty

Questions

• What do accuracy and precision 
mean?

• Where do the units come from

• Can we have friendly standard and 
units?

• Universal, in time and space
• Improve accuracy as physics progresses
• Little or no need to transport artifacts

• Which is the ultimate limit?

• What is the metrology chain, from 
fundamental science to layman

At the top of the metrology chain, we do not have a standard for calibration

Reference documents
• VIM
• GUM
• Articles (eg. Possolo-Iyer, RSI 2017)
• BIPM web site
• National labs: INRiM, LNE, METAS, 

NPL, NIST, PTB, etc
• Put aside your domain and think big:
• Astrometry, biology, chemistry, 

electricity, environment, geodesy, 
magnetism, mechanics, nuclear, 
photometry, radiometry, etc.

21



The New SI

22

In force May 20, 2019



Motivations

• Standard university education gives little insight in 
• Fundamental constants and measurement units

• How we make sure that the units are the same everywhere

• What is accuracy/precision, and how to express it

• The new International system of units is in force since May 20, 2019

• Electrical methods are ubiquitous

• Understanding electrical instruments is a must for the successful 
experimentalist

23

“Metrology is truly the mother of science”
John Lewis “Jan” Hall, Nobel Prize in Physics 2005



Some changes in electrical units 24

Unit Symbol ∆Q/Q, x10–9

volt V –107

ohm Ω –18

ampere A –89

coulomb C –89

watt W –196

farad F +18

henry H –18

1990-1 —> 2018

Nothing relevant to the layman – Example 

Enrico uses 3.6 MWH electrical energy in one 
year (≈10 kWH/day)

The annual bill is of 540 € (0.15 €/kWH)

The new Watt is 1.96x10–7 smaller.

Thus, the new annual bill for the same 
amount of energy is 105.8 µ€ higher 

Questions

Which is the physical quantity given in MWH/y?

Convert 3.6 MWH into the appropriate SI unit
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Let us agree for consistent measurements

Political
• Originally driven by economy and trading
• Politicians often do not understand science 

Scientific
• A plethora of system and units

Technical/operational
• Compare, reproduce, duplicate, …
• Cooperation among engineers, researchers, scientists…
• Make sure that the whole system is consistent

26

Featured reading: T. Quinn, From Artefacts to Atoms, Oxford 2012, ISBN 978-0-19-530786-3



Convention du mètre
BIPM International Bureau of Weights and Measures

• Int’l organization, Sèvres, small int’l land in Paris area

• Executive / helper role

CGPM General Conference on Weights and Measures

• One representative per Member State (in 2019, 61 + 41 associates)

• Meeting every 4 years

• Supreme authority of BIPM

CIPM International Committee for Weights and Measures

• Elected by the CGPM (18 members) + BIPM Director

• Discuss / recommend / annual report

• Major reports, and BIPM Brochure

• Two meetings per year (was one)

CCs Consultative Committees (10)

• Advise the CIPM on specific fields 

Int’l treatise, 
May 20, 1875



Mutual recognition arrangement (MRA)
CIPM Int’l equivalence of measurements

Signed by the representatives of 106 institutes

• 61 Member States, 

• 41 Associates of the CGPM, and 

• 4 int’l,

• Covers a further 157 institutes designated by the 
signatory bodies.

28



Traceability 29

Driven by Economy & Law

• make sure that all 
measurements in a 
Country are consistent

• Examples

• Some examples look 
ridiculous, they are not

• Cooking timers
• Hand-held voltmeters
• Oscilloscopes
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Klaus von Klitzing, Nobel 
Prize in Physics 1985



Planck natural (and impractical) units 31

ℓ𝑃 =
ℎ𝐺

𝑐3
= 4.33 × 10−35 m

𝑚𝑃 =
ℎ𝑐

𝐺
= 5.56 × 10−8 kg

𝑇𝑃 =
ℎ𝑐5

𝐺𝑘2
= 3.5 × 1032 K

𝑞𝑃 = 4𝜋ℎ𝑐𝜖0 = 4.7 × 10−18 C

𝑡𝑃 =
ℎ𝐺

𝑐5
= 1.38 × 10−43 s

These are cosmological units

However, Planck is most known for 
quantum physics



Motivations

32



The new SI

(More) Motivations
• Quantum physics provides the most 

reproducible, precise and future-proof 
measurements

• Energy concepts

• Artifact standards (the kg) are a problem

• Fundamental constants are
• Universally accessible 
• Supposed not to age

33

Must be backward compatible (keep accuracy)

In force May 20, 2019



Mechanical vs electrical units 34

mechanical units

kg

electrical units

V, A, Ω

quantum
electrical units

V, A, Ω

mechanical units

kg

electrical units

V, A, Ω

quantum
electrical units

V, A, Ω

electrical units

V, A, Ω

< 1988 1988 – 2019 May 20, 2019

uncertainty of electrical units 
limited by mechanical 

measurements
inconsistent adjustment of all units



Mechanical vs quantum electrical units 35

𝑅𝐾 =
ℎ

𝑒2

𝐾𝐽 =
2𝑒

ℎ

Quantum Hall effect
Klaus von Klitzing, Nobel 1985

Josephson effect
Brian D. Josephson, Nobel 1973

𝑅𝐾 ≃ 25.8 kΩ

𝐾𝐽 ≃ 484 THz/V

𝑃 = 𝑉𝐼 𝑃 = 𝐹𝑣

Newton law

𝐹 = 𝑚𝑎

Quantum
Electrical Mechanical

new

old

𝐺 = 6.67430 15 × 10−11 m3kg−1s−2

𝑃 = 𝑉2/𝑅



Energy and force 36

Mechanical

Thermodynamic

Electrical

Quantum

𝐸 = ∫ 𝐹(𝑥)𝑑𝑥 𝐸 = ∫ 𝑉(𝑡)𝐼(𝑡)𝑑𝑡

𝐸 = ℎ𝜈𝐸 = 𝑘𝑇

Force between currents
(or charges)

𝑝𝑉 = 𝑁𝑘𝑇

Gas law

𝑝 = ℎ𝜈/𝑐

momentum

No Energy 
and Force 
standard 



The New SI

Definitions

37



38

• The complete brochure, bilingual (EN/FR), 218 
pages

• 27 pp text + appendices 1,3,4, front matter and back 
matter

• Appendix 2: Mise en pratique (practical realization) 
of the 7 base units is available only in electronic 
format 
https://www.bipm.org/en/publications/mises-en-pratique/

