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The Clock Signal
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The clock signal

carrier
frequency

fractional amplitude 
fluctuation

phase
fluctuation

carrier
amplitude

𝑣 𝑡 = 𝑉! 1 + 𝛼(𝑡) 	cos 2𝜋𝜈!𝑡 + 𝜑(𝑡)

Frequency, Hz Angular frequency, rad/s Relation Context

𝜈 𝜔 𝜈 = 𝜔/2𝜋 carrier

𝑓 𝜔 𝑓 = 𝜔/2𝜋 Fourier analysis, modulation

Often 𝜔 is used as a shorthand for 2𝜋𝜈 or 2𝜋𝑓 
without saying, but the subscript is consistent 
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The clock signal

polar coordinates

Cartesian coordinates

Low noise approximation

Observed with an ideal oscilloscope

𝜏∗ is not the same “𝜏” of the Allan variance

𝑣 𝑡 = 𝑉! 1 + 𝛼(𝑡) 	cos 2𝜋𝜈!𝑡 + 𝜑(𝑡)

𝑣 𝑡 = 𝑉! cos𝜔!𝑡 + 𝑛" 𝑡 cos𝜔!𝑡 − 𝑛#(𝑡) sin𝜔!𝑡

𝛼 𝑡 =
𝑛" 𝑡
𝑉!

	 and	 𝜑 𝑡 =
𝑛# 𝑡
𝑉!
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A misleading representation

• The caption says instantaneous output 
voltage of an oscillator

• But the picture is a unrealistic 
representation of AM and PM noise

• The problem is that additive white noise 
is dominant

• Other, slower types of noise are our 
main concern

• The new version of the IEEE standard 
uses my figure J
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BPSK 𝑣89 = 𝑏: cos𝜔𝑡, where 𝑏: = ±1 is the 𝑘;< bit transmitted 

Pure signal Signal corrupted by AM and PM noise

Timing impacts on the Bit Error Rate (BER)

Inter-symbol interference

Sweet point
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Frequency domain

• In the absence of noise, the clock signal is a Dirac δ(ν)
• Noise broadens the spectrum
• The difference between AM and PM noise is hidden here

Noise-free signal Signal with AM/PM noise
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The line width does not say the true story

• In the absence of noise, the clock signal is a Dirac δ(ν)
• Noise broadens the spectrum
• The difference between AM and PM noise is hidden here
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The bath hub diagram
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The same happens with all physical quantities, including time
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Representations 
of the Clock Signal

𝑣 𝑡 = 𝑉= 1 + 𝛼(𝑡) 	cos 2𝜋𝜈=𝑡 + 𝜑(𝑡)
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Phasor – Fresnel vector

Notation
Power electronics
• V is the RMS value
• 𝑃 = 𝑉𝐼∗

Microwaves
• V is the peak value

• 𝑃 = #
$
𝑉𝐼∗

amplitude fluctuation phase fluctuation

Freeze the 𝜔!𝑡 oscillation, add an imaginary part

Strictly, the phase representation applies to static 𝛼 and 𝜑.
The extension to (slow) varying 𝛼 𝑡  and 𝜑(𝑡) is obvious

15

𝑣 𝑡 = 𝑉! 1 + 𝛼(𝑡) 	cos 2𝜋𝜈!𝑡 + 𝜑(𝑡)

V =
𝑉=
2
1 + 𝛼(𝑡) cos𝜑 + 𝑖 sin𝜑



Modulation and sidebands

Bandwidth
Ω < 𝜔!

random modulation 
is no exception
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Phase modulation – Math
Phase modulated signal, with modulation index m

For small m, the expansion can be truncated to 3 terms, n = –1…+1
Use the asymptotic expansion  J0(m) ≈ 1,  J–1(m) ≈ –m/2,  J1(m) ≈ m/2, 

Freeze ω0 —> phase vector representation

equivalent to

A swinging phase θ is equivalent to a swinging frequency Δƒ = (1/2π) (dθ/dt)

The full frequency domain representation contains an infinite 
number of sidebands ruled by  the Jacobi–Anger expansion

use

17



Analytic signal

The analytic continuation
• Removes the negative 

frequencies
• Keeps the power

Standard representation of signals in microwaves and optics

rotating vector

18



Low-pass process / pre-envelope

Real signal

Analytic signal

freeze the 𝑒"#$ oscillation

Low-pass process
(pre-envelope)

Low-pass processAnalytic signal

Often used in telecomm
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Noise Spectra
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𝑆!(𝑓) and ℒ(𝑓)
Power Spectral Density (PSD)

Definition of PSD
𝑆 𝑓 = ℱ 𝒞(𝜏)

𝒞(𝜏) is the autocovariance
ℱ 	 is the Fourier Transform

Correct SI units
• dim 𝜑(𝑡) = rad

• dim 𝑆"(𝑓) = rad#/Hz
• The decibel (dB) is non-SI accepted for 

use with SI units
• Log scale  –> dBrad#/Hz

Thermal limit 𝑆% = 𝑘𝑇&'/𝑃(
Power 𝑃!, thermal energy 𝑘𝑇$%  

Practical estimation 

𝑆% 𝑓 =
2
𝑇
Φ) 𝑓 Φ)

∗ 𝑓 *

• Based on WK theorem 
• Single-sided 𝑆 𝑓 , 𝑓 > 0
• Fourier transform Φ$	of the digitized and 

truncated 𝜑
• Average on 𝑚 realizations

The quantity ℒ(𝑓)   

ℒ 𝑓 =
1
2 𝑆& 𝑓 	 IEEE Std 1139

• Always in log scale using  10 log%! ℒ  
• Non-SI unit dBc/Hz
• Literally, “c” is a square angle, c = 2	rad#

Why do we change symbol 
after changing the unit?

21



Obsolete definition of ℒ(𝑓)

Experimentally incorrect
Instruments measure 𝜑, not 𝑁/𝑃!

Unsuitable to low 𝑓 or to large noise
At sufficiently low 𝑓, it happens that
10 log%! ℒ(𝑓) > 0	dB –> Denominator nulls

Incorrect way to assess PM noise
ℒ = 𝑁/𝑃=

• Pure PM noise
𝑆F 𝑓 = 2𝑁/𝑃=

• Equal amount of AM and PM noise 
𝑆F(𝑓) = 𝑁/𝑃=	

• Pure AM noise
𝑆F 𝑓 = 0

Misleading
• Intended to describe PM noise, but 

the definition does not match
• Non-SI unit dBc/Hz
• A lot of confusion comes from ℒ(𝑓)

𝑃!

𝜈! 𝜈! + 𝑓

𝐵
𝑁

𝜈

𝑆(𝜈)

ℒ 𝑓 =
SSB power in 1 Hz BW

carrier power

Always given in dBc/Hz using  10 log%! ℒ
dBc means dB below the carrier

22



Additive phase and amplitude noise

Noise is equally split between 
AM and PM

PM (rms)

AM (rms)

Normalize on B
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The polynomial law – or power law

Amplitude noise
• Not allowed to 

diverge
• Only white and 

flicker al low 𝑓
• Locally, 1/𝑓I in 

oscillators

Laurent polynomials –> generalized polynomials which include negative exponents

24



What actual spectra look like 25
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Quantities Associated
to the Clock Signal

𝑣 𝑡 = 𝑉= 1 + 𝛼(𝑡) 	cos 2𝜋𝜈=𝑡 + 𝜑(𝑡)

26



Phase time (fluctuation) x(𝑡)

• Allow 𝜑(𝑡) to exceed ±𝜋, 
and count the no of turns

• The phase-time fluctuation associated to 𝜑(𝑡) is

              Definition:   x 𝑡 = % &
$'(!

27

𝑣 𝑡 = 𝑉! 1 + 𝛼(𝑡) 	cos 2𝜋𝜈!𝑡 + 𝜑(𝑡)



Jitter and wander

• ITU defines jitter as the variations in the significant instants of a clock or data 
signal, vs a “perfect” clock

• Jitter —> Usually fast phase changes 𝑓 > a few tens of Hz 

• Wander —> Usually slower phase changes (due to temperature, voltage, etc.)

• Designers first care about consistency of logic functions,
• First, maximum timing error 
• Sometimes RMS value and probability distribution

• Time and Frequency community focuses on
• PM noise spectra 
• Delay spectra
• Two-sample variances (ADEV, TDEV, etc.)

Unlike x(t), the jitter includes telecom-oriented industrial standards 

28

𝑣 𝑡 = 𝑉! 1 + 𝛼(𝑡) 	cos 2𝜋𝜈!𝑡 + 𝜑(𝑡) x 𝑡 =
𝜑 𝑡
2𝜋𝜈!



The frequency fluctuation (∆𝜈)(𝑡)

carrier
frequency

phase
fluctuation

Freeze the random phase, and move the fluctuation to the frequency

Δ𝜈 𝑡 = 𝜈 𝑡 − 𝜈=

𝜑 𝑡 = 2𝜋8(Δ𝜈)(𝑡)	𝑑𝑡

𝑣 𝑡 = 𝑉! 1 + 𝛼(𝑡) 	cos 2𝜋𝜈! + 2𝜋8(Δ𝜈)(𝑡)	𝑑𝑡

Definition:
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The fractional-frequency fluctuation y(𝑡)

carrier
frequency

Phase fluctuation

𝜑 𝑡 = 2𝜋𝜈!8
Δ𝜈 𝑡
𝜈!

	𝑑𝑡

𝑣 𝑡 = 𝑉! 1 + 𝛼(𝑡) 	cos 2𝜋𝜈! + 2𝜋𝜈!8 y(𝑡)	𝑑𝑡

y 𝑡 =
Δ𝜈 𝑡
𝜈=

Definition:
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Analogies

• The “error” of a wristwatch is usually 
expressed in seconds or minutes.

• The frequency of the internal 
oscillator (5 Hz for the balance 
wheel, and 215 Hz for the quartz) 
does not matter.

• In TF, the “time error” is denoted 
with x(t) [seconds]

• The fractional “error” of an 
instrument or of a standard is often 
expressed in percent (%) or in parts-
per-million (ppm).

• This way of expressing the “error” is 
independent of the value of the 
measured quantity

• In TF, the “fractional frequency 
error” is denoted with y(t) 
[dimensionless]
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Physical quantities – Time domain 32

Hertz

radian second

frequency
fluctuation

fractional-freq
fluctuation

time 
fluctuation

phase 
noise '(t)

<latexit sha1_base64="iCrBQwlzWbiWZ/ncox/4JSiA4NM=">AAAB9XicbZDNSsNAFIVv6l+tf1WXbgYboW5KmoLalQU3LivYH2hjmUwn7dDJJMxMKiX0Pdy4UMSt7+LOt/ARTNMKaj0w8HHOvczluCFnSlvWh5FZWV1b38hu5ra2d3b38vsHTRVEktAGCXgg2y5WlDNBG5ppTtuhpNh3OW25o6tZ3hpTqVggbvUkpI6PB4J5jGCdWHem2R1jGQ5ZUZ+aZi9fsEpWKrQM5QUULj8hVb2Xf+/2AxL5VGjCsVKdshVqJ8ZSM8LpNNeNFA0xGeEB7SQosE+VE6dXT9FJ4vSRF8jkCY1S9+dGjH2lJr6bTPpYD9XfbGb+l3Ui7V04MRNhpKkg84+8iCMdoFkFqM8kJZpPEsBEsuRWRIZYYqKTonJpCdWqbZ9V0DJ8l9C0S+VKyb6xC7XivA3IwhEcQxHKcA41uIY6NICAhAd4gmfj3ng0XozX+WjGWOwcwi8Zb19SE5Ky</latexit>

(�⌫)(t)
<latexit sha1_base64="M4Ljtd7Hj9650yVOCjsbxUG6Urs=">AAAB+3icbZBPSwJBGMbf7a/ZP7NjlyEN9CLrCpWnhDp0NMg/oCKz46iDs7PLzLuRiF+lS4ciuvZFuvUt+gitq0FlDwz8eJ73ZV4eN5DCoG1/WCura+sbm4mt5PbO7t5+6iBdN36oGa8xX/q66VLDpVC8hgIlbwaaU8+VvOGOLmd5445rI3x1i+OAdzw6UKIvGMXI6qbS2WyufcUl0rYK8znMZ7PdVMYu2LHIMhQXkLn4hFjVbuq93fNZ6HGFTFJjWkU7wM6EahRM8mmyHRoeUDaiA96KUFGPm84kvn1KTiKnR/q+jp5CErs/NybUM2bsudGkR3Fo/mYz87+sFWL/vDMRKgiRKzb/qB9Kgj6ZFUF6QnOGchwBZVpEtxI2pJoyjOpKxiWUy45zWiLL8F1C3SkUSwXnxslUcvM2IAFHcAw5KMIZVOAaqlADBvfwAE/wbE2tR+vFep2PrliLnUP4JevtC9mjk/s=</latexit>

y(
t)

=
d
x(
t)

dt
<latexit sha1_base64="3028uqAXxe5PzONaMZVHl7Nc7Ck="></latexit>

x(t)
<latexit sha1_base64="rjv7gCXX+qGMmQWlt9IRasP1M2k=">AAAB+nicbVDLSsNAFL3xWesr1aWbwUaom5KkoHZlwY3LCvYBbSiT6aQdOnkwM1FL7Ke4caGIW7/EnX/hJ5imFdR64MLhnHu5h+NGnEllmh/a0vLK6tp6biO/ubW9s6sX9poyjAWhDRLyULRdLClnAW0opjhtR4Ji3+W05Y4upn7rhgrJwuBajSPq+HgQMI8RrFKppxcMo+tjNZRecjcpqWPD6OlFs2xmQIvEmpPi+SdkqPf0924/JLFPA0U4lrJjmZFyEiwUI5xO8t1Y0giTER7QTkoD7FPpJFn0CTpKlT7yQpFOoFCm/rxIsC/l2HfTzSzmX28q/ud1YuWdOQkLoljRgMweeTFHKkTTHlCfCUoUH6cEE8HSrIgMscBEpW3lsxKqVds+qaBF8l1C0y5blbJ9ZRdrpVkbkIMDOIQSWHAKNbiEOjSAwC08wBM8a/fao/aivc5Wl7T5zT78gvb2BW4blGo=</latexit>

y(t)
<latexit sha1_base64="uTKyEcoWC+xeL6EFU5f1xVk6sz8=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDDZC3ZQ0BbUrC25cVrAPaEOZTCft0MmDmYkSYj/FjQtF3Pol7vwLP8E0raDWAxcO59zLPRwn5Ewq0/zQciura+sb+c3C1vbO7p5e3G/LIBKEtkjAA9F1sKSc+bSlmOK0GwqKPYfTjjO5nPmdWyokC/wbFYfU9vDIZy4jWKXSQC8aRt/DaizdJJ6W1YlhDPSSWTEzoGVSXZDSxSdkaA709/4wIJFHfUU4lrJXNUNlJ1goRjidFvqRpCEmEzyivZT62KPSTrLoU3ScKkPkBiIdX6FM/XmRYE/K2HPSzSzmX28m/uf1IuWe2wnzw0hRn8wfuRFHKkCzHtCQCUoUj1OCiWBpVkTGWGCi0rYKWQn1umWd1tAy+S6hbVWqtYp1bZUa5XkbkIdDOIIyVOEMGnAFTWgBgTt4gCd41u61R+1Fe52v5rTFzQH8gvb2BW+llGs=</latexit>

x(t) =
'(t)

2⇡⌫0
<latexit sha1_base64="tUMMcsr3LSPbRH1nlpjzWC4dPlg="></latexit>

y(t) =
(�⌫)(t)

⌫0
<latexit sha1_base64="B7+Rhoj8mb3gH7L5z4PQUv6UD84="></latexit>

(�
⌫
)(
t)

=
1 2⇡

d'
(t
)

dt
<latexit sha1_base64="fbt/jcOjTYZtaa86WWoncfDc94A="></latexit>

y(t) =
1

2⇡⌫
0

d'(t)dt

<latexit sha1_base64="r0WBUjRLVR41U2bgeYEbEbRvdto="></latexit>
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Physical quantities – Frequency domain 33

Rules 𝑑
𝑑𝑡 ↔ 𝑖𝜔 𝑆! 𝜔 ∝ 𝔼 𝐴 𝜔 "

s2/Hzrad2/Hz

Hz2/Hz 1/Hz

S'(f)
<latexit sha1_base64="U+WmiV1KUtOZvY8ScV5jvU6T3SY=">AAAB+XicbZDLSsNAFIZPvNZ6i7p0M9gIdVOSFNSuLLhxWdFeoA1hMp20QycXZiaFEvomblwo4tY3cedb+AimaQW1/jDw8f/nMIffizmTyjQ/tJXVtfWNzcJWcXtnd29fPzhsySgRhDZJxCPR8bCknIW0qZjitBMLigOP07Y3up7l7TEVkkXhvZrE1AnwIGQ+I1hllqvrhnHn9sZYxENW9s8Mw9VLZsXMhZbBWkDp6hNyNVz9vdePSBLQUBGOpexaZqycFAvFCKfTYi+RNMZkhAe0m2GIAyqdNL98ik4zp4/8SGQvVCh3f26kOJByEnjZZIDVUP7NZuZ/WTdR/qWTsjBOFA3J/CM/4UhFaFYD6jNBieKTDDARLLsVkSEWmKisrGJeQq1m2+dVtAzfJbTsilWt2Ld2qV6etwEFOIYTKIMFF1CHG2hAEwiM4QGe4FlLtUftRXudj65oi50j+CXt7QsVpJOb</latexit>

Sy(f)
<latexit sha1_base64="7XabTO/3x9fH97x9/nt6lMu7OZs=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDDZC3ZQ0BbUrC25cVrQPaEOZTCft0MmDmYkQQv0VNy4UceuHuPMv/ATTtIJaD1w4nHMv93CckDOpTPNDy62srq1v5DcLW9s7u3v6/kFbBpEgtEUCHoiugyXlzKctxRSn3VBQ7DmcdpzJ5czv3FEhWeDfqjiktodHPnMZwSqVBnrRMG4GfQ+rsXSTeFp2TwxjoJfMipkBLZPqgpQuPiFDc6C/94cBiTzqK8KxlL2qGSo7wUIxwum00I8kDTGZ4BHtpdTHHpV2koWfouNUGSI3EOn4CmXqz4sEe1LGnpNuZjH/ejPxP68XKffcTpgfRor6ZP7IjThSAZo1gYZMUKJ4nBJMBEuzIjLGAhOV9lXISqjXLeu0hpbJdwltq1KtVaxrq9Qoz9uAPBzCEZShCmfQgCtoQgsIxPAAT/Cs3WuP2ov2Ol/NaYubIvyC9vYFvbOVIw==</latexit>

Sx(f)
<latexit sha1_base64="T65YLTH/b/gRbF21KXn2njk+N8Q=">AAAB/HicbVDLSsNAFL3xWeur2qWbwVaom5KkoHZlwY3LivYBbSmT6aQdOpmEmYkYQv0VNy4UceuHuPMv/ATTtIJaD1w4nHMv93CcgDOlTfPDWFpeWV1bz2xkN7e2d3Zze/tN5YeS0AbxuS/bDlaUM0EbmmlO24Gk2HM4bTnji6nfuqVSMV/c6CigPQ8PBXMZwTqR+rl8sXjd73pYj5Qb301K7nGx2M8VzLKZAi0Sa04K55+Qot7PvXcHPgk9KjThWKmOZQa6F2OpGeF0ku2GigaYjPGQdhIqsEdVL07DT9BRogyQ68tkhEap+vMixp5Skeckm2nMv95U/M/rhNo968VMBKGmgsweuSFH2kfTJtCASUo0jxKCiWRJVkRGWGKik76yaQnVqm2fVNAi+S6haZetStm+sgu10qwNyMABHEIJLDiFGlxCHRpAIIIHeIJn4954NF6M19nqkjG/ycMvGG9fvCmVIg==</latexit>

Sx(f) =
1

4⇡2⌫20
S'(f)

<latexit sha1_base64="iz/Oow+P2UHEsKvH0ZOryyG+z4Y="></latexit>

<latexit sha1_base64="+I/OV3c+Jt+WVocjvvzRo9Yn7yk="></latexit>

Sy(f) =
1

⌫20
S⌫(f)

L = 1
2S'

<latexit sha1_base64="64gy0zlRxuZwpjD0KvNs5B4vi0s="></latexit>

S
y (f) = f 2

⌫ 2
0 S

' (f)
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Frequency synthesis• Frequency is multiplied by a 
rational number

        Definition:   𝜈J =
𝒩
𝒟
𝜈M

• Phase and frequency are scaled 
up/down

• The normalized quantities x(𝑡) 
and y(𝑡) are independent of 𝜈, 
and preserved

N teeth

⌫i

⌫o

⌫o =
1

D ⌫i
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phase 'i

Analogy to a gearwork
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Maximum time fluctuation

• Convert phase noise PSD into time-fluctuation PSD

• Integrate over the suitable bandwidth

• Bandwidth:
• lower limit is set by the “size” of the system
• upper limit is set by the circuit bandwidth

36



home page http://rubiola.org

The family of 
Allan variances

𝜎yI 𝜏 = 𝔼
1
2
HyI − HyP I
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Variance

• Take 𝑛 samples spaced by 𝑇!
• Experimental 𝜎# ∝ 𝑇#, 

depends on 𝑛
• The expectation does not exist,

unless we fix 𝑇 

Experimental

May depend on 𝑛

Mathematical

Exists under conditions

𝑡

– 𝑇/2 +𝑇/2

Try yourself with    𝑦	 = 	𝑎𝑡

𝑦	 =
	𝑎𝑡

𝜎I =
1

𝑛 − 1
J
QRP

S

𝑦Q − 𝜇 I 𝜎I = 𝔼 𝑦 − 𝜇 I  

𝜇 =
1
𝑛
U

#$%

&
𝑦# 𝜇 = 𝔼 𝑦
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Path to the Allan variance

Notice that 𝑦 is still an unspecified quantity

Problem Solution
The experimental variance

depends on 𝑛, and the 
expectation does not exist

??