• second

• metre

• kilogram

• ampere

• kelvin

• mole

• candela

Most of these documents go with recommendations and guidance

Official documents
Everything is on the BIPM web site
https://www.bipm.org/en/publications/si-brochure/

https://www.bipm.org/en/publications/mises-en-pratique/
https://www.bipm.org/en/publications/si-brochure/


The SI and the Fundamental Constants

• The unperturbed ground state hyperfine transition 
frequency of the 133Cs atom ∆νCs is 9 192 631 770 Hz

• The speed of light in vacuum c is 299 792 458 m/s

• The Planck constant h is 6.626 070 15 × 10−34 J s

• The elementary charge e is 1.602 176 634 × 10−19 C

• The Boltzmann constant k is 1.380 649 × 10−23 J/K

• The Avogadro constant NA is 6.022 140 76 × 1023 mol−1

• The luminous efficacy of monochromatic radiation of 
frequency 540 × 1012 Hz, Kcd, is 683 lm/W

39

2019

Red: the new definitions
Green: definitions already in force (rephrased version)Picture ©BIPM.

Definition from The International System of Units (SI), 9th ed., 2019, © BIPM, CC BY 4.0.



Second 40

The second, symbol s, is the SI unit of time.  It is 

defined by taking the fixed numerical value of 

the caesium frequency ∆νCs, the unperturbed 

ground-state hyperfine transition frequency of 

the caesium 133 atom, to be 9192631770 when 

expressed in the unit Hz, which is equal to s–1.

Picture ©BIPM.
Definition from The International System of Units (SI), 9th ed., 2019, © BIPM, CC BY 4.0.

The formulation defines the time interval through the frequency ∆νCs

A time scale is required to associate the time to an event.  Time scales are a separate topic

A rephrased version of the 1967 definition

POI: the International Union of Applied and Pure Chemistry (IUPAC) 
writes Caesium, but the common American English word is Cesium



Frequency is the most accurate quantity 41

Picture courtesy of Y. Le Coq, SYRTE

This is reproducibility rather than 
accuracy , optical clock do not rely 
on the definition of the second



Hyperfine structure of Cs 43

62𝑆 Τ1 2Δ
𝜈 C

s
=
9
.1
9
2
…
H
z hyperfine structure, in 

the presence of a 
magnetic field (C field)

magnetic field (C field) is 
necessary for the 
wave/atom interaction

∆mF = 0 clock transition
lowest sensitivity to B

B

≈1 Hz bias (10–10)

minimum
at 82 mT

operation at ≈µT

Picture from Richard C. Mockler, Atomic Beam Frequency Standards,
In B. E. Blair, A. H. Morgan (ed),  NBS (now NIST) Special Publication 300 vol.5, June 1972
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General Principle 46



The Old Good Cs-Beam Standard 47

The Ramsey cavity is a trick to increase the interaction time 
between atoms and microwave.
The actual pattern looks like this

Picture courtesy
of G.Mileti, CH

gradient

Major contribution from 
Norman Foster Ramsey Jr., 
Nobel in Physics in 1944

Still used in commercial Cs 
standards≈100 m/s gradient



The f-2f Detector 48



The Cs Fountain 

• Atom cooling technology
• Gather a cluster of cold atoms (104)
• Launch the cluster upward
• Highly predictable vertical trajectory (v0, g)
• Cooling —> little/no horizontal spread
• Interrogation time set by the op/down 

time
• Optical detection with fluorescence
• Ultimate accuracy, ≈10–16

49

Pictures NIST

Atom cooling and trapping with laser light
Nobel Prize in Physics 1997 to
Steven Chu, Claude Cohen-Tannoudji, and William D. Phillips



The Cs Fountain 50

Pictures NIST

Photo NIST

Thomas P. “Tom” Heavner (left), and Steven R. “Steve” Jefferts (right) 



Why the Cs Was Chosen

• Heavy atom —> small Doppler

• Alkali —> simple Hydrogen-like 
spectrum

• High vapor pressure —> gas 
easy to obtain and remove

51

Table 1, from V. Gerginov et al., “Uncertainty evaluation of the caesium fountain 
clock PTB-CSF2,” Metrologia 47 008 p.65-79, 2008.  ©IOP

≈1 Hz bias (10–10)



The H Maser 52

Other option (not for H maser)



What Time Is It?  —>  Time Scales

• Atomic “clock” —> frequency

• Not a time standard!

• Jargon: the atomic oscillator is called clock if 
it contributes to TAI continuously for 
months/years

• JD (Julian Date), origin Jan 1, 4713 BC at 
noon 

• Astronomers don’t want to change date 
nighttime

• Modified JD, MJD = JD – 2400000.5

• Origin November 17, 1858

• Date changes at midnight

• Often used

• 60000 MJD = Feb 25, 2023

• Temps Atomique International (TAI) 
• Set by an ensemble of atomic clocks

• Coordinated by the BIPM

• The Earth slows down, TAI does not

• Universal Time Coordinated (UTC)
• TAI – UTC = n seconds (37)

• Synchronized to the rotation of the Earth

• Leap second when needed
• Clock counts 58, 59, 60, 00, 01

• Leap second is a nightmare of Internet
• Synchronize thousands of servers

• Google adjusts the clocks over 1 day 



What Does a Time Scale Look Like? 54



Clock Comparisons 55



Clock Comparisons TWSTFT

14 GHz    11 GHz

70 MHz

Two
Way
Satellite
Time & 
Frequency
Transfer

All figures Courtesy of Andreas Bauch, PTB, DE

k: IT OP ROA NIST USNO



GNSS – Global Navigation Satellite Systems

• All satellites are synchronized
• One-way communication

• Solve x, y, z, t
• Requires 4 satellites

• Mobile equipment may use h
• A “satellite” at the center of the 

Earth

• Warning
• Low level signals
• Fragile to jamming and spoofing

Image El pak, Wikimedia Commons

GPS USA
Galileo Europe 
GLONASS Russia
BeiDou China

Regional systems 
QZSS (Japan)
INRSS (India)



GNSS for Clock Comparison 58

All figures Courtesy of Andreas Bauch, PTB, DE

POI: The satellite time may be independent of UTC
But common view is independent of the satellite time



GNSS Disciplined Oscillator 59

All figures Courtesy of Andreas Bauch, PTB, DE

Transient
Steady

black: hourly average
yellow: 6-h sliding avg
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2

High accuracy for cheap
Radio Amateur solutions exist



What’s Next?
• The 133Cs survived the 2019 revolution

• but it will capitulate soon 
• because optical clocks are sieging it

• Nowadays nobody relies on the angular position of the Earth
• Leap second may retire

• Problems will show up in >1k years
• The 10-day hole in the calendar, 1582, was solved

• Central European Time (CET)
• Health problem

• Summer Time
• No real reason

60

Funny, yet serious reading: Abner Shimony,  Tibaldo and the Hole in the Calendar



Metre 61

The metre, symbol m, is the SI unit of length.  It 

is defined by taking the fixed numerical value of 

the speed of light in vacuum c to be 299792458

when expressed in the unit m s–1, where the 

second is defined in terms of the caesium

frequency ∆νCs.

Picture ©BIPM.
Definition from The International System of Units (SI), 9th ed., 2019, © BIPM, CC BY 4.0.

A rephrased version of the 1983 definition

POI: the CGPM spells metre (French, with no accent), but 
the common American English word is meter



The Historical Metre 62

Picture BIPM



Time Delay 63

• Resolution of ∆t limited by the electronics
• Typical 5 ps —> 1.5 mm roundtrip (0.75 

mm resolution)

• Suitable for long distances

ℓ = Δ𝑧 =
1

2
𝑐𝑔Δ𝑡

𝑐𝑔 = 𝑐/𝑛𝑔 𝑛𝑔(𝜆) = 𝑛(𝜆) − 𝜆
𝑑𝑛

𝑑𝜆
group velocity and refraction index

Fig. 1 from CCL, “Mise en pratique for the definition of the metre in 
the SI,” Appendix 2 of the SI Brochure, 9th ed., CCBY ©BIPM 2019

ℓ = 𝑐Δ𝑇



Optical Interferometry 64

• High resolution (λ ≈ µm)

• Relies on frequency accuracy (λ=c/ν) and 
fringes counting

• Suitable for short length

Fig. 2 from CCL, “Mise en pratique for 
the definition of the metre in the SI,” 
Appendix 2 of the SI Brochure, 9th ed., 
CCBY ©BIPM 2019

𝐸(𝑧, 𝑡) = 𝐸0cos(𝜑) = 𝐸0cos(𝜔𝑡 − 𝑘𝑧)

𝑘 = 2𝜋/𝜆

ℓ = Δ𝑧 =
𝜆

2

Δ𝜑

2𝜋

𝐼 = 𝐼0[1 + 𝛾cos(Δ𝜑)]

Electric field

Intensity

𝛾 contrast, 𝛾 ≤ 1
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The Femtosecond Comb

Bring the Definition of the Second to Optics

67



Step 1: the Mode Locked Laser

Mode locking results from fixed 
phase relationships between 
laser longitudinal modes

Kerr-lens mode-locked Ti:sapphire laser

68

Cundiff & Ye Fig.2

Cundiff & Ye Fig.3

S. T. Cundiff, J. Ye, Colloquium, Femtosecond optical 
frequency combs, Rev. Mod. Phys. 75(1), January 2003



Step 2: the Frequency Comb 69

Fig.1

Fig.3

Sharp laser pulses The main idea: f-2f locking

The carrier travels at the phase velocity, the pulse travels at the group velocity.  
There results a shift 𝜔0 = 𝜔𝑟∆𝜑𝐶𝐸, where ∆𝜑𝐶𝐸 = 1/𝑣𝑔 + 1/𝑣𝑝 𝑙𝑐𝜔𝑐 is the carrier-envelope phase 

shift, 𝑙𝑐 the roundtrip length, and 𝜔𝑐 the carrier angular frequency

one-step microwave-to optics frequency synthesis

Theodore W. Hänsch and 
John L. Hall, Nobel in Physics 
in 2005 (with Roy J. Glauber)
Thomas Udem



Femtosecond Comb Generator 70
C
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S. T. Cundiff, J. Ye, Colloquium, Femtosecond optical frequency combs, Rev. Mod. Phys. 75(1), January 2003

Key parameters
• Repetition 𝑓𝑟
• Carrier envelope 𝑓0
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Secondary Methods for Nanometrology

Outcome of the Avogadro experiment (the Silicon sphere)

• CODATA (2018 revision of the SI): The the value of the 
natural Si {220} lattice spacing at 22.5 ∘C in vacuum is

𝑑220 = 192.0155714 32 × 10−12 m
𝑢(𝑑220)/𝑑220 = 1.67 × 10−8

• Recommendations of CCL/WG-N on: Realization of SI metre
using silicon lattice and Transmission Electron Microscopy for 
Dimensional Nanometrology 

72

Time-of-flight and optical interferometry are unsuitable to nanometrology
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Kilogram 74

The kilogram, symbol kg, is the SI unit of mass.  It 

is defined by taking the fixed numerical value of 

the Planck constant h to be 6.62607015×10–34

when expressed in the unit J s, which is equal to 

kg m2 s–1, where the metre and the second are 

defined in terms of c and ∆νCs.

Picture ©BIPM.
Definition from The International System of Units (SI), 9th ed., 2019, © BIPM, CC BY 4.0.

h is a good  choice to define the kg because
dim h =  kg m2 s–1

the units  s and  m are measured accurately

New in 2019

POI: “k” is a part of the name of the unit, but is removed in multiples
(blind uses of rules gives “mkg” for g)



Two Experiments in Competition 75

The Avogadro Experiment The Kibble (Watt) Balance

Enrico’s self portrait on a 28Si kg mass 
standard from PTB (Paris, May 19, 2019) 
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Martin Milton, Director of 
the BIPM



Most Is About the kg 77

𝐸 = 𝑚𝑐2

𝐸 = ℎ𝜈

𝑚 =
ℎ𝜈

𝑐2

The one and only artifact in the former SI

General relativity

Quantum mechanics

ℎ, 𝑐, Δ𝜈Cs

Photon mass
The mass can be defined 
in terms of

The photon experiences 
and generates gravity

Most known 
1900’s equations

POI: How “real” is the mass associated 
to energy?
• Mercury orbit, late 1800
• Gravitational lens
• Proton P+ = uud

<1% of the mass is in the quarks



Consistency 78
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Martin Milton, Director of 
the BIPM
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Martin Milton, Director of 
the BIPM