Set 𝑛	 = 	2

Fix the poor confidence by 
averaging on m realizations

The average converges to the expectation

𝜎I =
1

𝑛 − 1J
QRP

S

𝑦Q − 𝜇 I

𝔼
1

𝑛 − 1
J
QRP

S

𝑦Q − 𝜇 I 	 ∄

𝜎I =
1
2
𝑦I − 𝑦P I

𝜎I W =
1
2𝑚

J
QRP

W

𝑦I − 𝑦P I

𝜎I = 𝔼 𝑦 − 𝜇 I
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End of lecture 6
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Lecture 7
Scientific Instruments & Oscillators

Contents
• Counters (Π, Λ and Ω)
• Allan variances
• The measurement of phase noise
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Enrico Rubiola
CNRS FEMTO-ST Institute, Besancon, France

INRiM, Torino, Italy

ORCID 0000-0002-5364-1835
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Don’t get confused by the factor 1/2

Experimental variance
𝑦 is a generic variable

Two-sample
variance

set 𝑛	 = 	2,
and expand

boring, trivial algebra

𝜎I =
1

𝑛 − 1
J
QRP

S

𝑦Q − 𝜇 I

𝜎I =
1
2
𝑦I − 𝑦P I

𝜎# = 𝑦# − 𝜇 # + 𝑦# − 𝜇 #

= 𝑦# − %
# 𝑦# + 𝑦%

#
+ 𝑦# − %

# 𝑦# + 𝑦%
#

= %
& 𝑦#

# − 2𝑦#𝑦% + 𝑦%# # + %
& 𝑦#

# − 2𝑦#𝑦% + 𝑦%# #

= %
# 𝑦#

# − 2𝑦#𝑦% + 𝑦%# #
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Formal definition of the Allan variance

let

definition
(AVAR)

same as the experimental variance with n = 2, the smallest possible 

Evaluating, replace the expectation with the average on m samples

expands as

𝜎y" 𝜏 = 𝔼
1
2

x" − 2x% + x'
𝜏

"

y =
1
𝜏
W
'!

'!()
y 𝑡 	𝑑𝑡

𝜎yI 𝜏 = 𝔼
1
2
HyI − HyP I
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1
𝜏
Y
'

(
y 𝑡 	𝑑𝑡

"

𝜎y" 𝜏 =
1
2𝑚 U

)$'

*+%

[y),% − [y) "

Average fractional frequency fluctuation



Statistical interpretation

Use the smallest n, and take the expectation  

This is how we introduced the Allan variance
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𝑛 − 1
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QRP

S
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Wavelet interpretation – What is a wavelet 45

A wavelet is a unit shock

D. B. Percival DB, A. T. Walden AT, Wavelet methods for 
time series analysis, Cambridge 2000, ISBN 0-521-64068-7

#
YZ

Z
𝑤 𝑡 	𝑑𝑡 = 0#

Y[/\

[/\
𝑤 𝑡 \	𝑑𝑡 = 1 − 𝜖 #

YZ

Z
𝑤 𝑡 \	𝑑𝑡 = 1

Zero average Energy equal oneNonzero activity limited to 
the [– 𝑇/2, 𝑇/2] interval

With continuous (power-type) signals, 
we use need the normalization

Power equal one

lim
[→Z

1
𝑇
#
Y[/\

[/\
𝑤 𝑡 \	𝑑𝑡 = 1



Wavelet interpretation
wavelet-like variance

weight (wavelet-like) function

the Allan variance differs from a 
wavelet variance in the normalization 
on power, instead of on energy

energy
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𝜎y" = 𝔼 Y
+-

-
y 𝑡 	𝑤. 𝑡; 𝜏 	𝑑𝑡

"

𝑤. 𝑡; 𝜏 =

−
1
2	𝜏

for	0 < 𝑡 < 𝜏

+
1
2	𝜏

for	𝜏 < 𝑡 < 2𝜏

0 elsewhere

𝐸 𝑤. = Y
+-

-
𝑤.(𝑡; 𝜏) "	𝑑𝑡 =

1
𝜏



Filter interpretation
The impulse response of the measurement (same as 𝑤*) approximates a 
half-octave bandpass filter centered at 𝑓𝜏 ≃ 0.45

𝐻 𝑓 !𝑆y(𝑓) 𝜎𝗒/(𝜏)∫+,
, …𝑑𝑓
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𝜎y#(𝜏) = W
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,
𝑆- 𝑓 𝐻* 𝑓; 𝜏 #	𝑑𝑓
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Derivation of the transfer function – Tools

ℎ.(𝑡)

Type	equation	here.*  Convolution operator

−
𝜏
2 +

𝜏
2

1/𝜏

𝐻. 𝑓 =
sin 𝜋𝜏𝑓
𝜋𝜏𝑓

−𝜃
𝜃

𝐻/0123(𝑓) = 𝐻 𝑓 	 ×	 𝑖2 sin 𝜋𝜏𝑓

sin 𝜃 =
1
2𝑖

𝑒"# − 𝑒$"#

Euler equation

Shift operator 

𝛿 𝑡 − 𝜃

∗
ℎ 𝑡 − 𝜃 ℎ 𝑡

=

Split operator

𝐻/4253 𝑓 	= 	𝐻 𝑓 	 ×	 𝑒67 

∗=
𝜃 𝜃 𝜃

ℎ/0123(𝑡)
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Transfer function 𝐻< 𝑓 =

∗=
ℎ	(𝑡)

𝜏

𝑎/𝜏

−𝑎/𝜏
−
𝜏
2 +

𝜏
2

1/𝜏
−
𝜏
2

+
𝜏
2

𝑎

−𝑎

𝐻 𝑓 = 	
sin 𝜋𝜏𝑓
𝜋𝜏𝑓

	 ×	 𝑖2𝑎 sin 𝜋𝜏𝑓 	 = 	 𝑖2𝑎
sin# 𝜋𝜏𝑓
𝜋𝜏𝑓

𝐻i 𝑓 I = 2
sinj 𝜋𝜏𝑓
𝜋𝜏𝑓 I

−𝜏

𝑎 = 1/ 2

ℎ𝐴(𝑡)

𝜏

1/ 2𝜏

−1/ 2𝜏

𝐻% 𝑓 = 	 𝑖 2
sin& 𝜋𝜏𝑓
𝜋𝜏𝑓

−𝜏

W
!

,
𝐻(𝑓) #𝑑𝑓 =

𝑎#

𝜏

𝐻(𝑓) # = 4𝑎# /2:' ;)<
;)< (

Allan variance

W
!

,
𝐻*(𝑓) #𝑑𝑓 =

1
2𝜏

Power

Power

No normalization

normalization
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Transfer function 𝐻> 𝑓 =

=
ℎ=(𝑡)

+𝜏

sin 𝜋𝜏𝑓
𝜋𝜏𝑓

∗
1/𝜏 1/𝜏 1/𝜏

−
𝜏
2

+
𝜏
2 −

𝜏
2

+
𝜏
2

𝐻k 𝑓 =
sinI 𝜋𝜏𝑓
𝜋𝜏𝑓 I

−𝜏
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Transfer function 𝐻? 𝑓 =

= ∗
ℎ> 	(𝑡) 1/ 2𝜏

+𝜏

1/𝜏

−𝜏

−
𝜏
2

𝜏
2−

3𝜏
2

3𝜏
2

−1/ 2𝜏

1/ 2

−1/ 2

−
𝜏
2

+
𝜏
2

𝐻= 𝑓 	 = 	
sin# 𝜋𝜏𝑓
𝜋𝜏𝑓 # 	 ×	 𝑖 2 sin 𝜋𝜏𝑓 	 = 	 𝑖 2

sin> 𝜋𝜏𝑓
𝜋𝜏𝑓 #

𝐻m 𝑓 I = 2
sinn 𝜋𝜏𝑓
𝜋𝜏𝑓 j
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Weighted average

𝗒 =
1
𝜏
#
o

p
𝗒 𝑡 𝑑𝑡

𝗒 = #
YZ

Z
𝗒 𝑡 𝑤 𝑡 𝑑𝑡

Bare mean

Weighted Average

Use the average or the expectation

\
op

p
𝑤 𝑡 𝑑𝑡 = 1Normalization

There are many options for 
the weight function 𝑤 𝑡  

1/𝜏

𝜏

2𝜏

𝑤(𝑡)

𝑡

1/𝜏

𝜏

𝑤(𝑡)

𝑡

Π (uniform) average

Λ (triangular) average

…etc.
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Π (classical) counter

the measure is a
scalar product

variance

E.
 R
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Λ Counter

limit t0 -> 0 of the weight function

the variance is 
divided by n

white noise: the autocorrelation function is a 
narrow pulse, about the inverse of the bandwidthE.

 R
ub
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, R
SI

 7
6(

5)
 0
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Ω (linear-regression) counter

Linear regression on a sequence of time stamps provides accurate estimation of 
frequency and best rejection of white PM noise

y is estimated with a linear regression on 
the x series

phase time

fractional frequency

fluctuation

E. Rubiola & al, IEEE Transact. UFFC 63(7) pp.961–969, July 2016
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A modern approach

• It’s all about averaging
• Uniform —> AVAR
• Triangle —> MVAR

constant term of the least-square fit of phase 
data

• Parabolic —> PVAR
slope term of the least-square fit of phase data

• Other options are possible

𝜎𝗒"(𝜏) =
1
2 𝗒" − 𝗒#

" 𝗒 = ∫45
5 𝗒(𝑡)𝑤(𝑡)𝑑𝑡

Definition Weighted Average

Use the average or the expectation
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Generalized Allan variance

𝜎yI 𝜏 = 𝔼
1
2
@y$ −@y#

I

Allan variance

𝜎yI 𝜏 = 𝔼 \
op

p
𝗒 𝑡 𝑤 𝑡 I 	𝑑𝑡

Generalized Allan variance

1/ 2𝜏

𝜏
– 1/ 2𝜏

2𝜏

𝑤(𝑡)

𝑡

1/ 2𝜏

𝜏
– 1/ 2𝜏

2𝜏

𝑤(𝑡)

𝑡

3𝜏
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Π Estimator —>  Allan Variance

given a series of contiguous non-overlapped measures

the Allan variance is easily evaluated
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Modified Allan variance

definition

wavelet-like
variance

energy

compare the energy

this explains why the mod Allan variance is always lower than the Allan variance
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Overlapped Λ estimator  —>  MVAR
by feeding a series of L-estimates of frequency in the formula of the Allan variance

one gets exactly the modified Allan variance!

as they were P-estimates
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Non-overlapped Λ estimator  —>  TrVAR
by feeding a series of L-estimates of frequency in the formula of the Allan variance

one gets the triangular variance!

as they were P-estimates

S.T. Dawkins, J.J. McFerran,  A.N. Luiten, IEEE Trans. UFFC 54(5) p.918–925, May 2007
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MVAR by-2 decimation rule 62



Spectra vs variances 63

Allan Variance (AVAR)

/
1/⌧ 2
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<latexit sha1_base64="BVP1Gp+DcFwzfRSXY85fOtwl72s=">AAACBHicbVDLSsNAFL2pr1pfVZfdDLZCBSlpCmpXFty4rGAf0MQymU7aoZMHMxMhhC7c+CtuXCji1o9w51/4CaZpBbUeuHA4517uvccOOJNK1z+0zNLyyupadj23sbm1vZPf3WtLPxSEtojPfdG1saScebSlmOK0GwiKXZvTjj2+mPqdWyok871rFQXUcvHQYw4jWCVSP18omZINXXxj9E0Xq5F04mhSNhUOj0r9fFGv6CnQIqnOSfH8E1I0+/l3c+CT0KWeIhxL2avqgbJiLBQjnE5yZihpgMkYD2kvoR52qbTi9IkJOkyUAXJ8kZSnUKr+nIixK2Xk2klneuhfbyr+5/VC5ZxZMfOCUFGPzBY5IUfKR9NE0IAJShSPEoKJYMmtiIywwEQlueXSEOp1wzipoUXyHULbqFRrFePKKDaOZ2lAFgpwAGWowik04BKa0AICd/AAT/Cs3WuP2ov2OmvNaPOZffgF7e0LsryZGQ==</latexit>
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<latexit sha1_base64="2+NzFPDVVN/iptbWdfA4dF6OBBM="></latexit>

⌧
<latexit sha1_base64="1QriRCfqDIMbzFBK1F9XzHq3OY4=">AAAB7XicbVDLSsNAFL2pr1pfVZduBlvBhZQkBbUrC25cVrAPaEOZTCft2MlMmJkIJfQf3LhQxK3/486/8BNM0wq+Dlw4nHMv997jR5xpY9vvVm5peWV1Lb9e2Njc2t4p7u61tIwVoU0iuVQdH2vKmaBNwwynnUhRHPqctv3x5cxv31GlmRQ3ZhJRL8RDwQJGsEmlVrlncFzuF0t2xc6A/hJnQUoXH5Ch0S++9QaSxCEVhnCsddexI+MlWBlGOJ0WerGmESZjPKTdlAocUu0l2bVTdJQqAxRIlZYwKFO/TyQ41HoS+mlniM1I//Zm4n9eNzbBuZcwEcWGCjJfFMQcGYlmr6MBU5QYPkkJJoqltyIywgoTkwZUyEKo1Vz3tIr+kq8QWm7FqVbca7dUP5mnAXk4gEM4BgfOoA5X0IAmELiFe3iEJ0taD9az9TJvzVmLmX34Aev1E5ZLkBk=</latexit>

h0/2⌧<latexit sha1_base64="Q1O/nZjfgc/rZcWr9eCPD2cZjgo=">AAABx3icZU/LSsNAFL2pr1pfUTeCm2AjuCg1SbHalQU3uqtgH9CEMhkn7dBMJmQmxRIi+Bd+gFv9H//CT7BJK1Q9m3s459zLPW7oUyEN41MprKyurW8UN0tb2zu7e+r+QUfwOMKkjbnPo56LBPFpQNqSSp/0wogg5vqk645vMr87IZGgPHiQ05A4DA0D6lGM5EwaqEe6bjMkR8JLRukgMdJzy5Yo1vWBWjaqRg5tiVwYZqNuauZCKV9/QY7WQH21HzmOGQkk9pEQfdMIpZOgSFLsk7Rkx4KECI/RkPRnNECMCCfJG6TaqccjzeOB1HJhOZwgJrIPK7OZJURGxJS5FZdVMiMSnvhzXnpXTkKDMJYkwGlepdGwrHpN+09+qnSsqlmrWvdWuanPO0ERjuEEzsCES2jCLbSgDRie4Q3e4UO5U7gyUZ7m0YKy2DmEX1BevgFx+oER</latexit>

2 ln(2) h�1
<latexit sha1_base64="KBRKWeFFV8+NaFK02pbGFq2+IjY=">AAABy3icZU/LSsNAFL3xWesr6lIXwUaoUEuSYrVuLLhxI1SwD2hCmIyTNjQzCZmJUGM2gv/gJ7jVv/Ev/ASbtELVs7mHc8693OOEvseFpn1KC4tLyyurhbXi+sbm1ra8s9vhQRxh0saBH0Q9B3Hie4y0hSd80gsjgqjjk64zusr87gOJuBewOzEOiUXRgHmuh5GYSLZ8oKqG6bOycWxemBSJIXeTYWonJ3qqqrZc0qpaDmWOnGp6o64r+kwpXX5BjpYtv5r3AY4pYQL7iPO+roXCSlAkPOyTtGjGnIQIj9CA9CeUIUq4leQtUuXIDSLFDZhQcmE+nCDKs+cqk5kleEb4mDoVh1YyI+Iu/3NeuOdW4rEwFoThNK/SaBhGvab8Jz9VOkZVr1WNW6PUVKedoAD7cAhl0OEMmnANLWgDhmd4g3f4kG4kLj1KT9PogjTb2YNfkF6+Ae/mgeE=</latexit>
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h�2⌧

<latexit sha1_base64="44hVogfCs9DsxvnmHaM5Px3jIA8=">AAAB1nicZU/LSsNAFL2pr1pfUZdugo3oopYk1WpXFty4rGAf0MQwGSft0GQSMhOhhLgTV4JL/8Otfoh/4SfYpBWqns09nHPu5R4n9CgXmvYpFRYWl5ZXiqultfWNzS15e6fDgzjCpI0DL4h6DuLEo4y0BRUe6YURQb7jka4zusz87j2JOA3YjRiHxPLRgFGXYiQmki0fqqrpRggnJ2ZIb400qaemj8SQu8kwtZNjIzUFilXVlstaVcuhzJFTTW/UdUWfKeWLL8jRsuVX8y7AsU+YwB7ivK9robASFAmKPZKWzJiTEOERGpD+hDLkE24leaFUOXCDSHEDJpRcmA8nyOfZg5XJzBI8I3zsOxXHr2RGxF3+57xwz62EsjAWhOE0r9JoGEa9pvwnP1U6RlWvVY1ro9xUp52gCHuwD0egwxk04Qpa0AYMz/AG7/Ah9aQH6VF6mkYL0mxnF35BevkG4Y6HjA==</latexit>
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<latexit sha1_base64="KJAVlWDvL+KIk9mun9AwVh4nhuM=">AAACAnicbVDJSgNBEK2JW4xb1JN4aUyEXIwzE4zmZMCLxwhmgSSGnk5P0qRnobtHCMPgxV/x4kERr36FN//CT3AyiRCXBwWP96qoqmf5nEml6x9aamFxaXklvZpZW9/Y3Mpu7zSkFwhC68TjnmhZWFLOXFpXTHHa8gXFjsVp0xpdTPzmLRWSee61Gvu06+CBy2xGsIqlXnYvn+84WA2lHQ6jXnhkRsf2TWhG+Xwvm9OLegI0R050o1I2kDFTcuefkKDWy753+h4JHOoqwrGUbUP3VTfEQjHCaZTpBJL6mIzwgLZj6mKHym6YvBChw1jpI9sTcbkKJer8RIgdKceOFXcm5/72JuJ/XjtQ9lk3ZK4fKOqS6SI74Eh5aJIH6jNBieLjmGAiWHwrIkMsMFFxapkkhErFNMsl9Jd8h9Awi0apaF6ZuWphmgakYR8OoAAGnEIVLqEGdSBwBw/wBM/avfaovWiv09aUNpvZhR/Q3r4Ae32Xzg==</latexit>

h�1/f
<latexit sha1_base64="qTUa8eOAF8GlDDIzRCiiZXL6Cr4=">AAAB/nicbVDLSsNAFL2pr1pfVXHlZrAVurEmKVa7suDGZQX7gDaEyXTSDp08mJkIJRT8FTcuFHHrd7jzL/wE07RCfRy4cDjnXu7hOCFnUun6h5ZZWl5ZXcuu5zY2t7Z38rt7LRlEgtAmCXggOg6WlDOfNhVTnHZCQbHncNp2RldTv31HhWSBf6vGIbU8PPCZywhWiWTnD4rFnofVULrxcGLHJ8bk1C0W7XxBL+sp0AI5041a1UDGXClcfkKKhp1/7/UDEnnUV4RjKbuGHiorxkIxwukk14skDTEZ4QHtJtTHHpVWnMafoONE6SM3EMn4CqXq4kWMPSnHnpNsplF/e1PxP68bKffCipkfRor6ZPbIjThSAZp2gfpMUKL4OCGYCJZkRWSIBSYqaSyXllCrmWa1gv6S7xJaZtmolM0bs1AvzdqALBzCEZTAgHOowzU0oAkEYniAJ3jW7rVH7UV7na1mtPnNPvyA9vYFclWWHQ==</latexit>

h0
<latexit sha1_base64="27b7f4f3wmUP3YgLM70Y9TL48BE=">AAAB+XicbVDLSsNAFL2pr1pfUZduBhuhq5KkWO3KghuXFWwrtCFMppN26OTBzKRQQv/EjQtF3Pon7vwLP8E0rVAfBy4czrmXezhezJlUpvmhFdbWNza3itulnd29/QP98Kgjo0QQ2iYRj8S9hyXlLKRtxRSn97GgOPA47Xrj67nfnVAhWRTeqWlMnQAPQ+YzglUmubpuGP0Aq5H009HMNQ3D1ctm1cyBVsi5aTXqFrKWSvnqE3K0XP29P4hIEtBQEY6l7FlmrJwUC8UIp7NSP5E0xmSMh7SX0RAHVDppnnyGzjJlgPxIZBMqlKurFykOpJwGXraZp/ztzcX/vF6i/EsnZWGcKBqSxSM/4UhFaF4DGjBBieLTjGAiWJYVkREWmKisrFJeQqNh2/Ua+ku+S+jYVatWtW/tcrOyaAOKcAKnUAELLqAJN9CCNhCYwAM8wbOWao/ai/a6WC1oy5tj+AHt7Qv4KZQw</latexit>

h1f
<latexit sha1_base64="/qd8InR2M4Ul5cPeyZzscUI8V/A=">AAAB/HicbVDLSsNAFL2pr1pf0S7dDDZCVyVJsdqVBTcuK9gHtKVMppN26OTBzEQIof6KGxeKuPVD3PkXfoJpWqE+Dlw4nHMv93CckDOpTPNDy62tb2xu5bcLO7t7+wf64VFbBpEgtEUCHoiugyXlzKctxRSn3VBQ7Dmcdpzp1dzv3FEhWeDfqjikAw+PfeYyglUqDfWiYfQ9rCbSTSazYWLNXMMY6iWzYmZAK+TMtOo1C1lLpXT5CRmaQ/29PwpI5FFfEY6l7FlmqAYJFooRTmeFfiRpiMkUj2kvpT72qBwkWfgZOk2VEXIDkY6vUKauXiTYkzL2nHQzC/rbm4v/eb1IuReDhPlhpKhPFo/ciCMVoHkTaMQEJYrHKcFEsDQrIhMsMFFpX4WshHrdtmtV9Jd8l9C2K1a1Yt/YpUZ50Qbk4RhOoAwWnEMDrqEJLSAQwwM8wbN2rz1qL9rrYjWnLW+K8APa2xePe5Wt</latexit>
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<latexit sha1_base64="ALsLvCELDHwvJK3cDjG6g53obAw=">AAAB/nicbVDLSsNAFL3xWesrKq7cDLZCVyVJsdqVBTcuK9gHtLFMppN26OTBzEQoIeCvuHGhiFu/w51/4SeYphXq48CFwzn3cg/HCTmTyjA+tKXlldW19dxGfnNre2dX39tvySAShDZJwAPRcbCknPm0qZjitBMKij2H07Yzvpz67TsqJAv8GzUJqe3hoc9cRrBKpb5+WCz2PKxG0o1HST+2EvfWKhb7esEoGxnQAjk1zFrVROZcKVx8QoZGX3/vDQISedRXhGMpu6YRKjvGQjHCaZLvRZKGmIzxkHZT6mOPSjvO4ifoJFUGyA1EOr5Cmbp4EWNPyonnpJtZ1N/eVPzP60bKPbdj5oeRoj6ZPXIjjlSApl2gAROUKD5JCSaCpVkRGWGBiUoby2cl1GqWVa2gv+S7hJZVNitl69oq1EuzNiAHR3AMJTDhDOpwBQ1oAoEYHuAJnrV77VF70V5nq0va/OYAfkB7+wLEDJZS</latexit>