The Kibble (Watt) Balance 81

𝐹 = 𝐼𝐿𝐵

inductance L in 
a radial field B

Lorentz force

equilibrium

𝑚𝑔 = 𝐼𝐿𝐵

𝑉 = −
𝑑Φ

𝑑𝑡

𝑑Φ

𝑑𝑡
→
𝑑Φ

𝑑𝑧

𝑑𝑧

𝑑𝑡
= 𝑣

𝑑Φ

𝑑𝑧

Faraday’s law

𝑉 = 𝐿𝐵𝑣

inductance L in 
a radial field B

𝑚𝑔𝑣 = 𝑉𝐼
mechanical 

power
electrical

power

external gravimeter required

𝑢𝑟(𝑔) ≈ 10−9

Featured reading: I.A. Robinson, S. Schlamminger, The watt or Kibble balance: a technique for implementing 
the new SI definition of the unit of mass, Metrologia 2016, doi:10.1088/0026-1394/53/5/A46 

strong field
B ≈ 0.5-1 T

Static operation Dynamic operation

Ԧ𝐹 = 𝑞 Ԧ𝑣 × 𝐵 𝐹 = −𝐼
𝑑Φ

𝑑𝑧

Ampere’s force law

𝑣 = speed



82Ian A. Robinson, Stephan Schlamminger, The watt or Kibble balance: a technique for implementing the new SI 
definition of the unit of mass, Metrologia 2016, doi:10.1088/0026-1394/53/5/A46 



NIST

Darine El Haddad, Frank C. Seifert, Leon S. Chao, Yusi A. Cao, Georgio A. Sineriz, Jon 
R. Pratt, David B. Newell, Stephan Schlamminger, First measurements of the flux 
integral with the new NIST-4 watt balance, IEEE Transact. on IM 64(6) p.1642-1649, 
31 March 2015.

arXiv:1503.04656v1 [physics.ins-det] 16 Mar 
2015



Historical Masterpieces
Photos/figures from B. P. Kibble, A Realization of the SI Watt by the NPL Moving-Coil Balance, Metrologia 27(4) p.173-192, 1990, © IOP

Fig.3a.  Force 
measurement

Fig.3b.  Voltage 
measurement

Fig.1.  The coil

Fig.2.  Overview
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Klaus von Klitzing, Nobel 
Prize in Physics 1985



Why not an Electrostatic Balance?

• The Electrostatic Balance would be similar to the magnetic 
balance.

• Technically difficult or impossible for kg-sized bodies.

• Good for small masses

• G. A. Shaw, Milligram mass metrology using an electrostatic 
force balance, Metrologia 53, 2016, doi:10.1088/0026-
1394/53/5/A86 
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The Avogadro (XRCD) Experiment 87

ℎ =
𝛼2𝑐

2𝑅∞

𝐴𝑟(𝑒)

𝐴𝑟(𝑆𝑖)

𝑀𝑠𝑝𝑎0
3

8𝑉

𝑅∞ = Rydberg constant

𝑀𝑠𝑝 = Mass of the sphere𝛼 fine structure constant

𝑐 = speed of light 𝑉 = Volume of the core cell, it 
contains 8 atoms

𝑎0 = lattice parameter, 
the edge of the cube

𝑅∞ =
𝑚𝑒𝛼

2𝑐

2ℎ
10973731.568160(21) m–1

𝛼 =
1

4𝜋𝜖0

𝑒2

ℏ𝑐2
≈ 1/137

𝐴𝑟() =
𝑚()

1
12

𝑚(12C)

𝑢𝑟 𝑅∞ = 5.9 × 10−12 , and 𝑢𝑟 𝛼 = 2.3 × 10−10
Relies on the low uncertainty of 𝑅∞ and α

XCRD = X-Ray Computed Densitometry



Technology! 88

XCRD = X-Ray Computed Densitometry

Isotope Abundance

28 92.2 %

29 4.7 %

30 3.1 %

Natural F is 
≈100% 19F



The 28Si kilogram Technology 89



Density Measurement 90



Comparing the kg Prototypes 93

is a tough exercise

M Stock  et al., Maintaining and disseminating the kilogram following its redefinition, Metrologia 54 (2017) S99–SS107  



Traceability Chain 94

M. Stock  et al., Maintaining and disseminating 
the kilogram following its redefinition, 
Metrologia 54 (2017) S99–SS107  



The Bottom Line

Kibble balance 

• Relies on the accuracy of
• Mechanical design
• Magnetic field
• Temperature control, etc.

• Training takes months

• Fragile

• Not transportable
• International comparisons rely on 

artifacts

Kibble balance and 28Si sphere realize the kg, and have similar uncertainty, ≈10–10

28Si sphere

• Relies on 
• The accuracy of atomic constants
• A blend of technologies
• Complex international collaboration

• Handling training takes just hours 

• Rock solid
• Accurate after “dirty hands” and 

cleaning
• Just don’t drop it on the floor!!!

• Transportable (flies in a cabin bag)

Radically different technologies and know-how  —>  Safe consistency

Transferring 10–10 accuracy from electrical units to mechanical units requires a complex mechanical experiment



Alternate Ideas

Define the kg based on NA and the mass of a chosen 
atom (likely, 28Si)
This idea has been debated for long before opting for the Planck constant 

• Way simpler to explain to the layperson (and to engineers)

• Same accuracy, and same easy handling of the SI sphere, as used now

• The benefit to the other branches of metrology (electrical metrology) is lost
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Ampere 98

The ampere, symbol A, is the SI unit of electric 

current.  It is defined by taking the fixed numerical 

value of the elementary charge e to be 

1.602176634×10–19 when expressed in the unit C, 

which is equal to A s, where the second is defined 

in terms of ∆νCs.

Picture ©BIPM.
Definition from The International System of Units (SI), 9th ed., 2019, © BIPM, CC BY 4.0.

New in 2019
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Klitzing



The Quantum Metrology Triangle 100

photon-assisted 
tunneling V

Josephson
effect

A
single-electron 

transport

Ω
Quantum Hall 

effect

𝑉 = 𝑛
ℎ

2𝑒
𝜈

𝐼 = 𝑚𝑒𝜈

𝑛 = Shapiro no

𝑚 = no of 
charges/event Also 𝑅𝐾 =

𝜇0𝑐

2𝛼

𝑅𝐾 =
ℎ

𝑒2
Alessandro Volta, 1745-1827

André-Marie Ampère, 1775-1836

George Simon Ohm, 1789-1854

They are not free because
𝑃 = 𝑉𝐼
𝑅 = 𝑉/𝐼

One definition sets all the 
electrical unit



Superconductivity

Heike Kamerlingh Onnes (1853-1926)

• Studied at U Heidelberg under Robert Bunsen and Gustav Kirchoff

• Liquid Helium, 1908

• Superconductivity, 1911

• Nobel Prize in Physics in 2013 for
“his investigations on the properties of matter at low temperatures which led, inter alia, to the production of liquid helium”