Sy(f)
<latexit sha1_base64="vzYkf11TUSKHghgqyob+Sb0HJrc=">AAAB/HicbVDLSsNAFL3xWesr2qWbwVaoICVJQe3KghuXFe0D2lAm00k7dPJgZiKEUH/FjQtF3Poh7vwLP8E0raDWAxcO59zLPRwn5Ewqw/jQlpZXVtfWcxv5za3tnV19b78lg0gQ2iQBD0THwZJy5tOmYorTTigo9hxO2874cuq376iQLPBvVRxS28NDn7mMYJVKfb1QKt30ex5WI+km8aTsHpdKfb1oVIwMaJGYc1K8+IQMjb7+3hsEJPKorwjHUnZNI1R2goVihNNJvhdJGmIyxkPaTamPPSrtJAs/QUepMkBuINLxFcrUnxcJ9qSMPSfdzGL+9abif143Uu65nTA/jBT1yeyRG3GkAjRtAg2YoETxOCWYCJZmRWSEBSYq7SuflVCrWdZpFS2S7xJaVsWsVqxrq1g/mbUBOTiAQyiDCWdQhytoQBMIxPAAT/Cs3WuP2ov2Oltd0uY3BfgF7e0LvueVJw==</latexit>

f
<latexit sha1_base64="R+YxdEE3n8NzQRg/b8aESvwlK/0=">AAAB6nicbVDLSsNAFL3xWeur6tLNYCu4kJKkoHZlwY3LivYBbSiT6aQdOpmEmYlQQj/BjQtF3PpF7vwLP8FpWkGtBy4czrmXe+/xY86Utu0Pa2l5ZXVtPbeR39za3tkt7O03VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrqZ+655KxSJxp8cx9UI8ECxgBGsj3ZaCUq9QtMt2BrRInDkpXn5Chnqv8N7tRyQJqdCEY6U6jh1rL8VSM8LpJN9NFI0xGeEB7RgqcEiVl2anTtCxUfooiKQpoVGm/pxIcajUOPRNZ4j1UP31puJ/XifRwYWXMhEnmgoyWxQkHOkITf9GfSYp0XxsCCaSmVsRGWKJiTbp5LMQqlXXPaugRfIdQtMtO5Wye+MWa6ezNCAHh3AEJ+DAOdTgGurQAAIDeIAneLa49Wi9WK+z1iVrPnMAv2C9fQE+Zo67</latexit>
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<latexit sha1_base64="R+YxdEE3n8NzQRg/b8aESvwlK/0=">AAAB6nicbVDLSsNAFL3xWeur6tLNYCu4kJKkoHZlwY3LivYBbSiT6aQdOpmEmYlQQj/BjQtF3PpF7vwLP8FpWkGtBy4czrmXe+/xY86Utu0Pa2l5ZXVtPbeR39za3tkt7O03VZRIQhsk4pFs+1hRzgRtaKY5bceS4tDntOWPrqZ+655KxSJxp8cx9UI8ECxgBGsj3ZaCUq9QtMt2BrRInDkpXn5Chnqv8N7tRyQJqdCEY6U6jh1rL8VSM8LpJN9NFI0xGeEB7RgqcEiVl2anTtCxUfooiKQpoVGm/pxIcajUOPRNZ4j1UP31puJ/XifRwYWXMhEnmgoyWxQkHOkITf9GfSYp0XxsCCaSmVsRGWKJiTbp5LMQqlXXPaugRfIdQtMtO5Wye+MWa6ezNCAHh3AEJ+DAOdTgGurQAAIDeIAneLa49Wi9WK+z1iVrPnMAv2C9fQE+Zo67</latexit>
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type
Sy(f) AVAR

Aω2
y(ε) MVAR

Mω2
y(ε) HVAR

Hω2
y(ε) PVAR

Pω2
y(ε) TVAR

Tω2
x(ε)

Blue
PM

h3f3 3f2
H

8ω2

h3
ε2

10ϑ + ln 48 + 10 ln(ωfHε)

16ω4

h3
ε4

5f2
H

12ω2

h3
ε2

9[ϑ + ln(4ωfHε)]

4ω4

h3
ε4

10ϑ + ln 48 + 10 ln(ωfHε)

48ω4

h3
ε2

0.0380 fHh3/ω
2 [10ε + ln 48 + 10 lnϑ]

16ϑ4
= 0.0135 0.0422 fHh3/ω

2 9[ε + ln(4ϑ)]

4ϑ4
= 0.0718

10ε + ln 48 + 10 lnϑ

48ϑ2
= 0.00451

White
PM

h2f2 3fH
4ω2

h2
ε2

3

8ω2

h2
ε3

5fH
6ω2

h2
ε2

3

2ω2

h2
ε3

1

8ω2

h2
ε

0.0760 fHh2/ω
2 0.0380 h2/ω

3 0.0844 fHh2/ω
2 0.152 h2/ω

3 0.0127 h2/ω

Flicker
PM

h1f
3ϑ → ln 2 + 3 ln(2ωfHε)

4ω2

h1
ε2

(24 ln 2→ 9 ln 3)

8ω2

h1
ε2

↑ 5[ϑ + ln( 10
↓
48 ωfHε)]

6ω2

h1
ε2

3 [ln(16)→ 1]

2ω2

h1
ε2

(8 ln 2→ 3 ln 3)

8ω2
h1

[3ε→ ln 2+3 ln 2ϑ]/4ϑ2 = 0.166 0.0855 h1/ω
2 5[ε + ln(

10
↑
48 ϑ)]/6ϑ2 = 0.178 0.269 h1/ω

2 0.0285 h1

White
FM

h0
1

2

h0
ε

1

4

h0
ε

1

2

h0
ε

3

5

h0
ε

1

12
h0ε

Flicker
FM

h→1f
→1 2 ln(2) h→1

27 ln 3→ 32 ln 2

8
h→1

8 ln 2→ 3 ln 3

2
h→1

2 [7→ ln(16)]

5
h→1

27 ln 3→ 32 ln 2

24
h→1ε

2

1.39 h→1 0.935 h→1 1.12 h→1 1.69 h→1 0.312 h→1ω
2

Random
walk
FM

h→2f
→2 2ω2

3
h→2ε

11ω2

20
h→2 ε

ω
2

3
h→2 ε

26ω2

35
h→2 ε

11ω2

60
h→2 ε

3

6.58 h→2ω 5.43 h→2ω 3.29 h→2ω 7.33 h→2ω 1.81 h→2ω
3

Integrated
flicker
FM

h→3f
→3 not

convergent
not

convergent
ω
2[27 ln 3→ 32 ln 2]

6
h→3 ε

2 not
convergent

not
convergent

12.3 h→3ω
2

Integrated
RW FM

h→4f
→4 not

convergent
not

convergent
11ω4

15
h→4 ε

3 not
convergent

not
convergent

71.4 h→4ω
3

linear drift Dy
1

2
D2

y ε
2 1

2
D2

y ε
2 0

1

2
D2

y ε
2 1

6
D2

y ε
4

Spectral response
|H(ϖ)|2, ϖ = ωfε

2 sin4 ϖ

ϖ2

2 sin6 ϖ

ϖ4

8 sin6 ϖ

3 ϖ2
9
[
2 sin2 ϖ → ϖ sin 2ϖ

]2

2 ϖ6
ε
2

3

2 sin6 ϖ

ϖ4

ϑ = 0.577 is the Euler Mascheroni constant. Formulae hold for ε ↔ fH/2 where appropriate, fH = bandwidth (sharp cuto! filter).
MVAR, PVAR and TVAR require ε ↔ ε0, where ε0 = sampling interval.

T
ϱ
2
x (ε) =

ε
2

3
M
ϱ
2
y (ε)



Time-frequency uncertainty theorem

Fast data acquisition
Plenty of data in a short experiment

Long run behavior of clocks
Few of data in a long experiment

Fourier analysis

𝒯 > 𝜏 little
margin

PSD

Fancy variances Highest 𝜏 for a given 𝒯
Available data stream –> 𝒯

AVAR & more

𝒯 ≫ 𝜏

integration time 𝜏
Data record of duration 𝒯

65

𝐷4" =
1
𝐸Y+-

-
𝑡" 𝑥 𝑡 "	 𝑑𝑡

𝐷5" =
1
𝐸Y+-

-
𝑓" 𝑋 𝑓 "	 𝑑𝑓

𝐷r 	𝐷s ≥
1
2

Definitions

Theorem

𝐸 is the Energy

A. Papoulis, The Fourier integral and its 
applications, McGraw Hill 1962 (p.63)



The Time-Domain Beat Method 66



Some Facts About 
the Estimation

67



Bayesian statistics, or the inverse problem

• Simulation (direct problem)
• Start from true value
• Add noise
• Gaussian distribution

• Experiment (inverse 
problem)
• Start from experimental data
• Estimate the measurand
• 𝜒\ distribution

Bayes theorem

𝑝 𝜃 𝜉 =
𝜋 𝜃 𝑝 𝜉 𝜃

𝜋(𝜉)
posterior PDF 𝑝()
prior PDF 𝜋()
experimental 𝜉
unknown “true” 𝜃

Highly specialized topic
Developped (among others) by 
F. Vernotte, and E. Lantz
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End of lecture 7
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Lecture 8
Scientific Instruments & Oscillators

Lectures for PhD Students and Young Scientists

home page http://rubiola.org

Enrico Rubiola
CNRS FEMTO-ST Institute, Besancon, France

INRiM, Torino, Italy

ORCID 0000-0002-5364-1835

84
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The measurement 
of phase noise

85

• High SNR 
• Low noise
• Strong carrier

• Two-port components
• Bounded input-output delay
• Bounded phase
• Only white and flicker PM

• Oscillators
• Unbounded time “error”
• Unbounded phase
• “Red” noise processes: white and flicker 

FM, random walk FM
• Drift

Microwave oscillator

Two-port component



Absolute measurement Differential measurement
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Bad idea 

Phase 
detectorDUT

Phase 
detector Cr
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mode ref
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Measurement – high signal-to-noise ratio

Measure a small signal (noise sidebands) 
close to a strong dazzling carrier

Convolution (notch filter)

Time-domain product

Vector difference

Audio distortion 
measurement 

Saturated mixer
Digital instruments

bridge (interferometric) 
instruments

87

DRCOMET

𝑣 𝑡 ∗ ℎS(𝑡)

𝑣 𝑡 	×	𝑟(𝑡 − 𝑇/4)

𝑣 𝑡 	− 	𝑟(𝑡)

Suppress the carrier, 
and measure the small signal 

High sensitivity, limited by the dynamic range 𝑣 𝑡 = 𝑉! cos𝜔!𝑡 + 𝑛? 𝑡 cos𝜔!𝑡 − 𝑛@(𝑡) sin𝜔!𝑡

𝑟 = 𝑉' cos𝜔'𝑡

𝑟 = 𝑉' cos𝜔'𝑡



Saturated Mixer

88



Double-balanced mixer 89

saturated at both inputs =>  phase-to-voltage detector 
𝑣o(𝑡) = 𝑘t𝜑(𝑡)

E. Rubiola, Tutorial on the double-balanced mixer, arXiv/physics/0608211

signal
cos(2𝜋𝜈!𝑡 + 𝜑)

reference
sin(2𝜋𝜈!𝑡)

𝑣w ∝ 𝜑
lowpass needed

remove 2𝜈)• LO and RF inputs are interchangeable
• Stronger signal –> LO  (better isolation)



A practical issue

needs a capacitive-input filter to recirculate the 2ω0 output signal

dc
and
2ω0

E. Rubiola, Tutorial on the double-balanced mixer, arXiv/physics/0608211, 
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Characteristics of a mixer 91

E. Rubiola, Tutorial on the double-balanced mixer, arXiv/physics/0608211



Noise and EMI

• Power
• narrow range: ±5	dB around 𝑃678
= 7…10	dBm

• 𝑟(𝑡) and 𝑠(𝑡) should have ≈ same 𝑃

• Flicker noise
• mixer internal diodes
• typical 𝑆9 = −140	dBrad"/Hz at 1	Hz

in average-good conditions

• Low gain
• 𝑘9 ≈ 0.2– 0.3 V/rad typ, i.e., – 10 to – 14 dBV
/rad

• White noise  <=>  operational amplifier

• Takes in noise  <=>   power-to-offset conversion

• High sensitivity to 50 Hz magnetic field

E. Rubiola, Tutorial on the double-balanced mixer, arXiv/physics/0608211, Aug 2006 
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𝑆 "
𝑓
		d

Br
ad

2 /H
z

𝑓, 	Hz

Miteq DB0218LW

Courtesy of Damien Tessyeux, 2021

Nominal characteristics
• RF & LO 2–18  GHz
• LO 10 dBm (7–13 dBm)
• RF 1-dB compression  +5 dBm
• IF  0–750 MHz (–3 dB)
• Typical loss 6.5 dB (LO 10 dBm)

10 GHz carrier

Mixer’s background noise – example

very low 1/𝑓 at high 𝑃

degraded 1/𝑓 at lower 𝑃

white noise limited by the DC amplifier
(better amplifiers are available)

poor white noise because 
of low 𝑘" at low 𝑃 
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The operational amplifier is misused

Warning: if only one arm of the power supply is disconnected, the LT1028 
may delivers a current from the input (I killed a $2k mixer in this way!) 

You may duplicate the low-noise amplifier designed at the FEMTO-ST
Rubiola, Lardet-Vieudrin, Rev. Scientific Instruments 75(5) pp. 1323-1326, May 2004

OP27:  [3.2 nV/Hz1/2] / [0.2 V/rad] = 16 nrad/Hz1/2 (–156 dBrad2/Hz)

LT1028:  [1.2 nV/Hz1/2] / [0.2 V/rad] = 2.4 nrad/Hz1/2 (–164 dBrad2/Hz) 

𝑅: = 𝑆;/𝑆<

OP 27

𝑒& = 3	nV/ Hz

𝑖& = 0.4	pA/ Hz

𝑅: = 7.5	kΩ

(1.2×10+"%	W/Hz)

LT 1028

𝑒& = 0.85	nV/ Hz

𝑖& = 1	pA/ Hz

𝑅: = 850	Ω

(8.5×10+""	W/Hz)
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Measurement of 
Oscillator Phase Noise
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Phase Locked Loop (PLL)

Use the PLL as a high-pass filter

Measurement
• Assume 𝑆A ≪ 𝑆" i.e., noise-free 

reference oscillator
– or –
• Compare two equal oscillators and divide 

the spectrum by 2 (take away 3 dB) 
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𝑆*(𝑓)
𝑆+(𝑓)

=
𝑘)𝑘*𝐻 𝑓

&

4𝜋&𝑓& + 𝑘)𝑘*𝐻 𝑓
&

𝑆H(𝑓)
𝑆%(𝑓)

=
𝑘IJ	4𝜋J𝑓J

4𝜋J𝑓J + 𝑘(𝑘%𝐻 𝑓 J

Phase tracking –> low-pass filter

𝜑(𝑡)

𝜓(𝑡)
𝑣 = 𝑘9 𝜑 − 𝜓
including the LNA

𝑘"

𝑘B 𝐻(𝑓)

The mixer requires signals in quadrature –> phase locking
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The virtues of a fast PLL

Slow PLL
• Large swing at low 𝑓
• Large 𝑉9�8 of the FFT internal ADC
• High quantization noise
• Prone to injection locking
Fast PLL
• High-pass –> lower swing at low 𝑓
• Lower quantization noise
• Feedback overrides injection 

locking

but you have to correct the spectrum for the PLL transfer function
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The dual-channel scheme
• Two statistically independent channels
• Average cross spectrum

𝑆�� 𝑓 → 𝑆F 𝑓
• Single-channel noise rejected ∝ 1/ 𝑚

(𝑚 is the no of avg), 5 dB per factor-10
• Prone to AM noise of the DUT via 

power to offset conversion in mixers
(mitigated with saturated amplifiers)

• Related commercial instruments
• Anapico
• Berkeley Nucleonics Corp
• Holzworth
• Keysight
• NoiseXT / Arcale
• Wenzel Associates• Double balanced mixer saturated at both inputs

• Inputs in quadrature
• Phase-to-voltage conversion 0.2-0.3 V/rad typ.
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Digital Methods
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Digital phase detector

• Software Defined Radio methods
• Technology: 𝜈�: is not free
• The clock cannot be used as the 

reference
• Two channels are necessary, even if 
𝜈Q = 𝜈�

• ADCs have poor background noise

• Works with 𝜈Q ≠ 𝜈� 
(interesting applications)

• No problem at large angles, even 
multiple turns

Figure from U. L. Rohde, E. Rubiola, J. C. Whithaker, Microwave and 
Wireless Synthesizers, ISBN 978-1-119-66600-4, ©J.Wiley 2021 (adapted)

𝜈Q

𝜈�

𝜈6

𝜈C

CORDIC

CORDIC

𝜈�:
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Background noise – Example AD9467 (Alazartech)

–110 dBV 2/Hz @ 1 Hz

–157 dBV2/Hz
≈ 1 dB added

10 MHz, Vpp ≈ 0.95 VFSR
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The fully-digital 
noise analyzer

• 4 channels: DUT (2 ch.) and 1 or 2 
external references

• Average cross spectrum –> rejection 
of the background

• 30-200 MHz max (order of)
• Related commercial instruments

• Arcal / NoiseXT DNA
• Microchip

• PhaseStation 53100A (Miles 
Design & Jackson Labs)

• 3120A (one ref input)
• 5120A/5125A (discontinued)
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Rohde & Schwarz FSWP8, FSWP26, FSWP50

Figures from U. L. Rohde, E. Rubiola, J. C. Whithaker, Microwave and 
Wireless Synthesizers, ISBN 978-1-119-66600-4, ©J.Wiley 2021 (adapted)

• 4 channels: DUT (2 ch.) and 2 internal references
• Average cross spectrum –> rejection of the background
• Down conversion from 8-50 GHz max to IF conversion
• Powerful, flexible, and expensive all-in-one instrument

Architecture Background Noise at 100 MHz
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Noise rejection in logarithmic resolution

• Wider RBW (resolution) at higher 𝑓
• Shorter acquisition time 𝑇
• Larger 𝑚 –> higher noise rejection

• Constant fractional resolution ℛ = Δ𝑓/𝑓
• 𝜇 bins/decade –> resolution

ℛ = 𝑒�� P= /� − 1
• One FFT, time 𝑇 = 1/Δ𝑓 = 1/ℛ𝑓
• Measurement time 𝒯 

𝑚 = 𝒯/𝑇 = 𝒯ℛ𝑓
• Avg limit 𝑆F	�� = 𝑆F	P�</ 𝑚
• Result

𝑆t	xy(𝑓) =
1
𝒯ℛ𝑓

𝑆t	z{|(𝑓)
Additional hardware limit applies (input 
power splitter, AM leakage, crosstalk, etc.)
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Example – Background of the PhaseStation 53100A

Figure: Courtesy of John Miles, Miles Design, comments are mine

• Same oscillator connected 
to the 4 channels

• Constant  ℛ approximated 
as bands where Δ𝑓 = 𝐶

• Flicker –> 1/𝑓 𝑓, as 
predicted

• White limited by other 
phenomena
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Limitations of the
Cross Spectrum Methods
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Anti-correlated noise in power splitters
3 dB (loss-free) power splitter
• Power 𝑃IK$ = 𝑃ILM/2
• Correlated noise −𝑘(𝑇ILM − 𝑇LNO"$)/2 

6 dB (resistive) power splitter
• Power 𝑃IK$ = 𝑃ILM/4
• Correlated noise −𝑘(𝑇ILM − 𝑇LNO"$)/4 

Displayed noise

𝑆" =
𝑘 𝑇#$% − 𝑇$&'()

𝑃#$%
Systematic error Δ𝑆% = −𝑘𝑇LNO"$/𝑃ILM < 0
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A problem with the 𝑆!"  estimator 
Most instruments use the estimator 

𝑆F(𝑓) = 𝑆��(𝑓)
• Biased
• Slow, because of noise in ℑ 𝑆��(𝑓)
• May hide the anticorrelated artifacts

The best estimator is 
n𝑆F(𝑓) = 	ℜ 𝑆��(𝑓)

• Fastest
• Unbiased
• Does not hide the anticorrelated 

artifacts
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A weird example

Read the full article:  Y. Gruson et al, Metrologia, 
27 April 2020, DOI 10.1088/1681-7575/ab8d7b

FSWP hacked by A. Roth at the Rohde & Schwarz 
Research and Development Center in Munich, DE
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The DUT AM noise is correlated

The mixer offset depends on 𝑃
Δ𝑃 → Δ𝑉}~

At the IF output, there is no 
difference between AM and PM 

𝑆� 𝑓 → 𝑆�(𝑓)
• Unpredictable amount and sign of 

the correlated term
• Mitigation

• Saturated amplifiers at the RF inputs
• But AM/PM conversion in the ampli

E. Rubiola, R. Boudot, IEEE Transact. UFFC 54(5) pp.926-932, May 2007
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Common artifacts

My best guesses
A. Discontinuity.  