Ginzburg and Landau 

• GL theory, 1950

• Lev Davidovich Landau Landau (1908-1968), Nobel Prize in Physics in 1962 for a mathematical theory of superfluidity that accounts…

• Vitaly Ginzburg (1916-2009), Nobel Prize in Physics in 2003, together with Alexei Alexeyevich Abrikosov and Anthony James Leggett for their “pioneering 
contributions to the theory of superconductors and superfluids”

John Bardeen, Leon Cooper, and John Robert Schrieffer

• BCS theory

• Nobel Prize in Physics in 1972 (Bardeen also Nobel Prize in Physics in 1956)
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(Conventional) Superconductivity
Conductor

• Electrons-lattice collisions/scattering —> R

• Electrostatic repulsion between electrons, e–

Superconductor

• Positive tail attracts electrons
(described as phonon interaction)

• Electron spin s = 1/2 (fermion) —> Pauli exclusion

• At low T, weak spin coupling BCS pairs, 
spin s = 0 (boson!) —> the crystal is transparent
Distance order of ≈ 100 nm (lattice 3 A)

• Bose condensation of Cooper pairs in a coherent 
quantum state

102

Featured readings: Tinkham M - Introduction to superconductivity 2ed - McGraw Hill 1996, ISBN 0-07-064878-6 
Weisskopf VF - The formation of cooper pairs and the nature of superconducting currents - Contemporary Physics 22(4) p.375-395, 1981,

1957, Bardeen-Cooper-Schrieffer (BCS) theory
1972 Nobel prize

Required temperature ≈1–10 K

Good slideshow on
http://hep.ph.liv.ac.uk/~hock/Teaching/2010-2011/7-cooper-pair.pdf



Superconductivity Explained 103

Downloaded from http://www.superconductors.org/oxtheory.htm

Downloaded from http://hyperphysics.phy-
astr.gsu.edu/hbase/Solids/bcs2.html#c1
R. Nave, Hyperphysics

http://hyperphysics.phy-astr.gsu.edu/hbase/Solids/bcs2.html#c1


Conductor vs Superconductor
Also Fluid vs Superfluid

104

Picture from A. Gurevich, General aspects of superconductivity, Tutorial presented at the Superconducting Radio Frequency Workshop, 2007 (CERN archive)



The Quantum Electrical 
Standards
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Josephson Effect

External voltage 𝑉 results in energy difference 

𝐸2 − 𝐸1| = 2𝑒𝑉

The super current is

𝐼𝑠 = 𝐼maxsin[𝜃1(𝑡) − 𝜃2(𝑡)] ,

where 𝜃 is the phase of the wave function, and 

𝐼max is the max current for the junction.

The tunnel current

𝐼𝑠(𝑡) = 𝐼maxsin
2𝑒

ℏ
∫0
𝜏
𝑉(𝜏)𝑑𝜏 + 𝜑0

has frequency 𝜈 = 2𝑒𝑉/ℎ

106

The Josephson junction

Brian David Josephson, Nobel prize in Physics in 1973 (with Leo Esaki and Ivar Giaever) for their work on quantum tunneling 



The Soul of the Josephson Effect 107

ℎ

2𝑒
= 2.0678…× 10−15 Wb     (2 𝜇V/GHz)
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Josephson Junction 110

𝜓 = 𝑛𝑠𝑒
𝑖𝜑1 𝜓 = 𝑛𝑠𝑒

𝑖𝜑2

ga
p

BEC = all the Cooper pairs are in a single quantum state

𝜓

exp decay

1st J equation
𝐼𝑠 = 𝐼𝑐 sin𝜑

𝑉

𝐼

su
p

e
rc

u
rr

en
t

critical current
sin𝜑 = 1

2nd J equation

2𝑒𝑉 = ℏ𝐼𝑐
𝜕𝜑

𝜕𝑡
voltage impacts on 𝜑

voltage results
in oscillation



Josephson Junction & Shapiro Steps

Constant DC voltage 𝑉 results in

𝐼𝑠(𝑡) = 𝐼maxsin
2𝑒

ℏ
𝑉𝑡 + 𝜑0

AC+DC voltage

𝑉(𝑡) = 𝑉DC + 𝑉ACcos(𝜔AC𝑡)

results in a series 

𝐼𝑠(𝑡) = 𝐼max ∑
𝑛=−∞

+∞

(−1)𝑛𝐽𝑛
2𝑒𝑉AC
ℏ𝜔AC

sin (𝜔𝐽 − 𝑛𝜔AC)𝑡 + 𝜑0

The condition 𝜔𝐽 − 𝑛𝜔AC = 0 results in 

𝑉𝑛 = 𝑛
ℎ

2𝑒
𝜈AC

This is a quantum voltage standard

3x105 junctions at 16-20 GHz —> 10 V

111

DC only DC + AC

Fig. 4.5 from E. O. Göbel, U. Siegner, The New international System of Units 
(SI), Wiley-VCH 2019, ISBN 978-3-527-34459-8



What a Josephson Junction Looks Like 112

Fig. 3. Schematic of a part of a JJA and a picture of 
the PJVS fabricated at AIST. 
(a) Schematic of a single JJ, 
(b) schematic of a JJA, and 
(c) photograph of the AIST PJVS device: a double-

stack NbN/TiNx/NbN/TiNx /NbN device (524288 
JJs, 17 V at the irradiating frequency of 16 GHz, 
working on a liquid-He-free compact cryocooler 
(Fig. 6). (Courtesy of Clean Room for Analog & 
digital superconductiVITY (CRAVITY), M. 
Maruyama and H. Yamamori, AIST)

Figure and caption from:
Kaneko NH - Review of Quantum Electrical Standards and Benefits and Effects of the Implementation of the Revised SI IEEJ T 



What a Josephson Standard Looks Like 113

Fig. 6. Photograph of the NMIJ/AIST PJVS system (the 
national measurement standard of DC voltage 
equipped with a PJVS device (Fig. 3(c)) developed at 
the NMIJ/AIST [63]

Figure and caption from:
Kaneko NH - Review of Quantum Electrical Standards and Benefits and Effects of the Implementation of the Revised SI IEEJ T 
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Classical Hall Effect

Lorentz force

Ԧ𝐹 = 𝑒 Ԧ𝑣 × 𝐵

A traverse voltage appears, 

proportional to B

𝑉 = 𝐾 𝐼 𝐵⊥

Thus

𝑅𝑥𝑦 = 𝑉𝑥𝑦/𝐼

Used as a magnetic sensor

115

Figure 7(a) from:
Kaneko NH - Review of Quantum Electrical Standards and Benefits and Effects of the Implementation of the Revised SI IEEJ T 