A change in sampling frequency
B. Bump, irregular/noisy plot.

• Spectral leakage
• Correlated effect
• Insufficient averaging 

C. Hole, irregular/noisy plot.  
• An anti-correlated effect.  
• Signature is often seen in the Keysight E5052B

D. Notch.  Almost certainly, an anti-
correlated spur

E. Filter roll-off (not disturbing)
The 50 Hz and (odd) multiples spurs are not 
seen.  Likely, they are just below the oscillator 
noiseFigure from U. L. Rohde, E. Rubiola, J. C. Whithaker, Microwave and 

Wireless Synthesizers, ISBN 978-1-119-66600-4, ©J.Wiley 2021 (adapted)
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PM Noise measurement methods
Oscillators 2-Port dev

Compare to a
ref oscillator

Compare to a ref 
resonator or delay unit

Cross spectrum

Compare out to in
(differential)

Optional, cross 
spectrum

Saturated mixer

Bridge (interferometer)

Software Defined Radio (SDR)

Direct analog-to-digital conversion

m
os
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l

not common

Phase Detector
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Useful schemes 123



Averaged spectra should be smooth

an(t) and bn(t) contain the noise in 
the ω0/2 band centered at ω0

stationary & ergodic process (means repeatable and reproducible):  the 
statistics of all an(t) and bn(t) is the same

average on m spectra: confidence of a point improves by 1/m1/2

interchange ensemble with frequency: smoothness 1/m1/2

Rice representation

Fig.12(top), from E. Rubiola, V. 
Giordano, Rev. Sci. Instrum. 73(6) 
p.2445-2457, June 2002. ©AIP.
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Pollution from power grid

• More visible on components 
than on oscillators 

Not hidden by 1/𝑓# and 1/𝑓>

• Preference for odd-order 
harmonics

Likely, the signature of the odd 
symmetry of saturation in 
transformers iron
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Mechanical stability

Any phase fluctuation can be 
converted into length fluctuation

b–1 = –180 dBrad2/Hz and ν0 = 10 GHz is equivalent to 
SL = 1.46x10–23 m2/Hz at f = 1 Hz 

Any flicker spectrum h–1/f can be converted 
into a flat Allan variance

A residual flicker of –180 dBrad2/Hz at f = 1 Hz 
off the 10 GHz carrier is equivalent to  

for reference, the Bohr radius of the H atom is  a0 = 0.529 nm

𝜎2	 = 	2𝑥10– 23	𝑚2	 —> 	 𝜎	 = 	4.5𝑥10– 12	𝑚
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Bridge Techniques
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Wheatstone bridge

equilibrium: Vd = 0   –>  carrier suppression  

static error δZ1 –>   some residual carrier
real  δZ1 => in-phase residual carrier Vre cos(ω0t)
imaginary  δZ1 => quadrature residual carrier Vim sin(ω0t) 

fluctuating error δZ1 =>  noise sidebands
real δZ1 => AM noise vc(t) cos(ω0t)
imaginary δZ1 => PM noise –vs(t)  sin(ω0t)

synchronous
detection: get
vc(t)  vs(t)
(AM or PM noise)
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Bridge AM-PM noise measurement

•Bridge => high rejection of the master-oscillator noise
•Amplification and synchronous detection of the noise sidebands
•No carrier => the amplifier can’t flicker (no up-conversion of near-dc 1/ƒ)
•High microwave gain before detection => low background
•Low 50-60 Hz residuals because microwave circuits are insensitive to magnetic fields
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Bridge – Early ideas

noise 
sidebands

suppressed 
carrier

K.H.Sann, IEEE MTT 16(9)  p.761-766, sep
1968

Carrier suppression and synchronous 
detection of the noise sidebands

A.L. Lance & al., ISA Transact. 2(4) p.37-84 apr
1982
F. Labaar, Microwaves 21(3) p.65-69, mar 1982

Carrier suppression and amplification of the 
noise sidebands before synchronous detection
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Bridge AM-PM noise measurement

and rejection of the 
master-oscillator noise

bridge detector

yet, difficult for the 
measurement of 
oscillators
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Build on a commercial instrument

You will appreciate the computer interface and the software ready for use
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Origin of flicker in the bridge
In the early time of 
electronics, flicker was 
called “contact noise”
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Coarse and fine adjustment 149



Combine all tricks in one machine

E. Rubiola, V. Giordano, Rev. Scientific Instruments 73(6) pp.2445-2457, June 2002

Flicker reduction, correlation, and closed-loop carrier suppression
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Example of results

Correlation-and-averaging
rejects the thermal noise

Noise of a pair of HH-109 hybrid 
couplers measured at 100 MHz

Residual noise of the fixed-value bridge. 
Same as above, but larger m

Residual noise of the fixed-value bridge, 
in the absence of the DUT
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Microwave circulator in reverse mode

no post-processing is used to hide stray signals, like vibrations or the mains

Due to the Larmor precession in the 
presence of a magnetic field, the 
speed is gyrotropic.

Isolation is due to the interference 
between fast and slow wave.

(for the Pound Scheme)
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±45° detection
DUT noise without carrier

UP reference

DOWN reference

cross spectral density

Smart and nerdy, yet of scarce practical usefulness
First used at 2 kHz to measure electromigration on metals (H. Stoll, MPI)

Residual noise, in the absence of the DUT
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The complete machine (100 MHz) 154



A 9 GHz experiment 
(DC circuits not shown)
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Background Noise 156



AM-PM Noise 
in Electronic Devices

Outline
Introduction
White and flicker noise
(Environment)
Noise in amplifier networks
Low-flicker amplifiers
Experiments

Enrico Rubiola
CNRS FEMTO-ST Institute, Besancon, France

INRiM, Torino, Italy

home page http://rubiola.org
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AM-PM Noise Types

≈Fig.1, R. Boudot, E. Rubiola Phase Noise in RF and Microwave 
Amplifiers, IEEE T UFFC 59(12) p.613-2628, Dec 2012
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Additive vs Parametric Noise
additive noise parametric noise

the noise sidebands are 
independent of the carrier

the noise sidebands are 
proportional to the carrier
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Amplifier white and flicker PM noise

The corner frequency 𝑓�, sometimes specified in data sheets is a 
misleading parameter because it depends on 𝑃=

186

𝑆t(𝑓)

boP /𝑓

b= = 𝑁/𝑃= ≡ 1/SNR

𝑓

b=  low power

b=  high power 𝑃=

Constant vs 𝑃=

𝑓�� 𝑓���

𝑓� =
b*
b+



Phase Noise vs Power
• The 1/𝑓 phase noise  b+% is about independent of power
• The white noise b0 scales as the inverse of the power
• The corner frequency is misleading because it depends on power

R. Boudot, PhD thesis
Measured at LAAS, Toulouse

Fig. 2.9, E. Rubiola, Phase Noise and Frequency Stability in 
Oscillators, Cambridge 2008, ISBN 978-0521-88677-2

R. Boudot, E. Rubiola Phase 
Noise in RF and Microwave 
Amplifiers, IEEE T UFFC 
59(12) p.613-2628, Dec 
2012 (Fig.6 a-f, rearranged)
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Example – Microwave Amplifier

Courtesy of V. Giordano, 
FEMTO-ST Institute

188

parametric noise is constant vs 𝑃

Additive noise scales as 1/𝑃



Noise in Amplifier Networks

Still not like how this section is organized
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White Noise in Cascaded Amplifiers

white 
phase noise

Friis formula 
for phase noise

Friis formulae
H. T. Friis, Proc. IRE 32 
p.419-422, jul 1944
Noise is chiefly that of the 1st stage

White noise is chiefly the noise of the first stage
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Parametric Noise in Cascaded Amplifiers

Flicker: the two amplifiers are independent

Environment: a single process drives the two amplifiers

Yet there can be a time constant, not necessarily the same for the two devices

E. Rubiola, Phase Noise and Frequency Stability in Oscillators, Cambridge 2008, ISBN 978-0521-88677-2
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Phase Noise in Cascaded Amplifiers

The expected flicker of a cascade increases by:

3 dB, with 2 amplifiers 
4.8 dB, with 3 amplifiers

White noise is limited by the (small) input 
power

R. Boudot, E. Rubiola Phase 
Noise in RF and Microwave 
Amplifiers, IEEE T UFFC 
59(12) p.613-2628, Dec 
2012 (Fig.7 a-c, rearranged)
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Flicker Noise in Parallel Amplifiers
• The phase flicker coefficient 

b*+ is about independent of 
power

• The flicker of a branch is not 
increased by splitting the input 
power

• At the output,
• the carrier adds up coherently
• the phase noise adds up 

statistically
• Hence, the 1/𝑓 phase noise is 

reduced by a factor m
• Only the flicker noise can be 

reduced in this way

Fig.2.16  from E. Rubiola, Phase Noise and 
Frequency Stability in Oscillators, Cambridge 
2008, ISBN 978-0521-88677-2

193



Parallel Amplifiers, Mathematics 194



Phase Noise in Parallel Amplifiers

Connecting two amplifier in parallel, a 3 dB reduction of flicker is expected

R. Boudot, E. Rubiola Phase Noise in RF and Microwave Amplifiers, 
IEEE T UFFC 59(12) p.613-2628, Dec 2012 (Fig.8 a-b, rearranged)
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Flicker Noise in Parallel Amplifiers

Fig.2.17 from E. Rubiola, Phase Noise and 
Frequency Stability in Oscillators, 
Cambridge 2008, ISBN 978-0521-88677-2
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Volume Law

• The phase flicker coefficient boP is about 
independent of power

• Splitting the signal into branches, at the 
output,
• the carrier adds up coherently
• the phase noise adds up statistically

• Hence, the 1/𝑓 phase noise is reduced by 
a factor 𝑚

• Only the flicker noise can be reduced in 
this way

The volume law results from a gedankenexperiment 
- Flicker is of microscopic origin because it has Gaussian PDF 

(central limit theorem)
- Join the m branches of a parallel device forming a compound
- Phase flicker is proportional to the inverse size of the amplifier active region

optical resonator
(50 µm2) × (π × 5.5 mm)
≈ 1×10–12 m3

optical fiber
(10 µm2) × (2 km)
≈ 2×10–7 m3

sapphire resonator
0.1 × [π × (5/2 cm)2 ] × (2.5 cm) 
≈ 5×10–6 m3

5 MHz quartz
0.3 × [π × (1 cm)2 ] × (0.1 mm) 
≈ 1×10–8 m3

Relevant examples
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The Error Amplifier

• Use a Power Amplifier (PA) and an Error amplifier (EA)
• The carrier is suppressed (strongly rejected) at the EA input
• Delay matching is needed for wide suppression bandwidth 
• Low 1/𝑓 sidebands at the EA output because there is no carrier
• 𝑣�(𝑡) is proportional to the PA noise sidebands
• Use 𝑣�(𝑡) for the real-time correction of the PA noise
• Feedback or feedforward correction schemes are possible
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The Virtues of the Error Amplifier

rejected
carrier

PA noise sidebands
(useful signal)

rejected
EA noise sidebands

carrier rejection
ρ  (complex), | ρ | << 1  

Assume 3-dB loss-free couplers 
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Parametric Noise in Regenerative Amplifiers

A0

feedback ß
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Phase Noise of  a Regenerative Amplifier

• A RA is set for the gain of two 
cascaded amplifiers

• As expected, the RA flicker is 3 
dB higher than the two 
amplifiers

• Indirect measurement through 
the frequency flicker

The RA replaces the two-stage sustaining amplifier in a Opto-Electronic oscillator

R. Boudot, E. Rubiola Phase Noise in 
RF and Microwave Amplifiers, IEEE T 
UFFC 59(12) p.613-2628, Dec 2012 
(Fig.9)
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Phase-type vs Time-type noise

Phase-type noise
• Phase noise 𝑆%(ƒ) is independent of 𝜈(
• Time fluctuation 𝑆P(ƒ) scales as ⁄1 𝜈(J

Example / typical case
• SNR in amplifiers —> white PM

𝑆% 𝑓 =
𝐹𝑘𝑇
𝑃(

Time-type noise
• Time fluctuation 𝑆�(ƒ) is independent 

of 𝜈=
• Phase noise 𝑆F(ƒ) scales as 𝜈=I

Examples / typical cases
• Vibrations on cables and optical 

fibers
𝑆x 𝑓 = 𝐶

   independent of 𝑃
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Frequency Synthesis
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The Egan Model – Modern View

For N/D ≪ 1, the 
scaled-down noise hits 
the output-stage limit

W.F. Egan, Modeling phase noise in frequency dividers, IEEE T UFFC 37(4), July 1990

for phase noise in frequency dividers
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End of lecture 8
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Digital
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Phase Noise in the Input Stage

mechanism

Sinusoid of peak amplitude V0 results in 
phase-type noise
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Phase noise at the input of digital devices 

phase-type
(𝞅-type) 
noise

Sinusoidal signal

208



Phase Noise Sampling

• Sampling occurs at the edges
• (in some cases, only at rising or falling edges)

• Square wave signals need analog bandwidth at least 
3 νmax … 4 νmax

• Aliasing is around the corner
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Aliasing of PM noise over-simplified

• The Parseval Theorem states that 
    the total energy (or power) calculated in the time domain
    and in the frequency domain is the same

𝑁-𝐵- = 𝑁--𝐵--
• Ergodicity allows to 

    interchange time domain and statistical ensemble
…and PM noise scales up with the reciprocal of the carrier frequency

210



Aliasing and 1/ƒ Noise

Low power in the high-ƒ aliases 

Little or no effect on the 
noise spectrum

Aliasing of 1/ƒ2, 1/ƒ3, 1/ƒ4… does not strike

carrier

noise
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Internal Delay Fluctuation

• The internal delay fluctuates by an amount x(t)
• This has nothing to do with threshold and frequency

Time-type (x-type) noise
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Phase-type vs Time-type noise 213



Correlation Between AM and PM Noise
The need for this model comes from

the physics of popular amplifiers
• AM and PM fluctuations are correlated because 

originate from the same near-dc random 
process

• Bipolar transistor.  The fluctuation of the carriers 
in the base region acts on the base thickness, 
thus on the gain, and on the capacitance of the 
reverse-biased base-collector junction.

• Field-effect transistor.  The fluctuation of the 
carriers in the channel acts on the drain-source 
current, and also on the gate-channel 
capacitance because the distance between the 
`electrodes' is affected by the channel thickness.

• Laser amplifier.  The fluctuation of the pump 
power acts on the density of the excited atoms, 
and in turn on gain, on maximum power, and on 
refraction index.

a=b=0.7
c=d=0

a=0.4
b=0.4
c=0.2
d=0.8

a=b=0
c=d=0.7a=0.4

b=0.92
c=d=0

𝑎2	 + 	𝑏2	 + 	𝑐2	 + 	𝑑2	 = 	1

Fig.10, R. Boudot, E. 
Rubiola Phase Noise 
in RF and Microwave 
Amplifiers, IEEE T 
UFFC 59(12) p.613-
2628, Dec 2012

Fig.11, R. Boudot, E. Rubiola Phase Noise 
in RF and Microwave Amplifiers, IEEE T 
UFFC 59(12) p.613-2628, Dec 2012
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Flicker of Some Amplifiers

R. Boudot, E. Rubiola Phase Noise in RF and Microwave Amplifiers, 
IEEE T UFFC 59(12) p.613-2628, Dec 2012 (Tab.I, ≠artwork)

221



Flicker Noise of Components
device PM  b–1 AM  h–1 frequency References and comments

Si bipolar HF-UHF amplifier –135 … –145 5…1000 MHz (general experience)

SiGe HBT µwave amplifier –120 … –130 4…20 GHz (general experience)

GaAs HBT µwave amplifier –95 … –110 3…10 GHz (general experience)

Cr3+ maser amplifier (0.2 cm3) ≈ –160 11 GHz G.J.Dick, private discussion

HF-UHF double-balanced mixer –135 … –150 5…1000 MHz (general experience)

µwave double-balanced mixer –110 … –125 4…20 GHz (general experience)

µwave circulator (iso port) –170 –170 9.1 GHz Rubiola & al, IEEE T.UFFC 51(8) 957-963 (2004)

µwave isolator (terminated circulator) –150 –150 ≈ 10 GHz Woode & al, MST 9(9) 1593-9 (1998)

HF-UHF ferrite power splitter –170 –170 100 MHz Rubiola, Giordano, RSI 73(6) 2445-2457 (2002)

HF-UHF variab. attenuator (potentiometer) –150 100 MHz Rubiola, Giordano, RSI 70(1) 220-225 (1999)

HF-UHF by-step attenuator –170 –170 100 MHz Rubiola, Giordano, RSI 73(6) 2445-2457 (2002)

µwave variable attenuator (absorber) –150 9.1 GHz Rubiola, Giordano, RSI 70(1) 220-225 (1999)

µwave line stretcher –150 100 MHz Rubiola, Giordano, RSI 70(1) 220-225 (1999)

µwave power detector (Schottky) ---- –120 10 GHz Grop, Rubiola, preliminary (in progress)

µwave photodetector –120 –120 10 GHz Rubiola & al, TMTT/JLT 54(2) 816-820 (2006)

2-4 km optical-fiber microwave link < –110 10 GHz Volyanskiy & al, JOSAB 25(12) 2140-2150 (2008)
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Line Stretcher

E. Rubiola, V. Giordano, J. Groslambert, RSI 70(1) p.220-225, 1999 (Fig.8)

solid line: PM noise,
dotted line: AM noise

Microwave line stretchers 
measured at  100 MHz (all 
devices are manufactured 
by Arra)
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Circulators in Isolation Mode

• Destructive interference takes place inside the circulator
• The instruments amplifies and detects the noise sidebands
• The test circuit simulates the insertion in the Pound frequency control

E. Rubiola, Y. Gruson, V. Giordano, IEEE 
Transact UFFC 51(8) p.957-963, 2004 (Fig.3)
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Circulators in Isolation Mode

E. Rubiola, Y. Gruson, V. Giordano, IEEE 
Transact UFFC 51(8) p.957-963, 2004 (Fig.4)

E. Rubiola, Y. Gruson, V. Giordano, IEEE Transact 
UFFC 51(8) p.957-963, 2004 (Tab.I, ≠artwork)
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Circulators in Transmission Mode

The typical  1/𝑓	noise b+%is 
of the order of –150 dB

RA Woode, EN Ivanov, ME Tobar, "Application of The 
Interferometric Noise Measurement Technique for the 
Study of Intrinsic Fluctuations in Microwave Isolators," 
Meas. Sci. Technol., vol. 9, no. 9, pp. 1593-9, 1998 
(Fig.5)

There can be a 2-3 dB calibration error on this figure, 
see my annotations on the scanned article.
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VHF Passive Devices

two by-step attenuators two ferrite hybrid junctions

Figs from E. Rubiola, V. Giordano, RSI 73(6) p.2445-2457, 2002

(Fig.11) (Fig.14)
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Environmental Effects in RF Amplifiers

It is experimentally observed that 
the temperature fluctuations cause 
a spectrum 𝑆_𝛼(𝑓) or 𝑆" 𝑓  of the 
1/𝑓D type

Yet, at lower frequencies the 
spectrum folds back to 1/𝑓

Courtesy of John 
Ackermann, N8UR
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Low-Flicker RF Amplifiers

Still not like how this section is organized
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Conversion (Transposed-Gain) Amplifiers

• VHF amplifiers and µwave mixers flicker significantly less 
than GaAs µwave amplifiers

• Lower flicker is achieved by down-converting to VHF, 
amplifying, and up-converting back to µwaves

• Can even work close to DC
• For best rejection of the oscillator phase noise, the delay 𝜏 

compensates for the amplifier group delay
• Made obsolete by the SiGe parallel amplifiers (still useful in 

higher bands?)

J.K.A. Everard and M.A. Page-Jones, “Ultra Low Noise Microwave Oscillators with Low Residual Flicker Noise”, IEEE 
International Microwave Symposium, Orlando, Florida, 16–20 May 1995, pp. 693–696
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Feedforward Amplifier
• Attenuation and left-hand delay are set for the input 

signal to be nulled at the input of the Error Amplifier
• The EA amplifies the distortion and the noise of the 

Power Amplifier
• PA distortion and noise are subtracted by feed-

forward subtraction of the EA error signal
•At virtually zero input power, the EA cannot distort 
and flicker

• For wide-band operation true delay matching is 
necessary

• Cannot be used in the compression region, 
otherwise the input-signal nulling does not work

• Originally intended to reduce the distortion of high 
peak-to-average power ratio of telecom amplifiers.  
Linear loads (cables and antennas) never push the 
FFA to the compression region

•For oscillator operation
•Phase matching is sufficient, instead of true delay 
matching because of the narrow band 

•Saturation must be ensured by an external circuit
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Baseband-Feedback Amplifier

• The detector measures the 
phase 𝜑I − 𝜑Pacross the main 
amplifier plus phase 
modulator

• The control stabilizes 
         𝜑I − 𝜑P = 𝐶 
(constant), virtual ground

• The correction of AM noise is 
also possible in a similar wayFig.2.14  from E. Rubiola, Phase Noise and 

Frequency Stability in Oscillators, Cambridge 
2008, ISBN 978-0521-88677-2
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Baseband-Feedback Amplifier

• The detector measures the 
phase 𝜑# − 𝜑%	across the 
main amplifier plus phase 
modulator

• The control stabilizes 
         𝜑# − 𝜑% = 𝐶 
(constant), virtual ground

• Practical implementation 
with a bridge noise-
measurement system

• Notice the use of an error 
amplifier

Fig.2.15  from E. Rubiola, Phase Noise and Frequency Stability in 
Oscillators, Cambridge 2008, ISBN 978-0521-88677-2
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Environment
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Environmental Effects

• Temperature
• EM interference

• RF leakage (additive)
• 50-60 Hz magnetic fields
• electric fields

• power supply
• acoustic
• radiation

A time constant can be present

It is experimentally observed that the 
temperature fluctuations cause a 
spectrum 𝑆 (𝑓) or 𝑆F(𝑓) of the 1/𝑓¡ 
type

Yet, at lower frequencies the spectrum 
folds back to 1/𝑓
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Missing items

Random Walk and Drift
• RF amplifier
• µw amplifier
• SiGe amplifier
• RF mixer mixer
• Cr3+ µw maser amplifier
• µw mixer
• circulator
• RF variable attenuator (potentiometer)
• RF by-step attenuator
• µw variable attenuator (graphite attenuator)
• variable phase shifter (line stretcher)
• RF ferrite power splitter
• photodetector
• microwave power detector

Radiation

• Permanent damage (memory)

Noise in coaxial cables
• thermal noise (loss)

• acoustical noise
• piezoelectricity

• electret effect 

• EM noise (leakage)
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Noise in coaxial cables

• thermal noise (loss)
• acoustical noise
• piezoelectricity
• electret effect 

• EM noise (leakage)

Skip this, too tough
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Phase Noise and Jitter 
in Digital Electronics 

Enrico Rubiola

CNRS FEMTO-ST Institute, Besancon, France

INRiM, Torino, Italy

Basics
FPGAs — Mechanisms / Examples / Facts
ADCs — Basics / Examples
DDSs — Basics / Advanced / Examples
Dividers — Π and Λ / Microwave

Outline

home page http://rubiola.org
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1 – Basics
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Phase Time x(t)
• Let’s allow 𝜑(𝑡) to exceed ±𝜋, and count the no of turns
• This is easily seen by scaling 𝜔 down (up) to 𝜔	 = 	1 rad/s using a noise-free 

gear work
• The phase-time fluctuation associated to 𝜑(𝑡) is  

𝑥(𝑡) 	= 	𝜑(𝑡)	/	𝜔0

• 𝑥(𝑡) is a normalized quantity,
independent of 𝜔0. 
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The Polynomial Law

Phase Noise

Time Fluctuation

Phase Noise PSD

Phase-time PSD

Fractional Frequency PSD
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2 – FPGAs
Noise Mechanisms
Examples
Additional Facts
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FPGA Interconnection Structure

• Delay & jitter

• General routing through switch points

• Delay & jitter rather uniform in a block
• Large spread over the interconnect matrix

• Dedicated clock lines managed separately
• Low and predictable delay & jitter

Device dependent 
blocks
•Input/Output
•RAM
•PLL
•NCO
•…etc.
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Output Time Fluctuation

• Output can be synchronized to the clock
• Time fluctuation cannot be smaller than

• External clock signal
• Clock input stage
• Clock distribution
• Output stage
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Cyclone III Clock Buffer

Flicker
• High 𝜈!  –> x-type: S" scales as 𝜈!()
• Low 𝜈!   –>  𝜑-type: constant S" 

(but bumps 0.1–10 Hz)

x-t
yp

e

ali
as

ed
 𝜑

𝜑-ty
pe

bump

1/ƒ line

Claudio Calosso wrote (June 26, 2020) Attila ha legato il ginocchio al 
loop che genera in automatico la soglia.
Se ti ricordi, il controllo aggiustava la tensione di soglia in modo da 
avere un duty cycle all'uscita
del 50%. Se la soglia fluttua, allora il DC cambia, il controllo se ne 
accorge e va compensare la variazione della soglia e, di fatto, va a 
ridurre il rumore residuo del distributore, come dimostrato
dal grafico per frequenze inferiori al ginocchio per 12, 6 e 3 MHz.
Mi aspetto che, aumentando la banda del controllo, il grafico
migliori ulteriormente.
Secondo me è una cosa carina, un trucco da tenere presente per le 
applicazioni dove domina
il rumore della soglia.

White
• Aliasing at high 𝑓 and low 𝜈!
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Cyclone III Output Buffer

x-t
yp

e

φ-ty
pe at lo

wer ν?
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MAX 3000 CPLD [300 nm] (1)

•Flicker region –> Negligible aliasing
• The Π divider is still not well explained
• The Λ divider exhibits low 1/ƒ and low white noise

insufficient 

averaging?

Π divider 

experimental problems still present

Λ divider 
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Additional Facts 
Related to Phase and Noise

Volume Law
Input Chatter
Internal PLL
Thermal Effects
……
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The Volume Law

• The 1/ƒ coefficient b–1 is independent of power

• The flicker of a branch does not increase at P/2

• At the output,
• the carrier adds up coherently
• the phase noise adds up statistically

• With m branches, the 1/ƒ PM noise is reduced by 
1/m

• White noise cannot be reduced in this way

Experiment

Gedankenexperiment
• Flicker is of microscopic origin because it has Gaussian PDF 
• Join the m branches into a compound
• 1/ƒ noise is proportional to 1/V, the volume of the active region
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The Volume Law!
All devices used as ÷10 Λ divider at 100 MHz input 
(30 MHz with Cyclone and Cyclone II, and results are scaled up as x-type noise) 
The Λ divider reduces aliasing (white), thus makes 1/f noise more visible
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Input Chatter

Example
• V0 = 100 mV peak
• 10 nV/√Hz noise
• 650 MHz max –> 2 GHz noise BW
• Chatter threshold 𝝼 = 5.2 MHz

Wide band noise

Chatter occurs when the RMS Slew Rate of noise exceeds 
the slew rate of the pure signal

Chatter threshold

With high-speed devices, chatter can 
occur at rather high frequencies

Pure signal
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Simulation of Chatter
Conditions
ν0 = 1 Hz, 
V0 = 1 Vpeak

√<v02> = 10 mV rms noise
Noise BW increases in powers of 2
De-normalize for your needs
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Input Chatter – Example

Experiment
• Cyclone III FPGA
• Estimated noise 10 nV/√Hz
• Estimated BW 2 GHz

V0 = 50 mV (100 mVpp) 
ν0 = 4.7 MHz

V0 = 100 mV (200 mVpp)
ν0 = 4.7 MHz

Asymmetry shows up
Explanation takes a detailed electrical 

model, which we have not

Good agreement with theory
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Cyclone III Internal PLL

A Λ divider (inside the FPGA) enables 
the measurement

The divider noise is low enough
A trick to work at low frequency

Symmetricom
5120A (30 MHz max)

A.C. Cárdenas Olaya & al, IEEE Transact. UFFC 66(2) pp.412-416, Feb 2019
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Cyclone III Internal PLL

• LC oscillator, 0.6–1.3 GHz, Q≈10
• Optional ÷2 always present
• We set D = 1 (for lowest noise)
• QUARTUS app chooses C and N

Crossover between phi-type and x-type at 20 
MHz

x-
ty

pe

φ-ty
pe

x-type –> analog noise in the phase detector

PLL used as a buffer
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Cyclone III Internal PLL

• 1/ƒ phase noise is dominant

• Scales as N2 –>  analog noise in the phase 
detector

• ADEV 1.5x10–12 @ 1 s, fH = 500 Hz

10 MHz input, N x 10 MHz out

–115 dB + 20 log10(v0),     v0 in MHz

PLL used as a frequency multiplier
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Thermal Effects
• Principle

• FPGA dissipation change ∆P by acting on frequency
• Energy E = CV2 dissipated by the gate capacitor in 

one cycle

• Conditions
• Cyclone III used as a clock buffer
• Environment temperature fluctuations are

filtered out with a small blanket (necessary)
• Two separate measurements (phase 

meter and counter) –> trusted result

C

Outcomes
1. Thermal transient, due to the change of the 

FPGA dissipation
2. Slow thermal drift, due to the environment
3. Overall effect of ∆P
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3 – ADCs
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Transition Noise Measurement

ENoB

The differential clock jitter introduces additional noise
due to the asymmetry between AM and PM

10 MHz
Vpp ≈ 0.95 VFSR

At 10 MHz input, the effect of ≈100 fs jitter does not show up

FFTW
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Background Noise

1E
6 

AV
G1E

3 
AV

G

–185 dBc baseline

Four-channel scheme
L(ƒ), dBc/Hz

ch
an

ne
l d

iff
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Compared to a Commercial Instrument 

Four-channel scheme
L(ƒ), dBc/Hz

– this is done only to make sure that there is no calibration mistake –

Measure a Rohde Schwarz synthesizer

Agil
en

t

Our (
Alaz

art
ec

h)
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4 – DDSs
Basics
Advanced
Experiments
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Basic DDS Scheme

The contents n of the m-bit register 
is interpreted as a complex number

replace θ — > φ
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AD9912, a Fast DDS
48 bit accumulator, 14 bit DAC, 1 GHz clock
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State-Variable Truncation

• Only quantization shows up with full m-bit 
conversion
• Technology –> q max
• Why p > q
• Slow pseudorandom beat, 

3d 6h 11m 15s @ 1 GHz, 48 bit

Spurs: Torosyan A,  Wilson AN jr, Proc 2005 IFCS p.50-58
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Truncation Generates Spurs

An
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9

The power of spurs comes at expenses of white noise – yet not as one-to-one
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Distortion and Aliasing
Sampling ƒs = 20 MHz
Nyquist ƒN = 10 MHz
Output ƒa = 7 MHz

2nd.    2 x 7 = 14,   mirror to 10      —>  6 
3rd.     3 x 7 = 21,   take away 20    —> 1
4th.     4 x 7 = 28,   take away 20    —> 8
5th.     5 x 7 = 35,   take away 20  —> 15,  mirror to 10   —>  5
6th.     6 x 7 = 42,   take away 40  —>   2
7th.     7 x 7 = 49,   take away 40  —>   9
8th.     8 x 7 = 56,   take away 40  —> 16,  mirror to 10   —>  4
9th.     9 x 7 = 63,   take away 60  —>   3W
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W. Kester, Fig 2.44
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3.3 V: Lower PM Noise than 1.8 V
Probably related to the cell size and to the dynamic range

Plots originally used to extract the noise parameters
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Experimental Method (PM Noise)
•Pseudorandom noise, slow beat (days)
•The probability that two accumulators are in phase is ≈ 0
•Two separate DDS driven by the same clock have a random and constant delay
•The delay de-correlates the two realizations, which makes the phase 
measurement possible

Single channel Dual channel
kind of virtual mixer, after (sub)sampling & direct ADC
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PM Noise vs Output Frequency 271



AD9854 Noise

Basic formula for white noise

Flicker is in fair agreement
White is made low by spurs

who meas, dB math, dB clock, MHz
specs –159 –155.8 300
YG –158 –155.0 250
CC –162.5 –153.6 180

Specs,
regular output
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High-Frequency DDSs

Measured by C. Calosso, INRIM
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High-Frequency DDSs
AD9915 12 bit, 2.5 GHz
64 bit accumulator (135 pHz res)

ƒ, Hz

L(
ƒ),

 d
Bc

(t
w

o 
di

vi
de

rs
)

Y.Gruson

18 as/√Hz

2.
4 

fs

output stage
x-

ty
pe

φ-
ty

pe

ENOB = 12
𝜈>) = 5 GHz
b' = −165	dBrad"/Hz 
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AD 9912 PM Noise

•At 50 MHz and 10/12.5 MHz we get ≈15 dB lower flicker than the 
data-sheet spectrum
•Experimental conditions unclear in the data sheets

Focus on 1/ƒ only
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5 — Dividers
Π and Λ Dividers
Microwave Dividers
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Aliasing in Π Divider

• The gearbox scales Sφ down by 1/D2

• The divider takes 1 edge out of D
• Raw decimation without low-pass filter
• Aliasing increases Sφ by D

• Overall, Sφ scales down by 1/D

Regular synchronous divider
The Greek letter Π recalls the square wave    Π Π Π Π
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Results – Test on Aliasing

White region
• Aliasing in the front-end –> +4 dB
• 1/D law and 1/D2 law

Flicker region
• Negligible aliasing
• 1/D2 law (–20 dB) 
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The Λ Divider – Little/No Aliasing

• Gearbox and aliasing –> 1/D law
• Add D independent realizations 

shifted by 1/2 input clock,
• reduce the phase noise by 1/D,
• … and get back the 1/D2 law 

New divider architecture
Series of Greek letters ΛΛΛΛΛ recalls the triangular wave

input

The names  Π and Λ derive from the shape of the weight functions in our article on frequency counters
E. Rubiola, On the measurement of frequency … with high-resolution counters, RSI 76 054703, 2005

output
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Phase Noise of Π and Λ Dividers

insufficient averaging?

M ultibuffer Π divider 

experimental problems still present

Λ divider 

Aliasing is present

High-f sampling removes aliasing
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The Λ Divider Versus the DDS

Noise of the Λ divider and two DDSs
noise Λ div. AD9854 AD9912

b0 –165 –160 ≈ –163

b–1 –130.5 –121.5 –129 (inferred)

b–2 — — –132
plot not shown

b–3 — –134 (seen at lower νo)
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Suggested Reading

• Chapter 15: Roundoff noise in FIR 
digital filters and in FFT calculations

• Appendix G: Quantization of a 
sinusoidal input

Bernard Widrow,
Istvan Kollar
Quantization Noise
Cambridge 2008
ISBN 978-0-511-40990-5
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Suggested Reading

Walt Kester (editor)
Analog-Digital Conversion
Analog Devices 2004
ISBN 0-916550-27-3
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Suggested Reading

Marcel J. M. Pelgrom
Analog-to-Digital Conversion
Springer 2010
ISBN 978-90-481-8888-8
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Suggested Reading

Bar-Giora Goldberg
Digital Frequency Synthesis 
Demystified

Newnes 1999
ISBN 978-1-878707-47-5
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The Leeson Effect
Enrico Rubiola

CNRS FEMTO-ST Institute, Besancon, France
INRiM, Torino, Italy

Outline

home page http://rubiola.org

The Leeson effect in a nutshell
Heuristic explanation of the Leeson effect
Resonator theory
Formal proof for the Leeson effect
The Leeson effect in delay-line oscillators
AM-PM noise coupling
Oscillator hacking
Acknowledgement and conclusions

The orig
inal is

 in
 a 

separat
e fil
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The Leeson effect in a nutshell

𝜈!, 𝑄
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Heuristic Explanation 
of the Leeson Effect

291



General oscillator model

• RLC resonator
• Piezoelectric quartz resonator
• Microwave cavity
• Microwave dielectric resonator
• Fabry-Pérot resonator
• Optomechanic resonator
• Optical fiber
• etc.

Barkhausen condition

𝐴𝛽	 = 	1    at 𝜈=
(phase matching)

292

1 + 𝛼 𝑡 cos 2𝜋𝜈'𝑡 + 𝜑(𝑡)



The Barkhausen condition in practice 293

arg 𝛽 = arctan𝑄
𝜔
𝜔'

−
𝜔'
𝜔

≃ −2𝑄
𝜔 − 𝜔'
𝜔'

𝐴𝛽 = 1	 (complex)
𝐴 constant vs 𝜔
𝛽(𝜔) is the sharp resonance

• arg 𝛽  sets the oscillation frequency

• saturation fixes 𝐴𝛽 = 1

close to the resonance
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Tuning an oscillator 294

𝐴𝜓

𝛽

Phase matching

arg 𝛽 + 𝜓 = 0

Small 𝜓 approximation

𝜓 = 2𝑄
Δ𝜔
𝜔'

Tuning

Δ𝜈
𝜔S

=
𝜓
2𝑄

𝐻(𝜈)

tuning
range

arg(𝐻)

saturated
𝐻(𝜈)

closed loop function

𝐻 𝜈 = 𝐴𝛽 𝜈 𝑒«£

𝐴(𝜈) = const

𝜈!

1

1

𝜈'

Δ𝜈

add a phase 𝜓



Heuristic derivation of the Leeson effect
fast fluctuation: no phase feedback slow fluctuations: 𝜓 → 	Δ𝜈	conversion

static

integral

Exact result

fast or slow?
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Δ𝜈 =
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2𝑄𝜓

𝑆@A 𝑓 =
𝜈'
2𝑄

"
𝑆? 𝑓

𝑆9 𝑓 =
1
𝑓"

𝜈'
2𝑄

"
𝑆? 𝑓

𝑆F(𝑓) = 1 +
1
𝑓I

𝜈=
2𝑄

I
𝑆£(𝑓)



Resonator Theory

Linear Time-Invariant System
Impulse response and frequency response
in the amplitude-phase space

296

A Method to Sove Phase Noise Problems



Linear Time-Invariant (LTI) systems

𝐻(𝑠), 𝑠 = 𝜎 + 𝑗𝜔, is the analytic continuation of 
𝐻(𝜔) for causal system, where ℎ(𝑡) = 0 for 𝑡 < 0Fi
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impulse response

response to the generic signal vi(t)
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Time domain 298

shorthand: 𝑓 = 𝜔/2𝜋
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The resonator 299
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𝛽 𝑠 =
𝜔S
𝑄

𝑠

𝑠I +𝜔S𝑄 + 𝜔SI

Laplace   𝛽 𝑠 = 𝑋 𝑠 /𝑉 𝑠  ,   𝑠 = 𝜎 + 𝑗𝜔 



Resonator – Frequency domain 300

𝑠	 = 	𝜎 + 𝑗𝜔
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Laplace-transform patterns
Fundamental theorem of complex algebra:  𝐹(𝑠) is completely determined by its roots
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Impulse response of the resonator 302

Can’t figure out a 𝛿(𝑡) of phase or amplitude?   Use Heaviside (step) 𝑢(𝑡) and differentiate



Response to a phase step 𝜅

switched off at 𝑡 = 0 switched on at 𝑡 = 0

exponential decay exponential growth
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A phase step is equivalent to switching a sinusoid off 
at 𝑡 = 0, and switching a shifted sinusoid on at 𝑡 = 0

303



Impulse response, 𝜔# = 𝜔$
phase step 𝜅 at 𝑡 = 0

output

linearize

high 𝑄

slow-varying phase vector

impulse response

phasor angle

delete 𝜅 and differentiate

304



Detuned resonator 305

phase step 𝜅 at 𝑡 = 0

amplitude
phase

detuning
modulus
phase



Details 306

Probe signal, 𝑡 ≤ 0

𝑣" 𝑡 =
1
𝛽#
cos 𝜔#𝑡 − 𝜃

where 𝛽# and 𝜃 are chosen for

𝑥$ 𝑡 = cos 𝜔#𝑡

in stationary conditions

Define Ω = 𝜔! − 𝜔"  , where 𝜔! is the frequency of 

the force, and replace 𝜔" = 𝜔! − Ω

cos 𝜔"𝑡 = cos Ω𝑡 cos 𝜔!𝑡 + sin Ω𝑡 sin 𝜔!𝑡

sin 𝜔"𝑡 = − sin Ω𝑡 cos 𝜔!𝑡 + cos Ω𝑡 sin 𝜔!𝑡

Differential equation

𝑥̈ +
𝜔E
𝑄
𝑥̇ + 𝜔E#𝑥 =

𝜔E
𝑄
𝑣̇

Characteristic equation

𝑠% +
𝜔!
𝑄
𝑠 + 𝜔!% = 0

Solutions of the char. eq.
𝑠 = 𝜎& ± 𝑖𝜔&

with

𝜎& = −
𝜔!
2𝑄

𝜔& =
𝜔!
2𝑄

4𝑄% − 1 𝜏 = −
1
𝜎&
=
2𝑄
𝜔!