BUT
• At large 𝐵, electron trajectories become circles
• At low 𝑇, quantization shows up



Quantized Hall resistance

𝑅𝑥𝑦 =
ℎ

𝑒2
1

𝑖
integer 𝑖

Von Klitzing constant

𝑅𝐾 =
ℎ

𝑒2
≃ 25.8 kΩ

Quantum Hall Effect 116

Fig. 5.7 from E. O. Göbel, U. Siegner, The New international System of Units 
(SI), Wiley-VCH 2019, ISBN 978-3-527-34459-8

Very low T
Very high B (10 T)
GaAs/AlGaAs heterostructure

Mostly 𝑖 = 2 or 𝑖 = 4

Feature reading:
Yennie DR, Integral quantum Hall effect for nonspecialists, Rev 
Modern Phys 59(3-1) p.781-824, July 1987

Klaus von Klitzing, Nobel prize in Physics in 1985



Implications of 𝑅𝐾 on the Impedance 117

𝑅𝐾 =
ℎ

𝑒2
≃ 25.8 kΩ



What ate QH Resistance Standard Looks Like 118

Figure 8 (a)-(e) from:
Kaneko NH - Review of Quantum Electrical Standards and Benefits and Effects of the Implementation of the Revised SI IEEJ T 



What a QH Resistance Standard Looks Like 119

Fig. 10. Photograph of the NMIJ/AIST 
QHRS (the national measurement 
standard of DC resistance) developed 
and maintained by NMIJ/AIST. All the 
components of the system are hand-
made or custom-made. The liquid 4He 
Dewar for the 3He refrigerator (cryostat) 
is inserted in the pit on the floor

Figure 10 from:
Kaneko NH - Review of Quantum Electrical 
Standards and Benefits and Effects of the 
Implementation of the Revised SI IEEJ T 



The Cryogenic Current Comparator 120

Figure 9 from:
Kaneko NH - Review of Quantum Electrical Standards 
and Benefits and Effects of the Implementation of the 
Revised SI IEEJ T 
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The room-temperature current 
comparator is more complex



Single-Electron Transport 122

Energy Conditions

Actual implementation takes 
DC bias and AC pump.
Single-electron transistors

𝐼 = 𝜈𝑒



Practical Realization of the Electrical Units

ampere
• Josephson and Quantum Hall

𝐼 = 𝑉/𝑅

• Single-electron transport 
𝐼 = 𝑒𝜈

• Capacitance
𝐼 = 𝐶 𝑑𝑉/𝑑𝑡

volt
• Josephson

ohm / siemens
• Quantum Hall

• Compare a resistor to a capacitor

coulomb
• Same as ampere

𝑞 = න𝐼(𝑡) 𝑑𝑡

farad
• Compare the impedance with QH
• Calculated capacitor

𝜖0 =
1

𝜇0 𝑐
2

Also: henry, watt, tesla, weber 

Reference document: “Mise en pratique for the 
definition of the ampere and other electric 
units” in the SI, Appendix 2 of the SI Brochure 
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Two Wire and Four Wire Connections 125



Zener/Avalanche Diodes 127

Clarence Melvin Zener, 



Thermal Coefficient 128



LTZ 1000 / LTZ 1000A Voltage Reference 129

Picture from the LTZ1000/LTZ1000A data sheet, © Analog Devices



LTZ 1000 / LTZ 1000A Voltage Reference 130

Picture from the LTZ1000/LTZ1000A data sheet, © Analog Devices



LTZ 1000 / LTZ 1000A Voltage Reference 131

Picture from the LTZ1000/LTZ1000A data sheet, © Analog Devices



Bandgap Voltage Reference 132

Sergio Franco, Design with operational amplifiers and analog integrated circuits, 4th ed, McGraw Hill 2015, ISBN 978-0-07-802816-8
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• Kelvin and temperature metrology
• (skip the mole)
• Candela, just a minimalist introduction

140

Lectures for PhD Students and Young Scientists

home page http://rubiola.org

Enrico Rubiola

CNRS FEMTO-ST Institute, Besancon, France

INRiM, Torino, Italy

ORCID 0000-0002-5364-1835

http://rubiola.org/


Kelvin 141

The kelvin, symbol K, is the SI unit of 

thermodynamic temperature.  It is defined by 

taking the fixed numerical value of the 

Boltzmann constant k to be 1.380649×10–23

when expressed in the unit J K–1, which is equal 

to kg m2 s–2 K–1, where the kilogram, metre and 

second are defined in terms of h, c and ∆νCs.

Picture ©BIPM.
Definition from The International System of Units (SI), 9th ed., 2019, © BIPM, CC BY 4.0.

New in 2019

Note that c is not colored.  The kelvin depends on the kg, the m and the 
s. Although the kg and the m depend both individually on c, this is not 
the case for the kelvin, because c drops out from its definition

William Thomson, 1st Baron Kelvin, 1824–1907
Ludwig Eduard Boltzmann, 1844–1906 (suicide) 



Temperature metrology is 
extremely complex

Often, hostile environment

Temperature uniformity

Heath conduction

Radiation

142

POI: spelling
Temperature (Latin)
Thermometer, Thermal, etc. (Greek)

POI: Greek to modern Latin alphabet
τ –> t       θ –> th



Acoustic Thermometry in Gas (He, Ar) 143

Gavioso et al., A determination of the molar gas constant R by acoustic thermometry in helium, Metrologia 52 S274, 2015

𝑣0 =
𝛾𝑅𝑇

𝑀

𝛾 = 𝐶_𝑃/𝐶𝑉
monoatomic –> 𝛾 ≈ 5/3

𝑅 = molar gas constant

𝑀 = molar mass

The diameter can be calculated from the 
microwave resonance

Gavioso et al, Fig.4

𝑣0 = speed of sound

Good at room temperature

Speed of sound
natural He –> 972 m/s (mainly 4He)
Natural Ar –> 323 m/s (99.6% 40Ar)

Measure 𝑣0 from 
acoustic resonance



Dielectric-Constant Gas Thermometry (DCGT)144

𝑝 = 𝑘𝑇
𝜖 − 𝜖0
𝛼0

𝛼0 = static polarizability

𝜖, 𝜖0 = dielectric const

𝑝 = pressure

Gaiser C, Zandt T, Fellmuth B, Dielectric-constant gas thermometry, Metrologia 52 S217, 2015