General solution of the DE

𝑥 𝑡 = 𝒜 cos 𝜔B𝑡 𝑒
+4( + 	ℬ sin 𝜔B𝑡 𝑒+

4
( + 	𝒞 cos 𝜔'𝑡 + 	𝒟	 sin 𝜔'𝑡

The coefficients 𝒜,ℬ, 𝒞, 𝒟 are set by the BCs at 𝑡 = 0 and 𝑡 = ∞

Alternate form of the general solution, make 𝜔# explicit using  𝜔& = 𝜔# − Ω

𝑥 𝑡 = 𝒞 +𝒜 cos Ω𝑡 𝑒'
(
) − ℬ sin Ω𝑡 𝑒'

(
) cos 𝜔#𝑡 + 𝒟 +𝒜 sin Ω𝑡 𝑒'

(
) + ℬ cos Ω𝑡 𝑒'

(
) sin 𝜔#𝑡

Switch-off transient, 𝑡 ≥ 0 

𝑥*++ 𝑡 = cos 𝜔&𝑡 𝑒
'#$ = cos Ω𝑡 𝑒'

#
$ cos 𝜔#𝑡 +	sin Ω𝑡 𝑒'

#
$ sin 𝜔#𝑡

Baseline, 𝑡 ≤ 0

𝑥,- 𝑡 = cos 𝜔#𝑡



Phase 
response

307
Switch-on transient

𝑥*. 𝑡 = 𝒞 +𝒜 cos Ω𝑡 𝑒'
(
) − ℬ sin Ω𝑡 𝑒'

(
) cos 𝜔#𝑡 + 𝒟 +𝒜 sin Ω𝑡 𝑒'

(
) + ℬ cos Ω𝑡 𝑒'

(
) sin 𝜔#𝑡

BC 𝑡 → ∞	 ⇒ 	 𝑒'(/) → 0  𝒞 = 1,   𝒟 = −𝜅
 𝑡 → 0	 ⇒ 	 𝑒'(/) → 1 𝒞 +𝒜 = 0	 ⇒ 	 𝒜 = −1
    𝒟 + ℬ = 0	 ⇒ 	 ℬ = 𝜅

𝑥*. 𝑡 = 1 − cos Ω𝑡 𝑒'
(
) − 𝜅 sin Ω𝑡 𝑒'

(
) cos 𝜔#𝑡 + −𝜅 + 𝜅 cos Ω𝑡 𝑒'

(
) − sin Ω𝑡 𝑒'

(
) sin 𝜔#𝑡

Add switch-off and switch-on transients

𝑥*++ 𝑡 + 𝑥*. 𝑡 = 1 − 𝜅 sin Ω𝑡 𝑒'
(
) cos 𝜔#𝑡 − 𝜅 1 − cos Ω𝑡 𝑒'

(
) sin 𝜔#𝑡

Get the effect of the step by subtracting the pre-switch steady state, and deleting 𝜅

𝑥0 𝑡 =
1
𝜅 𝑥*++ 𝑡 + 𝑥*. 𝑡 − 𝑥12 𝑡

𝑥0 𝑡 = sin Ω𝑡 𝑒'(/) cos 𝜔#𝑡 − 1 − cos Ω𝑡 𝑒'(/) sin 𝜔#𝑡

Step response 

𝜑0 = 1 − cos Ω𝑡 𝑒'(/)

𝛼0 = −sin Ω𝑡 𝑒'(/)

Impulse  response 

𝜑3 =
1
𝜏
cos Ω𝑡 + Ω sin Ω𝑡 𝑒'(/)

𝛼3 = −Ωcos Ω𝑡 +
1
𝜏 sin Ω𝑡 𝑒'(/)

differentiate



Amplitude
response

308
Switch-on transient

𝑥*. 𝑡 = 𝒞 +𝒜 cos Ω𝑡 𝑒'
(
) − ℬ sin Ω𝑡 𝑒'

(
) cos 𝜔#𝑡 + 𝒟 +𝒜 sin Ω𝑡 𝑒'

(
) + ℬ cos Ω𝑡 𝑒'

(
) sin 𝜔#𝑡

BC 𝑡 → ∞	 ⇒ 	 𝑒'(/) → 0  𝒞 = 1 + 𝜅,   𝒟 = 0
 𝑡 → 0	 ⇒ 	 𝑒'(/) → 1 𝒞 +𝒜 = 0	 ⇒ 	 𝒜 = −(1 + 𝜅)
    𝒟 + ℬ = 0	 ⇒ 	 ℬ = 0

𝑥*. 𝑡 = (1 + 𝜅) − (1 + 𝜅) cos Ω𝑡 𝑒'
(
) cos 𝜔#𝑡 − 1 + 𝜅 sin Ω𝑡 𝑒'

(
) sin 𝜔#𝑡

Add switch-off and switch-on transients

𝑥*++ 𝑡 + 𝑥*. 𝑡 = (1 + 𝜅) − 𝜅 cos Ω𝑡 𝑒'
(
) cos 𝜔#𝑡 − 𝜅 sin Ω𝑡 𝑒'

(
) sin 𝜔#𝑡

Get the effect of the step by subtracting the pre-switch steady state, and deleting 𝜅

𝑥0 𝑡 =
1
𝜅 𝑥*++ 𝑡 + 𝑥*. 𝑡 − 𝑥12 𝑡

𝑥0 𝑡 = 1 − cos Ω𝑡 𝑒'(/) cos 𝜔#𝑡 − sin Ω𝑡 𝑒'(/) sin 𝜔#𝑡

Step response 

𝜑0 = sin Ω𝑡 𝑒'(/)

𝛼0 = 1 − cos Ω𝑡 𝑒'(/)

Impulse  response 

𝜑3 = Ωcos Ω𝑡 −
1
𝜏
sin Ω𝑡 𝑒'(/)

𝛼3 =
1
𝜏 cos Ω𝑡 + Ω sin Ω𝑡 𝑒'(/)

differentiate



Impulse response of the detuned resonator 309

Time domain

𝜑
𝛼 =

1
𝜏
cos Ω𝑡 + Ω sin Ω𝑡 −Ω cos Ω𝑡 −

1
𝜏
sin Ω𝑡

Ω cos Ω𝑡 −
1
𝜏 sin Ω𝑡

1
𝜏 cos Ω𝑡 + Ω sin Ω𝑡

	𝑒+
'
) 	 𝜓𝜖

Laplace Transforms

Φ
Α =

1
𝜏

𝑠 + 1𝜏 + 𝜏Ω
#

𝑠# + 1
𝜏# +

2𝑠
𝜏 + Ω

#
−Ω

𝑠

𝑠# + 1
𝜏# +

2𝑠
𝜏 + Ω

#
 

Ω
𝑠

𝑠# + 1
𝜏# +

2𝑠
𝜏 + Ω

#

1
𝜏

𝑠 + 1𝜏 + 𝜏Ω
#

𝑠# + 1
𝜏# +

2𝑠
𝜏 + Ω

#

Ψ
Ε



Resonator step and impulse response 310
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Frequency response 311

diagonal terms diagonal terms
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Formal Proof for
the Leeson Effect

312



Low-pass representation of AM-PM noise 313

PM AM

Leeson Effect extension of the LE to AM noise

The amplifier
– “copies” the input phase to the out
– adds phase noise

RF, μwaves
or optics

low-pass equivalent

E. Rubiola & R. Brendel, arXiv:1004.5539v1, 
[physics.ins-det] 

E. Rubiola, Phase Noise and Frequency Stability in 
Oscillators, Cambridge 2008–2012

http://arxiv.org/abs/1004.5539v1


Effect of feedback 314

Oscillator transfer function (RF)
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noisy amplifier

The Leeson effect 315

complex plane transfer function

definition

general
feedback
theory

Leeson
effect

phase-noise transfer function

resonator
𝐵 𝑠 =

1/𝜏
𝑠 + 1/𝜏



Oscillator with detuned resonator 316
Fi

gu
re

s a
re

 fr
om

 E
. R

ub
io

la
, P

ha
se

 n
oi

se
 a

nd
 fr

eq
ue

nc
y 

st
ab

ili
ty

 in
 o

sc
ill

at
or

s,
  ©

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss



Gain saturation 317

Gain compression is necessary for the oscillation amplitude to be stable



Low-pass model for amplitude (1) 318

simple feedback theory

Gain compression is necessary for the 
oscillation amplitude to be stable

differential equation



Low-pass model for amplitude (2) 319

Three asymptotic cases

homogeneous
differential
equation

Startup:   𝑢 → 0,    𝐴 → 𝐴0	 > 	1

Regime:   𝑢 → 1,   𝐴	 = 	1	– 	𝛾	(𝑢	– 	1)

Linear gain:   𝐴	 = 	1	– 	𝛾	(𝑢	– 	1)

At low RF amplitude, let 
the gain be an arbitrary 
value denoted with A0

For small fluctuation of 
the stationary RF 
amplitude, the gain 
varies linearly with 𝑉

Simplification: the gain 
varies linearly with 𝑉 in 
all the input range

rising exponential

restoring time constant 𝜏𝑟	 = 	𝜏/𝛾



Startup – Analysis and simulation 320

van der Pol oscillator
simulated by Rémi Brendel

analytical solution,
𝐴	 = 	1– 𝛾(𝑢– 1)

10 MHz oscillator
𝐿 = 1 mH
𝑅 = 	25	Ω
𝑄 ≈ 503 

ex
po

ne
nt

ia
l

sa
tu

rat
ion

Rising exponential.
We find the same time constant – 𝜏/𝛾

See also Fig.15 of Addouche, Brendel et 
al., IEEE T UFFC 50(5), May 2003.



Gain fluctuations 321

Gain compression is necessary for the oscillation amplitude to be stable



Gain fluctuations – Output is 𝑢(𝑡) 322

Linearize for low noise and use the 
Laplace transforms

linearization
for low noise

non-linear
equation

linearized
equation

definition

result

Laplace
transform



Gain fluctuations  –  Output is 𝑣(𝑡) 323

boring algebra relates αv to αu result

starting
equation

linearization
for low noise

definition



Noise  –  Output is 𝑢(𝑡) 324

Linearize for low noise and use 
the Laplace transforms

linearization 
for low noise

non-linear
equation

linearized
equation

definition

result

Laplace
transform



Noise  –  Output is 𝑢(𝑡) 325

Laplace
transform

boring algebra relates α’ to α

linearization
for low noise

linearized
equation

result

definition



Parametric noise 
& AM-PM noise 

coupling

326

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1


Effect of AM-PM noise 
coupling

327

E. Rubiola & R. Brendel, arXiv:1004.5539v1 [physics.ins-det] 

http://arxiv.org/abs/1004.5539v1


Noise transfer function, and spectra 328

AM-PM coupling shows up here

In a real oscillator, flicker noise shows up below some 10 kHz
In the flicker region, all plots are multiplied by  1/𝑓

Notice that the AM-PM coupling can increase or decrease the PM noise



Oscillator Hacking

329

Still not able to hack the Rohde oscillator



Amplifier white and flicker PM noise

The corner frequency 𝑓�, sometimes specified in data sheets is a 
misleading parameter because it depends on 𝑃=

330

𝑆t(𝑓)

boP /𝑓

b= = 𝑁/𝑃= ≡ 1/SNR

𝑓

b=  low power

b=  high power 𝑃=

Constant vs 𝑃=

𝑓�� 𝑓���

𝑓� =
b!
b"



Ciao microwave amplifier 331

parametric noise is constant vs P

Additive noise
scales as 1/𝑃

Parametric noise in amplifiers tends to be independent of 𝜈=



Oscillator noise – Real sustaining amplifier 332
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The sustaining-amplifier noise is 𝑆9 𝑓 = b' + b+%/𝑓  (white and flicker)



The output buffer 333
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Cascading two amplifiers,
flicker noise adds as
𝑆9 5 = 𝑆9 𝑓

%
+ 𝑆9 𝑓

"

low noise noisy



The fluctuation of the resonator 334
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• The oscillator tracks the resonator natural 
frequency, hence its fluctuations

•  Phase-to frequency conversion
𝑓! → 1/𝑓#, 1/𝑓 → 1/𝑓>, etc.

• The resonator bandwidth does not apply 
to the natural-frequency fluctuation.
(Tip: an oscillator can be frequency 
modulated at a rate ≫ 𝑓F)



Analysis of Commercial Oscillators

The purpose of this section is to help to understand the 
oscillator inside from the phase noise spectra, plus 
some technical information.  I have chosen some 
commercial oscillators as an example.
The conclusions about each oscillator represent only 
my understanding, based on experience and on the 
data sheets published on the manufacturer web site.
You should be aware that this process of interpretation 
is not free from errors.  My conclusions were not 
submitted to manufacturers before writing, for their 
comments could not be included.

335

Th
e 

sp
ec

tr
um

 is
 ©

 A
gi

le
nt

.  
Th

e 
fig

ur
e 

is 
fro

m
 E

. R
ub

io
la

, P
ha

se
 n

oi
se

 
an

d 
fr

eq
ue

nc
y 

st
ab

ili
ty

 in
 o

sc
ill

at
or

s,
  ©

 C
am

br
id

ge
 U

ni
ve

rs
ity

 P
re

ss



Example – DRO100, Synergy Microwave Corp. 336
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oscillatorLeeson effect

electronics

1. White PM: b! = 10+%G
• Use b' = 𝐹𝑘𝑇/𝑃'
• Guess 𝐹 = 1.25 (1 dB)
• Find 𝑃' = 520 μW

2. White FM: b+# = 1.41×10+&
• From b+"/𝑓" = b' find 𝑓E = 3.75 MHz
• Use 𝑓E = 𝜈'/2𝑄
• Find 𝑄 = 1330

3. Flicker PM: b+> = 14.1
• From b+F/𝑓F = b+"/𝑓" find 𝑓> =100 kHz
• Use 𝑆9/𝑆? = 𝑓E/𝑓 " at 𝑓 ≪ 𝑓E
• Find b+% = 10+%" sustaining amplifier 1/𝑓



Example – Rakon HSO 14, 5 MHz OCXO 337

1. White PM: b! = 1.6×10+%H
• Use b' = 𝐹𝑘𝑇/𝑃'
• Guess 𝐹 = 1.25 (1 dB)
• Find 𝑃' = 33μW

2. Flicker PM: b+% = 8×10+%D
• Guess b+% G. ≈ (1/4) b+% HI>
• Find b+% G. = 2×10+%J 
1/𝑓 of the sustaining amplifier

3. Flicker FM: b+> = 6.3×10+%&
• Guess 𝑄 = 2×10K, premium 5 MHz xtal
• Use 𝑆9/𝑆? = 𝑓E/𝑓 " at 𝑓 ≪ 𝑓E
• The expected Leeson effect is 

b+F EL = 2.5×10+%J ≪ b+F HI>  
• Use 𝑆y 𝑓 = 𝑓"/𝜈'" 𝑆9 𝑓
• Find h+% = 2.52×10+"M
• Flicker floor: use 𝜎N" = 2 ln 2 h+%
• Find 𝜎N" = 3.5×10+"M AVAR
𝜎N = 5.9×10+%O ADEVFigure from U. L. Rohde, E. Rubiola, J. C. Whithaker, Microwave and 

Wireless Synthesizers, ISBN 978-1-119-66600-4, ©J.Wiley 2021 (adapted)



Miteq D210B, 10 GHz DRO

• 𝑘𝑇! = 4×10–#% W/Hz (–174 dBm/Hz)

• floor –146 dBrad2/Hz, 
guess F = 1.25 (1 dB)
=> 𝑃! = 2 µW (–27 dBm)

• 𝑓F = 4.3 MHz,  
𝑓F = 𝜈!/2𝑄  =>  𝑄 = 1160

• 𝑓? = 70 kHz,  b+%/𝑓 = b! 
=>b+% = 1.8×10+%! (–98 dBrad2/Hz) 
[sust.ampli]

• h! = 7.9×10+##  and  
h+% = 	5×10+%G 
=>  𝜎J = 2×10+%%/ 𝜏 	+ 8.3×10+K 

338

Reminder: from the table
𝜎y" 𝜏 = h'/2𝜏 + 2 ln 2 h+% 
h' = b+"/𝜈'" 
h+% = b+F/𝜈'"     
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Poseidon* Scientific Instruments − Shoebox
10 GHz sapphire whispering-gallery oscillator (1)

339

𝑓F =	𝑣!/2𝑄 = 2.6 kHz   
=>   𝑄	 = 	1.8×10H
This incompatible with the resonator technology.
Typical Q of a sapphire whispering gallery 
resonator: 
2×105 @ 295K (room temp),  3×107 @ 77K (liquid 
N),  4×109 @ 4K (liquid He).
In addition, d ~ 6 dB does not fit the power-law.
The interpretation shown is wrong, and the Leeson 
frequency is somewhere else

The spectrum is © Poseidon.  The figure is from E. Rubiola, Phase noise 
and frequency stability in oscillators,  © Cambridge University Press
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Poseidon* Scientific Instruments − Shoebox
10 GHz sapphire whispering-gallery oscillator (2)

340

The spectrum is © Poseidon.  The figure is from E. Rubiola, Phase noise 
and frequency stability in oscillators,  © Cambridge University Press
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The 1/𝑓 noise of the output buffer is higher 
than that of the sustaining amplifier 
(a complex amplifier with interferometric 
noise reduction / or a Pound control)

In this case both 1/𝑓 and 1/𝑓" are present

white noise −169 dBrad2/Hz, guess 𝐹 = 5 
dB (interferometer)  => 𝑃' = 0 dBm
buffer flicker −120 dBrad2/Hz @ 1 Hz 
=> good microwave amplifier

𝑓E = 𝑣'/2𝑄 = 25 kHz   =>   𝑄 = 2×10J  
(quite reasonable)

𝑓> = 850 Hz  =>  flicker of the 
interferometric amplifier 
−139 dBrad2/Hz @ 1 Hz



Poseidon* Scientific Instruments
10 GHz dielectric resonator oscillator (DRO)

• floor –165 dBrad2/Hz, guess 
𝐹 = 1.25 (1 dB) 
=> 𝑃! = 160 µW (–8 dBm)

• 𝑓F = 	3.2 MHz,  
𝑓F = 𝜈!/2𝑄   =>   𝑄	 = 	625

• 𝑓? = 9.3	kHz,  
b+%/𝑓 = b0   
=>  sustaining amplifier 
b+% = 	2.9×10+%>	( –125 dBrad2/Hz) 
(too low value)

341

The spectrum is © Poseidon.  The figure is from E. Rubiola, Phase noise 
and frequency stability in oscillators,  © Cambridge University Press
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Slopes are not in agreement 
with the theory



Example – Oscilloquartz 8600 (wrong) 342

The spectrum is © Oscilloquartz.  The figure is from E. Rubiola, Phase noise 
and frequency stability in oscillators,  © Cambridge University Press

low noise noisy



Example – Oscilloquartz 8600 (trusted) 343

The spectrum is © Oscilloquartz.  The figure is from E. Rubiola, Phase noise 
and frequency stability in oscillators,  © Cambridge University Press

𝐹 = 1 dB  &  b0   => 𝑃' =–18 dBm
b!" osc	 =>   𝜎y = 1.5×10+%F, 𝑄 =
5.6×10J   (too low)

Guess 
𝑄 ≟ 1.8×10K  
=>   𝜎y = 4.6×10+%O   Leeson  
(too low value!)

low noise noisy



Whispering gallery oscillator, liquid-N2 temperature344

Woode & al, IEEE TUFFC 43(5), 1996
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Example – Oscilloquartz 8607 345

𝐹 = 1 dB  
b=  => 𝑃= =–20 dBm
(boµ)osc    =>   𝜎y = 8.8×10oPj

𝑄 = 7.8×10¡    (too low)

Guess 
𝑄 ≟ 2×106  

Þ𝜎y = 3.5×10oPj  Leeson
(too low value!)

The spectrum is © Oscilloquartz.  The figure is from E. Rubiola, Phase noise 
and frequency stability in oscillators,  © Cambridge University Press



Example – CMAC Pharao 346

The spectrum is © Rakon The figure is from E. Rubiola, Phase noise and 
frequency stability in oscillators,  © Cambridge University Press

𝐹 = 1 dB  
b=  => 𝑃= =–20.5 dBm
(boµ)osc    =>   𝜎y = 5.9×10oPj

𝑄 = 8.4×10¡    (too low)

Guess 
𝑄 ≟ 2×106  

Þ𝜎y = 2.5×10oPj  Leeson
(too low value!)



Example – FEMTO-ST prototype 347

𝐹 = 1 dB  
b=  => 𝑃= =	– 26 dBm
(boµ)osc    =>   𝜎y = 1.7×10oPµ

𝑄 = 5.4×10¡    (too low)

Guess 
𝑄 ≟ 1.15×106  

Þ𝜎y = 8.1×10oPj  Leeson
(too low value!)



Example – Agilent/Keysight 10811 348

The spectrum is © Agilent.  The figure is from E. Rubiola, Phase noise 
and frequency stability in oscillators,  © Cambridge University Press

𝐹 = 1 dB  
b=  => 𝑃= =	– 11 dBm
(boµ)osc    =>   𝜎y = 8.3×10oPµ

𝑄 = 7×10¡    (too low)

Guess 
𝑄 ≟ 7×105  

Þ𝜎y = 1.2×10oPµ  Leeson
(too low value!)

Caveat –  this oscillator may use the 
carrier extraction from the quartz.  
If so, our estimation of 𝑃! is wrong



Example – Agilent (Keysight) prototype 349

The spectrum is © IEEE.  The figure is from E. Rubiola, Phase noise and 
frequency stability in oscillators,  © Cambridge University Press



Interpretation of 𝑆!(𝑓) [1] 350

Sanity check:
– power 𝑃! at  amplifier input
– Allan deviation 𝜎y (floor)

2–3 buffer stages => the 
sustaining amplifier 
contributes ≲ 25% of the 
total 1/ƒ noise

Only quartz-crystal oscillators

Figures are from E. Rubiola, Phase noise and frequency 
stability in oscillators,  © Cambridge University Press

low noise noisy



Interpretation of 𝑆!(𝑓)    [2] 351

Only quartz-crystal oscillators

Figures are from E. Rubiola, Phase noise and frequency 
stability in oscillators,  © Cambridge University Press

Technology suggests a 
quality factor 𝑄;

In all xtal oscillators we 
find  𝑄; ≫ 𝑄¶



Example – Wenzel 501-04623 352

F=1dB  b0 => P0=0 dBm

(b–3)osc =>   σy=5.3x10–12 Q=1.4x104

Q≟8x104  =>   σy=9.3x10–13 (Leeson)

Estimating (b–1)ampli is difficult because 
there is no visible 1/f region

Data are from the manufacturer web site.  
Interpretation and mistakes are of the author.

Figures are from E. Rubiola, Phase noise and frequency 
stability in oscillators,  © Cambridge University Press



Quartz-oscillator summary 353
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The Rohde Oscillator

354



The Rohde-Colpitts oscillator

• Off resonance, either 𝑋· ≫ 𝑅� 
or 𝑋¸ ≫ 𝑅� 

• The motional resistance 𝑅� is 
not coupled to the output

• No thermal noise from 𝑅� to 
the output

• The quartz also filters out 
harmonics and spurs

355

Fig. 1 from U. L. Rohde, 
Crystal oscillator provides low noise,
Electronic Design Oct 11, 1975 p.11, 14



The Rohde oscillator

• Neg-R oscillator, where the 
resonator also filters the out

• The AC current 𝐼8 is 
transferred from SA to OUT

• At 𝑓 > 	𝜈=/2𝑄, the thermal 
noise of 𝑅� is not coupled

• Magic bias minimizes the 
buffer noise 

• 𝐶¸�  and stray 𝐿¹º»¼ originates 
feedback.  Noise is more than 
just thermal noise

356

How to get low floor — and the troubles that go with

The weird 100 MHz OCXOs



The sub-thermal oscillator
• Low white noise achieved with a quartz filter
• 𝑓 < 𝑓�: carrier (and red noise) coupled to out
• 𝑓 > 𝑓�: the filter is open circuit

• buffer noise and thermal noise of the motional 𝑅 
are not coupled to output

• Equivalent temperature 𝑇LM < 𝑇CBBN
• No violation of physics principles!

• Reverse engineering from noise is still unclear
• Actual noise may depend on what is 

connected at the output
• Odd behavior of commercial phase-noise 

analyzers
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The Delay-Line Oscillator
358

SAW resonator, 
or optical fiber

tunable bandpass



Motivations

• Potential for very-low phase noise in the 100 Hz – 1 MHz range

• Invented at JPL, X. S. Yao & L. Maleki, JOSAB 13(8) 1725–1735, Aug 1996

• Early attempt of noise modeling, S. Römisch & al., IEEE T UFFC 47(5) 1159–1165, Sep 2000
• PM-noise analysis, E. Rubiola, Phase noise and frequency stability in oscillators, Cambridge 2008 

[Chapter 5]
• Since, little progress in the analysis of noise at system level

• Nobody reported on the consequences of AM noise

359

© Corning

tunable bandpass



Low-pass representation of AM-PM noise 360

PM AM

Leeson Effect extension of the LE to AM noise

The amplifier
• “copies” the input 

phase to the out
• adds phase noise

The amplifier
• compresses the 

amplitude
• adds amplitude noise

RF, μwaves
or optics

low-pass equivalent

E. Rubiola & R. Brendel, arXiv:1004.5539v1, 
[physics.ins-det] 

E. Rubiola, Phase Noise and Frequency Stability in 
Oscillators, Cambridge 2008–2012

http://arxiv.org/abs/1004.5539v1


Delay-line oscillator – Operation 361

Barkhausen condition
for oscillation:  𝐴𝛽 = 1
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The Leeson effect in the delay-line oscillator 362

phase-noise transfer function

definition

Leeson
effect

transfer function |H|2H, complex plane

noisy amplifier

feedback
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general feedback 
theory

Also describes the laser



Gain fluctuations – Output is 𝑢(𝑡) 363

use u=α+1, expand and linearize for low noise

linearized equation

Laplace transform

non-linear
equation

0

0

Linearize for low noise and 
use the Laplace transform

result

definition

The low-pass has only 2nd order effect on AM



Gain fluctuations – Output is 𝑣(𝑡) 364

result

definition

starting 
equation

boring algebra relates αv to αu

linearization
for low noise

The low-pass has only 2nd order effect on AM

use u=α+1



Theoretical prediction of AM & PM spectra

• Prediction is based on the stochastic diffusion (Langevin) theory
• However complex, the Langevin theory provides an independent check

365

AM noise PSD, dB/Hz PM noise PSD, dBrad2/Hz 
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Y.K. Chembo, K. Volyanskiy, L. Larger, E. Rubiola, P. Colet, & al., IEEE J. Quant. Electron. 45(2) p.178-186, Feb 2009



Delay-line oscillator 366
𝐿 = 4 km
𝑄𝑒𝑞 = 6.3×10J

𝑓E = 8 kHz

Leeson
formula

10+%%

Allan deviation

6.3×10+"O

808×10+"O

b+F = 	6.3×10+O	 (–32 dB)

E. Rubiola, Phase Noise and Frequency Stability in Oscillators, 
Cambridge 2008, ISBN13 9780521886772
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Delay-line oscillator – Measured noise

• 1.310 nm DFB CATV laser
• Photodetector DSC 402

responsivity 𝑅 = 371 V/W
• RF filter 𝜈= = 10 GHz, 𝑄 = 125
• RF amplifier AML812PNB1901 

(gain +22dB)

367

expected phase noise
b+F ≈ 6.3×10+O	 (–32 dB)



NIST Opto-Electronic Oscillator – Simulation 368
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NIST opto-electronic oscillator 369
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NIST opto-electronic oscillator 370
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Sustaining amplifier



Opto-electronic oscillator 371
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𝑄 = 𝜋𝜈!𝜏

𝜏 =
𝑄
𝜋𝜈!

≈ 16𝜇𝑠

Courtesy of OEwaves (handwritten notes are mine).
Obsolete product?  The specifications are no longer available from the OEwaevs web site



Opto-electronic oscillator 372

Courtesy of OEwaves, notes are mine



OEwaves, lowest phase noise (2) 373

Courtesy of OEwaves, notes are mine

b–3 ≈ –53 dBrad2/Hz @ 10 GHz   =>   
σy = 2.6×10–13

The peak at 5.7 kHz is disappeared.  Did 
they use a shorter fiber?  
The high slope is now disappeared, 
probably filtered by the system



OEwaves compact OEO 374

b–3 = –25 dBrad2/Hz @ 10 GHz   =>   
σy = 6.6×10–12

the bump at 580 kHz makes me 
think about a 340 m fiber
How did they remove the spurious? 

Courtesy of OEwaves, notes are mine



Optical-Fiber 10 GHz oscillator

• use positive feedback with a short cable 
(3-5 ns) in the feedback path to 
implement the mode selector filter 

• the positive feedback also increase the 
amplifier gain
(AML SiGe parallel amplifiers exhibits 
lowest flicker, but low have gain 22 dB)

• use the 2-km (10 µs) path to eliminate the 
50-kHz noise peak due to the 4-km (20 µs)

• the microwave power is changed by 
adjusting the laser power

• high noise figure, due to the two power 
splitters/combiners

375

Kiryll Volyanskiy, jan 2008



Regenerative optical-fiber 10 GHz oscillator 376

freq. random walk
b–4 = 0.2 rad2/Hz
h–2 = 2×10–21

σy(τ) = 1.15×10–10 √τ

frequency flicker
b–3 = 2.5×10–3 rad2/Hz
h–1 = 2.5×10–23

σy(τ) = 5.9×10–11

11 dBm white freq.
b–2 = 2×10–6 rad2/Hz
h0 = 2×10–21

σy(τ) = 1×10–13/√τ

9 dBm white freq.
b–2 = 5×10–6 rad2/Hz
h0 = 5×10–26

σy(τ) = 1.6×10–13/√τ

8 dBm white freq.
b–2 = 8.9×10–6 rad2/Hz
h0 = 8.9×10–26

σy(τ) = 2.1×10–13/√τ

The white f noise follows exactly 
the quadratic law of the detector 



Regenerative optical-fiber 10 GHz oscillator 377

The oscillator phase noise minima are 6 dB 
lower than b0=N/P0 (white noise)
𝑚 = 0.725   (Prf=11 dBm)
𝑆" O2:

= −142	dB	
𝐹 = 10 dB (incl. couplers)
𝜂 = 0.6 
𝜈P = 194 THz

Feeding the available data in the model we get
𝑃0 = 6.4 μW    (RF, –22 dBm)
𝑃P ≈ 0.71 mW  (optical)

There is room for engineering 

𝑃rf  is given, thus 𝑉! = 2𝑅𝑃
𝑉; is estimated (4.5 V at 10 GHz)
Use

𝑃, dBm 𝑉B, V 𝜋𝑉0/𝑉𝜋 𝑚
11 1.122 0.86 0.783
9 0.891 0.683 0.644
8 0.794 0.6.09 0.581

Get



Noise transfer function – Simulation 378

In a real oscillator, flicker noise shows up below some 10 kHz
In the flicker region, all plots are multiplied by 1/𝑓

Notice that the AM-PM coupling can increase or decrease the PM noise

AM-PM 
coupling



OEwaves OEO phase noise 379
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Things May Not Be That Simple 380

K. Volyanskiy et al, arXiv:0809.4132 
[physics.optics], 2008, Fig.3
Also K. Volyanskiy PhD thesis p.51, 
Fig.3.12(a), 2009



Noise spectra 381

Unfortunately, the awareness of this model come after the end of the experiments

Spectrum from K. Volyanskiy & al., IEEE JLT, 2010 (double check)



Noise spectra 382
X.S.Yao & al., NASA TMO Report 42-135 (1998), Fig. 6
The figure is © NASA, comments are mine



Conclusions

383
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Summary of relevant points
• The Leeson effect consists in a phase-to-frequency conversion
• fully explained as a phase (noise) integration
• takes place below ƒL = ν0/2Q
• The step response provides analytical solutions and physical inside.

(Same formalism introduced by Oliver. Heaviside in network theory) 
• Buffer noise and resonator instability add to the Leeson effect
• Amplifier phase noise
• white noise: Sφ scales down as the carrier power P0

• flicker noise: Sφ is independent of P0
• Numerous oscillator spectra can be interpreted successfully
• The amplitude-noise response is similar to phase noise, but gain compression provides stabilization at 

low frequencies
• The theory indicates that amplitude-phase coupling results in a deviation from the polynomial law
• Unified AM/PM noise that applies to resonator-oscillators and to delay-line oscillators, including 

optical oscillators 
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Lecture 10
Scientific Instruments & Oscillators
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• The Pound Drever Hall frequency control
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The Pound-Drever-Hall
Frequency Control

Basic mechanism
Key ideas
Control loop
Resonators stability
Optimization
Alternate schemes
Microwave resonators
Optical resonators 
Fundamental physics

Enrico Rubiola

CNRS FEMTO-ST Institute, Besancon, France

INRiM, Torino, Italy

home page http://rubiola.org
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In a nutshell
Frequency stabilization to a passive 
resonator
• The resonator is not suitable to build an 

oscillator

• Cryogenics, vacuum, 

• Etc.

Points of interest
• Power (intensity) detector – available from 

RF to optics 

• Compensation of the critical path

• Null measurement of the frequency error

• Use frequency modulation to get out of 
the flicker region

• One-port resonator: lowest dissipation and 
narrowest linewidth



Basic Mechanism

Featured article
Eric D. Black, An introduction to Pound–Drever–Hall laser frequency 
stabilization, Am J Phys 69(1) January 2001, DOI 10.1119/1.1286663 (paywall)
Also available as Technical Note LIGO-T980045-00-D 4/16/98 (free access)

391

https://doi.org/10.1119/1.1286663
https://dcc.ligo.org/public/0028/T980045/000/T980045-00.pdf


Overview 392

phase 
modulated 
oscillator

lock-in
amplifier

Error signal proportional to frequency error

servo
𝜔# = 𝜔!

𝜔# = oscillation 
frequency

Points of interest
• Power (intensity) detector is 

available from RF to optics 

• Compensation of the critical path
• Resonator is large / complex / 

difficult to access

• Null measurement of the 
frequency error

• Frequency modulation –> get out 
of the flicker region

• One-port resonator –> lowest 
dissipation –> narrowest linewidth

• Multimode resonators –> simple 
mode selection

Error detector

critical
path

Reference

𝑣L = 𝐷 𝜔! − 𝜔E



Phase modulation, physics 393

Frequency domain
(small 𝑚)

Phasor diagram

Bessel functions 𝐽k(𝑚)

𝑣 𝑡 = 𝑉B cos 𝜔𝑡 − 𝑚 sin(Ω𝑡)



Phase modulation, math 394

Carrier power Sideband power

small 𝑚

small 𝑚

𝐽,
𝐽zJacobi-Angers expansion

𝑒#* P7/ Q =U
&$+-

-
𝑖&𝐽& 𝑚 𝑒#&Q

𝑒#* /26 Q =U
&$+-

-
𝐽& 𝑚 𝑒#&Q

𝑉 = 𝑉'𝑒#R4𝑒#* /26 S4
	

= 𝑉'𝑒#R4 U
&$+-

-

𝐽& 𝑚 𝑒#&S4

	

≃ 𝑉'𝑒#R4 𝐽' 𝑚 + 𝐽+% 𝑚 𝑒+#S4	 − 𝐽% 𝑚 𝑒+#S4
	

= 𝑉'À𝐽' 𝑚 𝑒#R4 − 𝐽% 𝑚 𝑒# R+S 4

	

≃ 𝑉' 1 +
𝑚
2 −𝑒+#S4 + 𝑒#S4

Symmetry, 𝑧 ∈ ℝ

𝐽& 𝑧 = Â
−𝐽&(𝑧) odd	𝑛
𝐽& 𝑧 even	𝑛	

Small 𝑚
𝐽# 𝑚 ≃ 1 −𝑚%/2
𝐽= 𝑚 ≃ 𝑚/2

𝑃? = 𝐽!# 𝑚 𝑃! ≃ 𝑃! 𝑃@ = 𝐽%# 𝑚 𝑃! ≃
𝑚#

4
𝑃!



The reflection-mode resonator 395

Featured textbook
D. M. Pozar, Microwave Engineering 4th ed,
Wiley 2012, ISBN 978-0-470-63155-3
Chapter 6 – Microwave Resonators
Notice that the formalism is suitable to optics

𝜔# = oscillation 
frequency

https://www.wiley.com/en-mx/Microwave+Engineering%2C+4th+Edition-p-9780470631553


Reflection coefficient Γ 396

Γ =
𝑔 − 1 − 𝑖𝑄!𝜒
𝑔 + 1 + 𝑖𝑄!𝜒

𝑄# = unloaded “𝑄”
𝑔 = 𝑅&/𝑅>  coupling
𝜈! natural frequency
𝜒 = ?

?&
− ?&

?
   detuning

Proof
omitted

resonator
incident 𝑉,

reflected 𝑉+

Γ = 𝑉o/𝑉Ä

Featured reading: D. M. Pozar, 
Microwave Engineering, 4th ed, Wiley 
2012 (Ch.6: Microwave resonators)

Electrical model

Definition

Resonator’s reflection coefficient

Γ ≃
𝑔 − 1
𝑔 + 1

− 𝑖
4𝑄!𝑔
𝑔 + 1 #

Δ𝜈
𝜈E

resistance
mismatch

frequency error
(odd function)

Approximation for small 𝑄Δ𝜈/𝜈&

Γ ≃ −1
Off-resonance



Approximation of Γ 
for small QΔ𝜈/𝜈"

397Start from Γ = T+%+#U#V
T,%,#U#V

Γ =
𝑔 − 1 − 𝑖2𝑄'	Δ𝜈/𝜈&
𝑔 + 1 + 𝑖2𝑄'	Δ𝜈/𝜈&

	

Γ =
𝑔 − 1 − 𝑖2𝑄'

Δ𝜈
𝜈&

𝑔 + 1 1 + 𝑖 2𝑄'𝑔 + 1
Δ𝜈
𝜈&

	

Γ =
𝑔 − 1 − 𝑖2𝑄'

𝛥𝜈
𝜈&

1 − 𝑖2𝑄'
𝑔 + 1

𝛥𝜈
𝜈&

𝑔 + 1
	

Γ =
𝑔 − 1 − 4𝑄'"

𝑔 + 1
Δ𝜈
𝜈&

"
− 𝑖2𝑄' 1 + 𝑔 − 1𝑔 + 1

Δ𝜈
𝜈&

𝑔 + 1
	

Γ =
𝑔 − 1
𝑔 + 1 +

4𝑄'"

𝑔 + 1 "
Δ𝜈
𝜈&

"

− 𝑖
2𝑄'𝑔
𝑔 + 1 "

Δ𝜈
𝜈&

	

Γ =
𝑔 − 1
𝑔 + 1 − 𝑖

4𝑄'𝑔
𝑔 + 1 "

Δ𝜈
𝜈&

Γ ≃
𝑔 − 1
𝑔 + 1

− 𝑖
4𝑄=𝑔
𝑔 + 1 I

Δ𝜈
𝜈S

collect 𝑔 + 1

use  =
=@A

≃ 1 − 𝜖

split ℜ and ℑ 

remove the main fraction

drop Δ𝜈/𝜈! %

use 𝜒 ≃ %BC
C&

odd function
resistance
mismatch

frequency error



Approximations for Γ 398

Resonance, close to 𝜔E

Off-resonance Off-resonance

total
reflection

Γ ≃
𝑔 − 1
𝑔 + 1

− 𝑖
4𝑄!𝑔
𝑔 + 1 #

Δ𝜈
𝜈E

total
reflection

total
reflection

absorption

Γ ≃ −1 Γ ≃ −1



The reflected signal  – Physics 399

the input signal is phase-modulated

Γ ≃
𝑔 − 1
𝑔 + 1 − 𝑖

4𝑄'𝑔
𝑔 + 1 "

Δ𝜈
𝜈&



The reflected signal  – Math 400

LSB USBcarrier

LSB USBcarrier

impedance mismatch frequency error, ∝ (𝜔 − 𝜔S)

the input signal is phase-modulated

Use  Γ 𝜔 ± Ω = −1     and    Γ ≃ Q+%
Q(%

− 𝑖 &RDQ
Q(% E

ST
TF

  

𝑉( = 𝑉! −𝐽% 𝑚 𝑒6 U+V ' + 𝐽! 𝑚 𝑒6U' + 𝐽% 𝑚 𝑒6 U(V '

𝑉+ = 𝑉! 	𝐽% 𝑚 𝑒6 U+V ' + 𝐽! 𝑚
𝑔 − 1
𝑔 + 1

− 𝑖
4𝑄!𝑔
𝑔 + 1 #

Δ𝜈
𝜈E

𝑒6U'	 − 𝐽% 𝑚 𝑒6 U(V '	



Power detector 401

𝑉 = 𝑘W𝑃

V and I are 
peak values



(𝑎 + 𝑏 + 𝑐)I =

𝑎I + 𝑏I + 𝑐I + 2𝑎𝑏 + 2𝑎𝑐 + 2𝑏𝑐

error signal

Power detector 402

diagnostic

dc terms

2Ω ΩDC

𝑃 =
1
2𝑅=

ℜ 𝑉𝑉∗

𝑃 =
𝑉' "

2𝑅'
	𝐽%" 𝑚 +

1
2 𝐽'

" 𝑚
𝑔 − 1
𝑔 + 1

"
+
1
2 𝐽'

" 𝑚
4𝑄'
𝑔 + 1

Δ𝜔
𝜔&

"
+

	

	 −
𝑉' "

2𝑅'
𝐽%" 𝑚 cos 2Ω𝑡 +

𝑉' "

2𝑅'
2𝐽' 𝑚 𝐽%(𝑚)

4𝑄'
𝑔 + 1

Δ𝜔
𝜔&

sin Ω𝑡



The lock-in amplifier 403

lock-in
amplifier

𝑣� ∝ 𝜈� − 𝜈�



The lock-in amplifier 404

at the output, 𝑥(𝑡) and 𝑦(𝑡)
are low-pass filtered

error

diagnostic

𝑣L =
𝑉! #

2𝑅!
2𝐽! 𝑚 𝐽%(𝑚)

4𝑄!
𝑔 + 1

Δ𝜔
𝜔E

	

𝑣W = −
𝑉! #

2𝑅!
𝐽%# 𝑚



Summary
The frequency discriminant 𝐷 is 
proportional to  

• Oscillator power 𝑃=
• Modulation index 𝑚
• Resonator’s ⁄𝑄= 𝜔S
• Power-detector gain 𝑘É [V/W]

• RF gain at the detector output 
(not shown)

• Gain of the lock-in amplifier (not 
accounted for in equations)

…And affected by the coupling 
coefficient 𝑔

405

error signal

phase 
modulated 
oscillator

lock-in 
amplifier

power 
detector

resonator

servo
ω0 = ωn

𝑣­ = 𝐷 𝜔o −𝜔®



Key Ideas
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Use a power detector

• Power detectors are available in the widest frequency range
• Sub-audio to UV, and more
• Including the THz band

• The power detector has quadratic response to voltage – or to 
electric field

407



Even vs Odd Function
• The detector provides a signal 

proportional to the power 
(intensity)

• Even function at 𝜔=
• Unmodulated signal not suitable to 

feedback control

• The modulation mechanism 
provides a signal proportional to 
the imaginary part

• Odd function at 𝜔=
• Great for feedback control 

408



The 10–6 golden rule

• It is generally agreed that a microwave frequency control loop can 
lock within 10–6 of the bandwidth

• Cs standard:     10–6 × (100 Hz / 9.2 GHz) ≈ 10–14 stability
• Cryogenic sapphire:  10–6 × (10 Hz / 10 GHz)  ≈ 10–15 stability

• In optics, the 10–6 rule yields still unachieved stability
• Optical FP:  10–6 × (10kHz/200THz)  ≈ 5×10–19 stability 

• The resonator fluctuation
is not a part of the control, 
and accounted for separately

409

The oscillator tracks the resonator, and follows its fluctuations
The oscillator contributes too
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Get out of the flicker 
and drift region !!!

dc circuits 
work here 
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The virtues of the AC null measurement
Absolute measurements rely on the 
“brute force” of instrument accuracy

Differential measurements rely on 
the difference of two nearly equal 
quantities, something like q2–q1. 
However similar, this is not our case!