Gaiser et al., Fig.1

Cryogenic and room temperature

Measure 𝜖 − 𝜖0 with 
a capacitive bridge



Refractive-Index Gas Thermometry (RIGT) 145

Review article: P. M. C. Rourke et al., Refractive-index gas thermometry, Metrologia 56 032001, 2019

𝑝 = 𝑘𝑇
(𝑛2 − 1)𝜖0

𝛼0
𝑛 = refractive index

Similar to DCGT, but usually exploits the measurement the resonance of the microwave cavity filled with gas
Large cavity —> large volume-to-surface-area ratio

He, Ne, Ar preferred

Smart use of Acoustic and 
Refractive-Index thermometry 
in a single experiment

𝛼0 = static polarizability

Rourke, Tab.3

Rourke, Fig.1

Measure 𝑛 with 
μwave resonance



NPL Combined Microwave and Acoustic Resonator146

M. R. Moldover, W. L. Tew, H. W. Yoon, Advances in thermometry, Nature Phys 12 3618 pp.7-11, January 2016

Moldover et al, Fig.1

Left:
NIST cavity

USA

Right:
NPL cavity
UK



Johnson Thermometry 147

⟨𝑉2⟩ = 4𝑘𝑇𝑅Δ𝑓

𝑅 = resistance

J. Qu et al., Improved electronic measurement of the Boltzmann constant by Johnson noise thermometry, Metrologia 52 S242, 2015

Qu et al., Tab.1

ppm

Qu et al., Fig.4

Measure Δ𝑇 from 
thermal noise



Doppler Broadening Thermometry 148

G. W. Truong et al., Atomic spectroscopy for primary thermometry, Metrologia 52 S324, 2015

Fischer, Fig.5

Δ𝑓𝐷 =
2𝑘𝑇

𝑚𝑐2
𝜈0

𝑚 = atomic mass

Δ𝑓𝐷 = Doppler broadening

𝜈0 = absorption frequency

Best results with alkali vapors (Cs, Rb)
Technology derives from the vapor-cell 
(secondary) frequency standards

Truong et al, Tab.6



Review of Laws and Experiments
Constant-Volume Gas Thermometry (CVGT)
Outdated, too high uncertainty

Acoustic Thermometry in Gas (AGT) He, Ar
Gavioso et al., A determination of the molar gas constant R by acoustic thermometry in helium, 
Metrologia 52 S274, 2015

Dielectric-Constant Gas Thermometry (DCGT)
C. Gaiser C, T. Zandt, B. Fellmuth, Dielectric-constant gas thermometry, Metrologia 52 S217, 
2015

Refractive-Index Gas Thermometry (RIGT)
P. M. C. Rourke et al., Refractive-index gas thermometry, Metrologia 56 032001, 2019

Johnson Noise Thermometry
Qu J et al., Improved electronic measurement of the Boltzmann constant by Johnson noise 
thermometry - Metrologia 52 S242, 2015

Doppler-Broadening Thermometry
G. W. Truong et al., Atomic spectroscopy for primary thermometry, Metrologia 52 S324, 2015

Blackbody Radiation
One and only option for high temperature / Hand-held thermometers.
P. Saunders, Uncertainty propagation through integrated quantities for 
radiation thermometry - Metrologia 55 863, 2018

149

Featured reading: R. White, J. Fischer (guest ed), Focus on the Boltzmann Constant, Metrologia 52 (special issue) p.S213-S216, 2015
J. Fischer, Progress towards a new definition of the kelvin, Metrologia 52 (2015) S364–S375

𝑣0 =
𝛾𝑅𝑇

𝑀

𝑝 = 𝑘𝑇
𝜖 − 𝜖0
𝛼0

𝑝 = 𝑘𝑇
(𝑛2 − 1)𝜖0

𝛼0

⟨𝑉2⟩ = 4𝑘𝑇𝑅Δ𝑓

Δ𝑓𝐷 =
2𝑘𝑇

𝑚𝑐2
𝜈0

𝛾 = 𝐶𝑝/𝐶𝑉

𝑚 = atomic mass

𝑅 = molar gas constant

𝛼0 = static polarizability
𝜖, 𝜖0 = dielectric const

𝑛 = refractive index

𝑝 = pressure

𝑅 = resistance

𝑀 = molar mass

Δ𝑓𝐷 = Doppler broadening

𝜈0 = absorption frequency

𝑝𝑉 = 𝑛𝑅𝑇 𝑅 = molar gas constant

𝐿𝐵(𝜆, 𝑇) =
𝑐1

𝑛2𝜆5 exp
𝑐2
𝑛𝜆𝑇

− 1

Planck law

𝑛 = refractive index

𝑐1, 𝑐2 = radiation constants

𝛼0 = static polarizability



Practical Temperature 
Measurements

150



Triple Point of Water

Water, vapor and ice in 
equilibrium

T = 373 K = 0.01 °C,

P = 620 Pa

Liquid water with pieces of ice
in the bath boils very slowly

Atmospheric pressure ≈105 Pa
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International Temperature Scale ITS90 152

Reference document: Guide to
the Realization of the ITS-90, BIPM

Tab.1 of Guide to the Realization of the ITS-90, Introduction, BIPM

Absolute measurement is too tough.
Practical scale published by the CIPM/BIPM CCT.
A set of calibration points 0.65 K to 1357.77 K 

Feature reading
H. Preston-Thomas, The International Temperature 
Scale of 1990 (ITS-90), Metrologia 27 002, 1990



International Temperature Scale ITS90 153

Fig.1 of Guide to the Realization of the ITS-90, Introduction, BIPM

H. Preston-Thomas, The International Temperature Scale 
of 1990 (ITS-90), Metrologia 27 002, 1990

Absolute measurement is too tough.
Practical scale published by the CIPM/BIPM CCT.
A set of calibration points 0.65 K to 1357.77 K 

Calibration points, see Tab.1 of the 
Guide to the Realization of the ITS-90



Platinum Resistance Thermometry

SPRT in ITS-90

• Widest range of temperature
13.8033 … 1234.93 K (962 Celsius) 

• The “Guide to the Realization of the 
ITS-90” has a 71-page section on the 
Pt resistance thermometry

154

Properties of Pt
• Chemically stable

• High melting point (2041 K)

• Resistivity 105 nΩ m at room 
temperature

• Temperature Coefficient
TC(R) ~ 3.9 10–3/K at room T

SPRT = Standard Platinum Resistance Thermometer

For reference, Cu has resistivity 16.8 nΩ m 
at room temperature, and similar TC



Sealed Pt Resistance Thermometer 155

Fig. 1, 25 Ω SPRT

Fig. 2 Long-stem 25 Ω SPRT

Fig. 3

Figures from the Guide to the 
Realization of the ITS-90, Platinum 
Resistance Thermometry