Null measurements rely on the 
measurement of a quantity as close 
as possible to zero – ideally zero.

The Pound scheme detects
• Null of ℑ(Γ(𝜔))
• AC regime, after

down-converting to Ω	

411
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Insensitive to the critical path

A length fluctuation does not affect
•The phase and amplitude relations between carrier and sidebands
• In turn, the measurement of Δ𝜔

(No longer true in the presence of dispersion)
The mechanism is the same of radio emission

412



The virtues of the one-port resonator

• Electrical
• Smaller dissipation than the 

two-port resonator
• Hence higher Q

• Simpler, related to
• Vacuum
• Cryogenic environment
• Resonator far from the 

oscillator

413



The Control Loop

Featured book
K.J. Åström, R.M. Murray, Feedback Systems, Princeton 2008
Caveat: however outstanding, this book does not focus on TF applications

414



Sweep the oscillator frequency 415

– High modulation frequency  –



Sweep the oscillator frequency 416
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Stability of the control loop

• The control loop must be stable 
• |𝐴𝐵| < 1 at the critical frequency where arg 𝐴𝐵 = 𝜋
• In practice, ≥ 𝜋/4 phase margin is needed 

• Higher dc gain provides higher accuracy
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Transfer function

• Quasi-static operation at ω < ωL (resonator half-width)
• Oscillator frequency-noise detection (as discussed)

• At ω > ωL, the resonator reflects the noise sidebands
• Oscillator phase-noise detection at ωL < ω < Ω (integrator)
• The internal lock-in filter rolls off at ω > ωc

• The lock-in amplifier stops working at ω ≈ Ω and beyond

421



Design of the servo loop

• Start from Ω (or 𝜔�) and go leftwards
• Set phase margin ≈ 𝜋/4  (45°) 
• Design the transfer function

422

Proceed from right to left
higher slope



Fractional-order  servo loop

• Resonator –20 dB/decade 
–> 90º phase lag

• Half integrator  10 
dB/decade  –>  45º phase 
lag

• 45º phase margin (to 
180º), independent of gain

423

higher slope

Proceed from right to left



Delay of the Acousto-Optic Modulator

• Acousto-optic modulators are often 
used to control the laser frequency 
(together with piezo modulators

• The AOM introduces a delay – a few 
µs typical

• The delay limits the maximum speed 
of the control

424
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Resonator Stability

The oscillator stability cannot be better than that of the resonator
Beware of temperature, flicker and drift

425



Temperature compensation
• Most solids (room temperature)
• dielectric permittivity 𝜖 has  

coefficient of 5–100 ppm/K
• length has coefficient of 5–25 

ppm/K

• Temperature stability < 10–100 
µK challenging / impossible

• A turning point is mandatory for 
high stability

426
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Thermal compensation – Examples 427

Natural – Refraction index

JPL Sapphire (J.Dick)
Derived from the old Lampkin oscillator

Sapphire Cr3+ impurities @ 6K  (V.Giordano / M.Tobar)
Also, rutile/sapphire compound @ 80 K  (V.Giordano)

MgF2  whispering gallery (A. Savchenkov) Semiconductor-grade Si @ 124 K (PTB) & @ 17 K
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In some fortunate cases,
the origin of 1/𝑓 frequency noise is known

428
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Featured article: T. Kessler, T. Legero, U. Sterr, Thermal noise in optical cavities revisited, JOSA-B 29(1), 2012



1/𝑓 noise and the FD theorem

A single theory 
explains
• Heath capacity
• Elasticity
• Thermal expansion
• … and fluctuations

Fluctuation Dissipation

Thermal equilibrium applies to 
all parts of spectrum
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Debye-Einstein theory  for heath capacity



1/𝑓 noise and structural damping 430



Thermal 1/𝑓 noise 431



Thermal 1/𝑓 from structural dissipation

Dissipation in solids is 
structural (hysteresis)

There is no viscous 
dissipation

𝐸 = ∫ 𝐹𝑑𝑥

𝑃 = 𝑘𝑇   in 1 Hz BW
𝑃 ∝ 𝑘𝑇𝑥��

𝑥!" ∝ 1/𝑓

𝐸 ∝ 𝑥4"

Structural dissipation
nanoscale, instantaneous

Small vibrations 
The hysteresis cycle keeps the aspect ratio

Dissipated energy

Thermal equilibrium

—>  flicker

lost energy in a cycle



A weird exercise

High-stability 5 MHz quartz resonator
• Active volume 10–8 m3 (1 cm2 × 100 

µm)
• Mass of 25 mg (≈2.5 kg/dm3)
• N ≈ 7.5×1017 atoms 

(quartz 28Si 16O2 –>  ❬A❭=20)
• Drift D = 10–15 / s (i.e., 10–10/day, or 

10–6 in 30 years )
• P = 10 µW RF power
• Melting point 1670 ºC (1943 K)

kT = 2.68x10–20 J = 167 meV

433

The number of bonds of energy E  
broken in 1 s by structural damping is

n = P/E  
Taking E = 2.7×10–20 J   (167 meV)
n ≈ 3.7×1014 bonds / s  
n/ƒ ≈ 3.7×1014 / 5×106 = 7.5×106

bonds/cycle  
If the bonds are not repaired, the 
crystal is “atomized” after

T = N/n ≈ 2×103 s   (34 M)

Dissipation in quartz resonators comes from phonon-phonon interaction
– Let’s look at what it would happen if it was about breaking bonds –



Optimization

Setting up a Pound control is decently simple
Optimization is disappointingly complex
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In situ testing: the ringdown method 435

Purpose: measure Q (or finesse)

Beat of the reflected 𝐸I



Ringdown method

• works only with high Q cavities
• makes the measurement possible 

even if frequency is not stable 
enough for other methods

• wavelength sweep –> beat sweep 
vs decay

• the exponential decay time is 𝜏  
(amplitude, not intensity!)
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J. Poirson, F. Bretenaker, M. Vallet, and A. Le Floch, J. Opt. Soc. Am. B 11, 2811 (1997).



Critical coupling  (𝑔	 = 	1)

• Maximum gain.
Immediately seen on ℑ Γ
• Lowest “useless” power in the 

quadratic detector.
Immediately seen on ℜ Γ
• The frequency error due to 

residual AM vanishes
Some math – not shown
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Γ ≃
𝑔 − 1
𝑔 + 1

− 𝑖
4𝑄o𝑔
𝑔 + 1 \

Δ𝜈
𝜈®



(𝑎 + 𝑏 + 𝑐)" = 𝑎" + 𝑏" + 𝑐" + 2𝑎𝑏 + 2𝑎𝑐 + 2𝑏𝑐

Detector responsivity
• The error signal comes 

from the 2𝑎𝑐 + 2𝑏𝑐 terms
• Highest sensitivity just 

below the corner
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E. Rubiola, The Measurement of AM noise of Oscillators, 
arXiv:physics/0512082 [physics.ins-det]. Fig. 5.
Also S.Grop, E.Rubiola, Proc.2009 IFCS Fig.1 (≠artwork)
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Identify the detector’s optimum power

(𝑎 + 𝑏 + 𝑐)" = 𝑎" + 𝑏" + 𝑐" + 2𝑎𝑏 + 2𝑎𝑐 + 2𝑏𝑐



Maximum power in the resonator

• Dissipated 𝑃 –> Thermal instability (obvious)
• Traveling 𝑃    –> Instability

• Electrooptic effect: electric field affects the dielectric constant
• Radiation-pressure

Chang & al.,  …radiation pressure effect…, PRL 79(11) 1997

• Difficult to lock (𝜔! runaway)
• Control instability and failure

• “Maximum 𝑃” applies to the carrier, not to sidebands
• The carrier gets in the resonator, the sidebands are reflected

• Look carefully at the resonator physics
• Loss and dissipation are not the same thing
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Modulation index

• The sidebands are reflected

• High modulation index –> high sideband power
• Higher gain without increasing P inside the resonator

• Effect of higher-order sidebands (±2Ω, ±3Ω, etc.)
• Not documented – though conceptually simple

• DSB modulation, instead of true PM
• A pair of sidebands is simpler than true PM
• Modulator 1/𝑓 noise?
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Modulation frequency

Lower bound for Ω
• Total reflection at 𝜔E ± Ω is necessary

• Thus, Ω ≫ 𝐵/2𝜋,      𝐵 = resonator bandwidth

Why to choose the largest possible Ω
• Larger control bandwidth

• Higher dc gain –> higher stability

Why not to choose the largest possible Ω
• Avoid dispersion (PM –> AM conversion)
• Technical issues / Design issues

My experience – at Femto-ST
• 95–99 kHz for the sapphire oscillators (10 GHz, 𝐵=10 Hz)
• 22 MHz for the optical FP (193 THz, 𝐵 ≈ 30 kHz)
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Residual amplitude modulation (RAM)

• Residual AM yields a detected signal at the modulation 
frequency Ω
• Generally poorer operation
• Frequency error  –>  ω0 ≠ ωn at the null point
• Frequency fluctuation if the AM fluctuates

• Dispersion results in PM –> AM conversion 
• Breaks the non-distortion condition
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Basu R, Wang R, Dick GJ, Novel design of an all-cryogenic RF Pound circuit, Proc IEEE IFCS 2005
Marra G & al, Reduction of residual amplitude modulation …,  Proc. EFTF 2004



Removing the residual AM

• Additional detector enables 
nulling the AM in closed loop

• The power detector is reversible
• Reversed, is used as a variable 

stub
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Figure from R. Basu, R. Wang, G. J. Dick, Novel design of an all-
cryogenic RF Pound circuit, Proc IEEE IFCS 2005



Filter the detector output 446

Separating the Ω and 2Ω signals with passive filter 
helps in getting clean, simple and effective electronics

error signaldiagnostic

dc terms

Large, 2Ω Small, Ω

𝑃 =
𝑉( J

2𝑅(
	𝐽yJ 𝑚 +

1
2
𝐽(J 𝑚

𝑔 − 1
𝑔 + 1

J
+
1
2
𝐽(J 𝑚

4𝑄(
𝑔 + 1

Δ𝜔
𝜔k

J
+

	

	 −
𝑉( J

2𝑅(
𝐽yJ 𝑚 cos 2Ω𝑡 +

𝑉( J

2𝑅(
2𝐽( 𝑚 𝐽y(𝑚)

4𝑄(
𝑔 + 1

Δ𝜔
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More optimization issues

• Given the laser power –> best modulation index (Eric Black)

• Detector saturation power –> best modulation scheme

• Resonator max power –> best modulation
• Quadrature modulation (µwaves) – does it really make sense?
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Alternate Schemes

448



The original Pound scheme 449

R. V. Pound, Rev Sci Instruments 17(11) p. 490–505, Nov. 1946

All the key ideas are here
However technology, electrical symbols, 
and writing style are quite different



The Pound-Drever-Hall scheme 450

R.P.V. Drever, J.L. Hall & al., Appl. Phys. Lett. 31(2) p.97–105, June 1983

Figure from E. Rubiola, Phase noise and frequency 
stability in oscillators,  © Cambridge University Press

The Pound scheme ported to optics



The Pound-Galani oscillator

• Great VCO for cheap
• Easier to control
• Two-port resonator

• More complex
• Lower Q
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Z. Galani & al, Analysis and design of a single-
resonator GaAs FET oscillator with noise 
degeneration, IEEE-T-MTT 39(5), May 1991



Pound-Galani transfer function

• FD region –> full performance
• PD region
• Flat frequency response, not for free
• Poor response of the frequency-error detection
• Higher noise
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The Pound-Sulzer oscillator 453
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bridgephase
modulator

lock-in amplifier

P. Sulzer, Proc. IRE 43(6) p.701-707, June 1955



Resonators and Oscillators
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Microwaves



Whispering gallery resonator 455

Full reflection

Geometrical optics 
interpretation Energy 

trapped
inside the 
dielectric

Electromagnetic field

All figures of this page are 
courtesy of V. Giordano, 
FEMTO-ST

Energy

Paris underground



Temperature compensation 456

Two ideas tested above 30K

Compensation exploits impurities, ≈6 KAll figures of this pages are courtesy of 
V. Giordano, FEMTO-ST



Temperature compensation 457

paramagnetic impurities: Fe3+ Cr3+, Mo3+, Ti3+

Pure Sapphire

Sapphire & 
paramag. ions

All figures of this page are courtesy 
of V. Giordano, FEMTO-ST



CSOs exhibit
ultimate 
stability



ELISA, before going to Argentina 459

2-inch sapphire monocrystal

Photo FEMTO-ST

Photo V. Giordano



ULISS 460

ADEV measurement ELISA/ULISS

3 days measurement without post-processing 
Perturbed environment: 

- Technical university (ENSMM), ≥ 800 students
- Air conditioning still not operational during

measurements

ELISA 
3 hours extracted from the entire data set

- Quiet environment, nighttime
- Take away 3dB for two equal units
-Λ-counter compensated: for flicker: σΛ(τ)≃ 1.3xσy(τ)
flicker floor: 4x10–16 10 s < τ < 1,000 s 

Photo E. Rubiola
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Figures / Featured article: Flory CA, Taber RC, IEEE T UFFC 44(2), March 1997

The Flory-Taber Bragg resonator

• Measured Q = 6.5×105 at 9 GHz, and 4.5×105 at 13.2 GHz
• Oscillator stability and noise not reported (yet)
• Project dropped
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The Bale-Everard aperiodic Bragg resonator

• 6-plates 10 GHz resonator
• Q > 3×105 (simulated)
• Q ≈ 2×105 (measured)

• Oscillator stability and noise not 
reported yet

462

Featured articles / Figures from:
S. Bale, J. K. A. Everard, High Q X-band distributed Bragg resonator utilising an aperiodic alumina plate arrangement, Proc IFCS-EFTF 2009
J. K. A. Everard, Proc. IFCS-EFTF 2015

Suitable to Pound lock



Small superconducting Resonator 463



Resonators and Oscillators

464

Optics



Stabilization of the FS comb

• The FS comb enables frequency synthesis from 
RF to optics

• Major breakthrough
• 2005 Nobel prize, Roy J. Glauber, John L. Hall, 

Theodor W. Hänsch

• Stability and noise
• Low noise in the sub-millisecond region
• Drift and walk
• Need stabilization

• Common practice
• CW laser stabilized to a FP etalon
• PDH control – of course
• Compare/stabilize the FS comb to the CW laser
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Featured book



Fabry Pérot cavity

• Smart design of the spacer provides
• Low sensitivity to acceleration
• Temperature compensation

• ULE and Zerodur
• Many materials (Si, Ge, …) have natural 

turning point

• High Q is possible, ≥ 1010 (≈10 kHz 
optical bandwidth)
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Optical transmission



The JILA
bicone spacer

467



The NIST
spherical spacer
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The improved NIST 
spherical spacer
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The NPL 
horizontal cavity

470



The NPL small 
cubic cavity
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The SYRTE
horizontal cavity

472



The PTB transportable laser 473

APPLIED PHYSICS B: LASERS AND OPTICS
Volume 104, Number 4, 741-745, DOI: 10.1007/s00340-011-4652-7

Demonstration of a Transportable 1 Hz-Linewidth Laser
Stefan Vogt, Christian Lisdat, Thomas Legero, 
Uwe Sterr, Ingo Ernsting, Alexander Nevsky, 
Stephan Schiller



Natural Si has zero expansion at 17 K and 124 K 474

K. G. Lyon & al, Linear thermal expansion 
measurements on silicon from 6 to 340 K - J 
Appl. Phys 48(3) p.865, 1977

Swenson CA - Recommended values for the 
thermal expansivity of Silicon from 0 to 1000 K - 
JPCRD 12(2),  1983

T = 124 K –> T. Kessler & al., PTB / QUEST -
Proc. 2011 IFCS

Figure from: K. G Lyon & al, JAP 48(3) p.865, 1977



The PTB
124-K
Si cavity

475

Detailed characterization of various technical noise is
reported in Ref. [38]. Briefly, the 6-cm cavity has a
birefringent mode splitting of 770 kHz. An interrogation
scheme different from Si5 is employed, where both
polarization modes are simultaneously probed with phase
modulation sidebands of a single laser to cancel the
birefringent noise. The residual noise is found to be of
similar scale to that of Si5. Comparison between Si5
(124 K) and Si6 (4.7 and 16.7 K) thus offers a unifying
view of the residual global noise. Si6 realizes a frequency
stability of mod σy ¼ 5.5 × 10−17 with excellent long-term
performance.
A brief summary of the cryogenic silicon resonators is

given in Table I.

2. Thermal noise budget of the 124-K system

The thermal noise budget for the power spectral density
of length fluctuations SdðfÞ in the 21-cm resonator (Si5)
with AlGaAs mirror coatings is illustrated in Fig. 7. The
Brownian thermal noise of the cavity constituents is
calculated with the equations from Ref. [41], while the
material properties are taken from Refs. [37,59]. Thermo-
optic noise is calculated by averaging the thermal expan-
sion and refractive index change, which are induced by the
thermal fluctuations, across the mode area [64]. The
Brownian thermal noise contributions from the AlGaAs
coating is by far the biggest contribution for all considered
frequencies.

3. Resonator parameters

The resonator parameters used for the calculation of
thermal noise and photo-optic response are summarized in
the following tables: Table II for the properties of the
optical resonators and Table III for the coating parameters.

4. Technical noise budget of the 124-K system

The main technical noise contributions are carefully
characterized and minimized as described in Appendix A 1.
The result of the 21-cm silicon resonator is shown in Fig. 8.
It includes the contribution from vibrations calculated from
the measured sensitivities and the vibrations at the cavity,
parasitic etalons that are investigated from the observed
frequency shifts induced by ambient pressure. The influ-
ence of the temperature is estimated from observed temper-
ature fluctuations, including the thermal model and the
estimated thermal expansion coefficient of the cavity. The
pressure influence is based on the measured pressure
fluctuations and the refractivity of air [74]. Light dissemi-
nation noise results from optical path length fluctuations
in unstabilized free space and short fiber sections. The
contribution from photo-birefringence is based on the
measured sensitivities (see main text) and measured intra-
cavity power fluctuations. Influence of RAM and electron-
ics is based on independently measured error signals.

TABLE I. Key differences among cryogenic silicon cavities.

Name Si1=2=3 Si4 Si5 Si6

Cavity length (m) 0.21 0.06 0.21 0.06
Temperature (K) 124 4=16 124 4=16
Optical coating Dielectric Dielectric Crystalline Crystalline

FIG. 7. Thermal noise contributions in the Si5 resonator. Br,
Brownian thermal noise; TE, thermoelastic noise; TO, thermo-
optic noise.

TABLE II. Parameters for optical resonators.

Parameter Value

21-cm cavity
Cavity length 0.212 m
Spacer radius 0.04 m
Radius of central bore 5 mm
ROC of mirror 2 m
Beam radius on mirror 482 μm
Cavity temperature 124 K
Cavity finesse 3.6 × 105

Laser wavelength 1542 nm

6-cm cavity
Cavity length 0.06 m
ROC of mirror 1 m
Beam radius on mirror 294 μm
Cavity temperature 4 or 16 K
Cavity finesse 2.9 × 105

Laser wavelength 1542 nm

Single-crystal silicon
Young’s modulus 188 GPa [65]
Poisson ratio 0.26 [65]
Density 2331 kg=m3 [66]
Thermal conductivity 600 W=mK [67]
Specific heat 330 J=kgK [68]
Mechanical loss 0.83 × 10−8 [69]

EXCESS NOISE AND PHOTOINDUCED EFFECTS IN HIGHLY … PHYS. REV. X 13, 041002 (2023)

041002-9

Table II from J. Yu et al, Excess Noise and Photoinduced Effects in 
Highly Reflective Crystalline Mirrror Coatings, Phys Rev X 13(4) 2023



σy(τ) 

τ(s)

Spherical FP etalon 476

Operational, σy(τ) ≈ 2x10–15

Implemented at FEMTO-ST Institute, using a kit from 
Stable Lasers Sistem, Boulder, CO, USA

A. Didier, J. Millo, S. Grop, B. Dubois, E. Bigler, E. Rubiola, C. Lacroûte, Y. Kersalé, Ultra-
low phase noise all-optical microwave generation setup based on commercial devices, 
Applied Optics 54(12) pp.3682-3686, April 2015.

A. Didier et al., Fig.3

A. Didier et al., Fig.2
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Phase noise –104 dBc/Hz, state of the art

Frequency instability limited by the lab 
temperature fluctuations  



Compact FP etalon 477

Target σy(τ) ≈ 2x10–15

Original project at FEMTO-ST Institute
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Silicon FP etalon 478

Sensitivity to vibrations 
less than  4x10-12 /m.s-2

Cavity

Target 𝜎y 𝜏 ≈ 3×10zy{

Original project at FEMTO-ST Institute

Low vibrations cryocooler: 
displacement less than 40 nm

Temperature instability less 
than 100 µKPh
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Fundamental Physics

479



VIRGO – Gravitational waves

• Large Michelson 
interferometers detect the 
space-time fluctuations

• PDH control is used to lock 
ultra-stable lasers to the 
interferometer

480

Enrico in the tunnel, Aug 5, 2014 VIRGO installation, Cascina, Pisa, Italy

Vinet JY ed., The VIRGO physics II, Optics and  
related topics, available online

https://www.virgo-gw.eu/

Photo: Virgo Collaboration

https://www.ego-gw.it

Du
pl

ic
at

ed September 14, 2015
twin LIGO interferometers, 
Livingston, LA, Hanford, WA

https://www.virgo-gw.eu/
https://www.ego-gw.it


Lorentz invariance 481



End of lecture 10
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