High-temperature 0.25 Ω SPRT

Room-temperature 25 Ω SPRT

Room-temperature 25 Ω SPRT



Platinum Thermometer 156

• Most accurate “simple” method

• Most reproducible “simple” method

• Metrological 0.25 Ω resistors for high T

• Metrological 25 Ω resistors for “regular” T

• General purpose 100 Ω and 1 kΩ resistors at room T

• Low TC, 3.9x10–3/K
• Small signal

• Poor for temperature control if fast operation is required

• four-wire measurement is mandatory



Negative Temperature Coefficient (NTC) Resistors

• Semiconducting material such as sintered metal oxides,
Fe2O3 with Ti doping (n-type), or NiO with Li doping (p-type)

• Negative TC achieved via generation of carriers

• Compared to Pt resistors
• Narrow range, −55 °C to +150 °C typical

• Higher R, 1-100 kΩ

• TC ten-fold higher

• Overall, suitable to temperature controls

• Poorer reproducibility, 0.1-0.3 K (or worse) if replaced

• YSI brand provides 0.1 K replaceability, and 0.01 K ageing after 
100 mo

157



The Steinhart Hart Equation 158

Steinhart JS, Hart SR - Calibration curves for thermistors - Deep-Sea Research 15, 1968

1

𝑇
= 𝑎 + 𝑏 ln𝑅 + 𝑐 ln 𝑅 3

𝑇 = absolute temperature
𝑎, 𝑏, 𝑐 = Steinhart-Hart Parameters
𝑅 = resistance

Better than 10 mK accuracy in the temperature range

Example, 3 kΩ NTC
𝑎 = 1.4 × 10−3

𝑏 = 2.37 × 10−4

𝑐 = 9.9 × 10−8

300 K, 𝑅 = 2829.4 Ω
301 K, 𝑅 = 2709.4 Ω

at 300 K, Δ𝑅/𝑅Δ𝑇 = 4.33 × 10−2/K

(compare to 3.9 × 10−3/K of Pt100)

ln 𝑅 =
𝑏

3𝑐𝑥1/3
− 𝑥1/3

𝑦 =
1

2𝑐
𝑎 −

1

𝑇

𝑥 = 𝑦 +
𝑏

3𝑐

3

+ 𝑦2



Practical Issues

• Self heating, 𝑃 = 𝑅𝐼2 = 𝑉2/𝑅
• Choose optimal 𝐼 as a tread off

• High 𝐼, higher gain

• Low 𝐼, low self-heating 

• Heat conduction through wires
• Thermalize the wires

• Thermocouples
• O2 absorbed in Cu wires results in 100-200 nV/K 

unpredictable Seeback effect

159



Experimental Skills for Temperature Control 160

63.5Cu, 𝜌 = 8.96 g/cm3 27Al, 𝜌 = 2.7 g/cm3



PI and PID Temperature Control – Ziegler-Nichols 161

In the PID control, the power P needed to correct the temperature error Θ is

𝑃 = 𝑘 (Θ + 𝑇𝑑
𝑑Θ

𝑑𝑡
+

1

𝑇𝑖
∫ Θ 𝑑𝑡 )

In the PI control, the derivative term is suppressed.
Tuning the PI/PID control means finding the most appropriate 

gain 𝑘 and 
time constants 𝑇𝑑 and 𝑇𝑖. 

The Zigler-Nichols method is a simple, well established (dates to the ‘40s), rock solid method 
to tune the control. One can chose between: 

1A. suppress the derivative and integral terms, thus 𝑃 = 𝑘Θ
2A. measure the step response 

1B. suppress the derivative and integral terms, thus 𝑃 = 𝑘Θ
2B. measure gain and frequency at the small-oscillation critical point

The ZN method is the workhorse in the art of (simple) process control. 
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Mole 164

The mole, symbol mol, is the SI unit of amount of 

substance.  One mole contains exactly 

6.02214076×1023 elementary entities.  This number is 

the fixed numerical value of the Avogadro constant, 

NA, when expressed in the unit mol–1 and is called the 

Avogadro number.  The amount of substance, symbol 

n, of a system is a measure of the number of specified 

elementary entities.  An elementary entity may be an 

atom, a molecule, an ion, an electron, any other 

particle or specified group of particles.

Picture ©BIPM.
Definition from The International System of Units (SI), 9th ed., 2019, © BIPM, CC BY 4.0.

New in 2019



Candela 165

The candela, symbol cd, is the SI unit of luminous 

intensity in a given direction.  It is defined by taking 

the fixed numerical value of the luminous efficacy of 

monochromatic radiation of frequency 540×1012 Hz, 

Kcd, to be 683 when expressed in the unit of lm W–1, 

which is equal to cd sr W–1, or cd sr kg–1 m–2 s3, 

where the kilogram, metre and second are defined in 

terms of h, c and ∆νCs.

Picture ©BIPM.
Definition from The International System of Units (SI), 9th ed., 2019, © BIPM, CC BY 4.0.

Same as in 1979

Note that c is not colored.  The kelvin depends on the kg, the m and the 
s. Although the kg and the m depend both individually on c, this is not 
the case for the candela, because c drops out from its definition



Radiometric and Photometric Quantities

Radiometry Photometriy

Quantity Symbol Units Quantity Symbol Units

radiant Power Φ𝑒 W Luminous flux Φ𝑣 lumen (lm)

Radiant intensity 𝐼𝑒 W/sr Luminous intensity 𝐼𝑣 candela (cd)

Radiance 𝐿𝑒 W m–2 sr–1 Luminance 𝐿𝑣 cd/m2 (nit)

Irradiance 𝐸𝑒 W/m2 Illuminance 𝐸𝑣 lux (lx)

166

Photometry differs from radiometry in that all 
quantities are weighted for the response of the 
human eye

POI: screen luminance >500 nit –> comfortable outdoor vision 



Vision Types
Vision type Luminance Sensors Colors

Photopic sunny to twilight 3 to 106 cd/m2 mainly cones full colors

Scotopic dark to full moon 10–6 to 3x10–3 cd/m2 mainly rods black and white

Mesopic in between in between rods and cones degraded colors

167

Image Dick Lyon, CA, USA



Try the videos

League of SI Superheos
https://www.nist.gov/kids 

Lost with the SI?
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